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ALGEBRA OF POLYNOMIALS 


10.1 The remainder theorem and some consequences 
10.11 Long division; identities 
The reader will be familiar with the process for dividing one poly- 


nomial by another of lower degree; we use it here to lead up to an 
important algebraic theorem. 


Example . 
Find the quotient and remainder obtained by dividing ax* + bx +c by x—k. 
x—k )ax?+bx +c ( ax+(b+ak) 
ax* —akx 
(b+ak)x+c 
(6+ak) x —k(b+ak) 


ak? +bk+c 
Observe that the remainder is the original expression with x replaced by k. 


If only the remainder is required in the above example, we can 
proceed as follows. Let the quotient be Q(x) (a function of x) and the 
remainder be RF (a constant). Then we have 


ax? + ba+ce = (4x—k) Q(x) +R. (i) 
If we now put x = kin this, we obtain 
ak? +bk+c=R (ii) 
since the term involving Q(x) is zero. 
Remarks 
(x) It may be objected that the division process has established 
relation (i) for all values of x except k, so that the substitution z = k 


is not justified. The validity of (i) for all z can be shown by the following 
method, which also identifies R. We have 


(ax? + ba +c) — (ak? + bk +c) = a(x? —k?) + b(x—k), 
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so that the right-hand side has the factor x—k. If the other factor is 
denoted by Q(x), then 


(ax? + ba +c) — (ak? +bk+c) = (x—k) Q(x), 


which is equivalent to (i) with R given by (ii). 

(8) We may regard the ‘long division’ as a process for constructing 
from the given polynomials x—k and axz?+bxz+c another polynomial 
Q(x) and a constant R which satisfy (i) for all values of x. (A similar 
principle, justified in 10.13, ex. (v), holds for any pair of polynomials, 
although when the divisor is of degree n > 1, & will be a polynomial 
of degree n—1 or less.) 

The relation (i), which holds for all values of x, is called an identity 
in 2 (in contrast to an equation in x, which holds only for certain special 
values of x). The sign = between two polynomials in z is used to denote 
‘equal for all values of x’, and is read ‘identically equal to’. Thus 
(i) would be written 


aa +be+e = (x—k) Q(x) +R. (i)’ 
The result of substituting x = k would still be written with the ordinary 
= sign because (ii) is a relation between special numbers only. How- 
ever, we may continue to use the sign = even when the expressions 


are in fact identically equal, unless we specially wish to emphasise 
their identity. 


10.12 The remainder theorem 

We now obtain the remainder when the general polynomial 

P[k) = Po@" + Pye" +... + PyazLt Pn 
is divided by x—k. We have 
p(x) — p(k) = p(x” — kh”) + pyar? — kh") +... + Pyal@—). (ii) 

By direct multiplication we can verify that, for any positive integer 

m and any x and k, 
am — hm = (x —k) (a1 + 2k + gm Bh + + em), 

(When x + k, this is equivalent to the sum-formula for the G.P. in 


the second bracket.) Thus z—k is a factor of the right-hand side of 
(iii). Denoting the other factort by Q(z), we have 


p(x) — p(k) = («—k) Q(z). (iv) 
+ Which will be a polynomial in x of degree n—1 if n > 1. 
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Hence the remainder when the polynomial p(x) is divided by x—k is 
the number p(k) obtained by substituting k for x in this polynomial. 

Also from (iv) we have 

THE Factor CASE. If p(k) = 0, the polynomial p(x) has x—k for a 
factor. Conversely, if x—k is a factor, then p(k) = 0. 


Examples 
(i) Factorise 2a5— 11xz?+17x—6. 
Calling the polynomial p(x), we seek numbers k for which p(k) = 0. Only 


those numbers k which are factors of the last term 6 need be tried, for any 
other number could not be the constant term in a factor of the polynomial. 


p(l)= 2-—114+17-6 + 0, .. #2—1is not a factor. 
p(2) = 16—444+ 34-6 = 0, “. «¢—2is a factor. 


To find the other factor, divide the polynomial by x—2; the quotient is 
2x22 —Tx+3, so 
p(x) = (w@— 2) (2x*— Tx +3), 
= (a —2) (x—3) (2a—1) 
on completing the factorisation by inspection. 
(ii) Find the values of a and b if 62°+ax*+bx—2 is divisible (i.e. exactly 
divisible, without remainder) by 222+ —1. 
Since 2a7+a”—1 = (#%+1)(2e—1), both «+1 and 2x2—1 are factors of the 
given polynomial p(x). Hence p(—1) = 0 and p(4) = 0, which give 
: 0=a-—b-—8 0=}a+4b-§, 
and soa=7,b=-—l1. 


(iii) Find the remainder when p(x) is divided by (x—a)(x—b), a +b, where - 
p(x) has degree greater than 2. 


Since the divisor is quadratic in x, the remainder will in general be linear in 2, 
say Ax+B. If Q(z) is the quotient, then (cf. 10.11, Remark ()) 


p(x) = (wx—a) (x—b) Q(x) +Axt+B. 
Put «=a: p(a) = Aat+B. 
Put x = b: p(b) = Ab+B. 
Solving these equations for A and B, we find 


A — PL) —PlO) Be ap(b) — bp(a) 
a—b ’ a a—b ’” 
so the remainder is 
{p(a) — p(b)} x + ap(b) — bp(a) 
a—b : 


ft A general result of this kind is proved in 13.62(1). 
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10.13 Factorisation of a polynomial; ‘equating coefficients’ 
We continue to write 
P(x) = Pok” + pu" 1+... +Dy; 
where p, + 0. 
THEorEM I. If p(x) is zero when x has any one of the n distinct values 
4, Ay, ...,An, then 
p(x) = po(% — a4) (eazy)... (@—a,). (v) 


Proof. Since p(a,) = 0 by hypothesis, therefore x—a, is a factor 
of p(x). Let the quotient when p(x) is divided by x—a, be Q,,_ (2); 
it will be a polynomial in x of degree n—1 whose first term is p)2""}. 


Then 
p(X) = (%— Ay) Qn_s(2). 
Since p(a,) = 0 by hypothesis, we have 
0 = (a, —44) Qn_1(42)- 


As a, +a, (also by hypothesis), hence Q,_,(a.) = 0 and therefore 
z—a, is a factor of Q,-,(x). The other factor Q,_.(x), obtained by 
division, is a polynomial whose first term is p)x"—*; thus 


Qn—1(%) = (%— Ag) Vy_2(2), 
and so p(x) = (%— ay) (% — ag) Qn_2(2). 


We can continue step by step to remove the factors x—4z,..., 
until we reach 2 —a,,, after which the other factor will be Q)(x) whose 
only term is p,)x° = pp. The result (v) follows. 

CoroLuaRy I (a). A polynomial of degree n in x cannot be zero for 
more than n distinct values of x. 

Proof. Expression (v) cannot be zero when x takes any value 
different from a,,d@,,...,@,; for no factor would then be zero, and 
Py + 0 by hypothesis. 

TueoreM II. If pyx"+p,2"1+...+p, ts zero for more than n 
distinct values of x, then py = P, = ... = Py = 0, and 80 p(x) = 0. 

Proof. Hither all of 9, py, ---, Pn are Zero, 

or there is a first » which is not zero, say p, (k < 7). 
In this case the expression reduces to 


De® + Dye” *1+ 0+ Dn (Dy ¥ 9); 


which is a polynomial of degree n—k in x. Hence by Corollary I (a), 
it cannot be zero for more than n—k values of x. However, we are 
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given that it is zero for more than n values of xz. Our second alternative 
thus leads to a contradiction, and so only the first alternative is 
possible. 

Finally, when p, = p, = ... = Py, = 0, the given polynomial is zero 
for all x, i.e. p(x) = 0. 

Corouuary II (a). If pou” + p,u"-14...+p, = 0, then 


Do = Py = +++ = Pn = 9. 
For since the polynomial is identically zero, it is zero for more than 


nm distinct values of 2. 
CorouuaRy IT (bd). If 


Dot” + Py EO + e+ Dy = Tot +O" + 0 In 


for more than n distinct values of x, or for all values of x, then 


Po=% Pri = +> Pn = In 
For we have 


(Po — Qo) &" + (Py — Gy) B+... + (Dn —- Un) = 9, 


and the results follow from Theorem II or Corollary IT (a). 

Corollary II (6) is the basis of the principle} of ‘equating coeffi- 
cients’ in an identity between polynomials. It asserts that if two 
polynomials of degree n are equal for all values of z (i.e. if the poly- 
nomials have identical values for corresponding values of x), then they 
agree term by term (i.e. they are identical in form). Without this 
result it would be conceivable that two quite distinct polynomials 
might take the same values for the same 2, as x ranges over the real 
numbers. 

Corotiary II (c). If 


Pot” + Py" 1+ 20. A Dn = Ug U™ + QU" 1 t+ ...+Om 


(where m > n) for more than m distinct values of x, or for all values of x, 


then 
0= Jor sess 0= Im—-n—-1> Po = Um—-n> 00> Pn = Um: 


In particular, the polynomial on the right has degree n. 
The proof is like that of Corollary IT (6). 


Examples 
(i) Find constants a, b, c, d for which 
n® = an(n+1)(n+2)+bn(n+1)+en+d. 
{7 Already illustrated in 4.62. 
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The right-hand side 
= a(n? + 8n? + 2n) + O(n? +2) +en +d 
= an’ + (8a+6)n?+(2a+b+c)n+d. 
This is identically equal to n’ if and only if 
a=1, 3a+6=0, 2a+b+c=0, d=0, 
1.6. a=1, b=-3, c=1, d=0. 


(ii) Show that x? cannot be expressed in the form 
a(a+1)(x+2) +6(2+ 3) (x2+ 4). 
The expression = a(z?+3x2+2)+6(a?+7x+ 12) 
= (a+b) a? + (3a+ 7b) x+(2a+ 126), 
which is identical with zx? if and only if 
at+b=1, 38a+76=0, 2a+12b=0. 


The last two equations give a = 0, b = 0, and these values fail to satisfy the 
first. The three conditions cannot be satisfied, and so x* cannot be written in 
the form stated. 


(iii) If a, 6, care all distinct, prove that 
(w—b)(x—c) | (w—c)(x—a) , (w—a)(x—b) 
(a—b)(a—c) (b-—c)(b—a) (c—a)(c—b) 
and deduce relations between a, b, c by equating coefficients of the various powers 


of x. 
When x = a, the left-hand side reduces to 1. Hence the polynomial 


(w—b)(w—c) (w—c)(w—a)  (w—a)(x—b) 

(a—b)(a—c) (b-—c)(b—a) (c—a)(c—b) 
is zero when x = a. Similarly, it is zero when x = 6 and when x = c. Thus this 
quadratic in x vanishes for three distinct values of x. Hence it vanishes for all 


values of x. 
By equating coefficients of z*, x and the constant terms, we obtain 


1 1 1 
(a—b)(a—e) * (@—e) (@—a) * (e—a) (ob) _ 
b+e ai cta a+b = 
(a—b)(a—c) (b—c)(b—a) (c—a)(c—b) 
be ca ab 
G@Sniese beaG—a) coaesn. 
(iv) If axz*?+ba?+ca+d contains (x+1)? as a factor, obtain relations between 
a, b, c, d. 
If (x +1)? is a factor, the other factor must be linear and of the form a(z+k). 
Hence ax? + ba? +cx+d = a(xt+1)?(%+k) 
= ax? +a(k+ 2) 22+a(2k+1)x+ak, 
“ b=a(k+2), c=a(2k+1), d=ak. 


='1, 


> 
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By eliminating k from the first and third, and from the second and third, 
b=d+2a, c= 2d+a. 
*(v) Given two polynomials f(x), g(x) of degrees m,n (m > n), prove that there 
is a unique pair of polynomials Q(x), R(x) such that R(x) has degree less than n and 
F(x) = o(x) Q(x) + R(x). (a) 


The process of dividing f(x) by g(x) gives a quotient Q(a) of degree m—n and 
a remainder R(a) of degree less than n such that (a) holds for all values of x 
except possibly those for which g(x) = 0. Thus the polynomial 

F(&) — {9(x) Q(x) + R(x)}, 

whose degree certainly does not exceed m, is zero for more than m values of x. 
Hence by Theorem II it is identically zero, which proves (a). Compare 10.11, 
Remark (f). 

It is conceivable that, had we proceeded in a different way, we might have 
obtained another pair of polynomials q(x), r(2) such that 


F(x) = g(x) a(x) + 7(x), (0) 
where r(x) has degree less than n. Subtraction of (b) from (a) gives 
R(x) — r(x) = g(x) {g(x) — Q(a)}. (c) 


The left side of (c) has degree <n, while (unless g(a”) —Q(x) = 0) the right 
has degree > n (the degree of g(x)); and by Corollary II (c) this is impossible. 
Hence 9(x)— Q(x) = 0, and therefore by (c), R(x)—r(x) = 0. This proves the 
uniqueness. 


Exercise 10(a) 
Factorise 
1 22° + 327-1. 2 628 —2?— 1927-6. 3 af+ 2a3 4 42-4, 


4 Solve z?— 47?+27+6=0. 

5 Find the values of a and b if 62° + 7x?+ax+5 is divisible by 2x — 1 and by 
x+l1. 

6 The remainder when (x—1)(x—2) divides 24+az*+b is +1. Find 
a and b, 

7 A polynomial gives remainder 2x + 5 when divided by (x—1)(x+2). Find 
the remainders when it is divided by x—1, x+ 2 separately. 


8 A polynomial gives remainder 2 when divided by x+1 and remainder 1 
when divided by x — 4. Find the remainder when it is divided by (x + 1) (a—4). 


*9 A cubic polynomial gives remainders 5¢—7, 122—1 when divided by 
x*—x¢+2,2%+2—1 respectively. Find the polynomial. 
*10 When divided by x?+ 1 a polynomial gives remainder 22 + 3, and by x? + 2 
gives remainder x + 2. Find the remainder when it is divided by (x? + 1) (z? + 2). 
Find values of a, b, c, d for which 

11 n§+5n = an(n—1)(n—2)+bn(n—1)+en+4+d. 

12 z= a(x+ 2)8+0(x+1)?+cr+d. 


13 If a‘ — 62° + az? + 30x +b is a perfect square, find a and b and write down 
the square roots of the polynomial. 
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22+7 a b 
14 E nee. “in theforn > <p 
xpress (E212) in the form ral ee 
5 a ba+e 
15 Expre ——___—_——._ in the f =, 
tree “eayead ye ed a 


If a, 6, c are all distinct, prove 
a(x—b)(a—c) b(a—c)(w—a) c(xw—a)(x—b) _ 
(a—b)(a—c) | (b—c)(b—a)  (c—a)(c—b) 
(a+b+ax)(b+c+xz) (b+c+x)(C+a+z) (ct+tat+z)(at+b+2) be 
(6—c)(b—a) (c—a)(c—b) (a—b) (a—e) a 
18 (i) Prove that there cannot be two different quadratic expressions in x 
which take the values A, B, C when z has the distinct values a, b, crespectively. 
(ii) Verify that 
(2 —b)(x—c) (% —c) (%—a) (2 —a)(x—b) 
(a—b)(a—c) (b—c) (b—a) (e—a) (c—b) 
has the required properties, and deduce from (i) that this is the only such 
quadratic. 


16 


17 


*19 Write down the (unique) cubic polynomial in x which takes the values 
A, B, C, D when x has the distinct values a, b, c, d respectively. 
20 (i) Ifz?+px+q contains a factor (~—a)?, prove 4p? + 27q? = 0. 
(ii) By writing g = 2a’, prove the converse of (i). 
21 (i) Ifa*+pa+q contains a factor (7 — a), prove 27pt = 256q°, and express 
q in terms of a. 
(ii) Prove the converse of (i). 


10.2 Polynomials in more than one variable 


10.21 Extension of the preceding results 


If p(2, y) is a polynomial in the two variables zx, y, we may arrange 
it according to powers of z, say as 


a” po(y) +2" p(y) +.» + Paly), 


and consider it to be a polynomial in x whose coefficients are poly- 
nomials in y. The preceding theories can then be applied.} Similar 
considerations hold for more than two variables. 


Examples 
(i) If aa®+ 2hay + by? + 2ga+ Ay +e = a’x* + Wh’xy + b’y? + 29’a+ 2f’yt+e’, 
PECUS a=Ha; bH=0; cH=c5. Ff =—7> GHd, REE, 
Arranging both expressions as quadratics in 2, 


ax? + Why +g) x+ (by? + 2fy+e) = aa? + Ah’'yt+g’)et+(b'y? + 2f’y+c’). 


+ The proof in 10.12 is valid when 9, 71, ..-, Pn are polynomials in y (or in any 
number of variables); therefore the deductions in 10.13 still hold. 
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Equating coefficients, we have for all Yy: 
a=a’, Ahyt+g) =2Ah’yt+g’), by?+2fyte = d’'y*?+2f'y+e’. 
By equating coefficients of like powers of y in the last two identities, we obtain 
all the results stated. 
(ii) Show that 2a? + 5ay —3y?—a + 11ly—6 has linear factors, and find them. 
Since 


try putting 
2a? + Bay — 8y? —a2 + lly—6 = (w+ 3y+a) (2a—y+b), 


2a? + Say — 3y* = (x+ 3y)(2x—y), 


where a and b are constants to be determined. 
The right-hand side is 
2a? + Bay — By? + (2a+ b) w+ (3b—a) y+ab. 
This will be identical with the given polynomial if and only if a, b can be chosen 
t ti 
sa 2a+b=-1, 3b-a=11, ab=-6. 
The first two equations give a = —2, b = 3; and these values do satisfy the 
third. Hence the given polynomial has linear factors 
(2+ 3y —2) (2a—y +3). 


iii) Factorise 
se nyle+ y) + yey +2) + 2m(2-+ 2) + 2eye. 


Regarding this as a quadratic polynomial in x whose coefficients are poly- 
nomials in y and z, put x = — y: the expression becomes 
0+ y2(y +2) —ya(z—y) — 2y*z = 0. 


Hence 2+ y is a factor. Similarly, «+z is a factor. 

Next, regarding the expression as a polynomial in y whose coefficients are 
polynomials in x, z, we may put y = —z and show that y+z is a factor. 

Hence (y+z)(z+2)(z+y) is a factor. Since this product and the given 
polynomial each have total degree 3, any other factor k must be numerical, 


ae xcy(a + y) + y2(y +2) + 20(z +2) + 2ayz = k(y +z) (z+x)(e+y). 


To obtain k, we may either substitute numerical values for 2, y, z (e.g. x = 0, 
y = 1,z = 1) in both sides, or compare coefficients (e.g. of z*y). We obtain k = 1. 


10.22 Symmetric, skew and cyclic functions 


In 1.52(4) we defined a homogeneous function of two or more 
variables, and we now give further useful definitions. 


(1) A function (not necessarily a polynomial) of two or more 
variables is symmetrical in these variables if it is unaltered by the 
interchange of any two. 

For example, «+y and 2?+¥y? are symmetrical functions of (x, y); 
a+b+c, bc+ca+ab are symmetrical in (a,b,c); and the expression 
in 10.21, ex. (iii) is symmetrical in (xz, y,z). The polynomials 2 —y +z, 
a? + 67+ 2c? are not symmetrical. 
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Remarks 


(x) The only symmetrical function of (x,y,z) of the first degree is a 
constant multiple of x+y+z2. For if le+my+nz is unaltered by inter- 


change of x, y, then 
la+my+nz = ly+mx+nz, 


i.e. (l—m)x+(m—l)y = 0, 


sol =m. Similarly, we find / = n, and the linear function reduces to 
Ua+y +z). 

(2) The most general symmetric polynomial in (x,y,z) consisting of 
second-degree terms can likewise be shown to have the form 


k(x? + y® +27) +1 (yz + 2x + ry). 


(2) A function of two or more variables is skew or alternating if an 
interchange of any two of them changes only the sign of the function. 
For example, x—y is a skew function of (x, y); and 


(6—c)(c—a) (a—5), 
xy(%— y) + yZ(y —2) + 2u(z — 2) 


are skew functions of their respective variables. 

The reader should satisfy himself that the product of two symmetric 
or of two skew functions is a symmetric function, while the product of a 
symmetric and a skew function is skew. 

Considerations of symmetry, skewness and homogeneity often save 
algebraic manipulation, and will be helpful in Ch. 11. 


Example 


Factorise x* + y® + 28 — 3xyz. (Also see Ex. 10(f), no. 3.) 

Regarding this as a polynomial in x, we find that when x = —(y+z) the 
expression is zero. Hence x+y+2 is a factor. The other factor could be found 
directly by long division, or as follows. 

The given expression and the factor «+y+2 are both symmetric in (2, y, 2), 
therefore so is the remaining factor. 

Since the given polynomial is homogeneous of degree 3 and « + y +z is homo- 
geneous of degree 1, the other factor must be homogeneous of degree 2 in (x, y, z). 

By Remark (f) above, the most general symmetric homogeneous poly- 
nomial of degree 2 in (x, y,z) has the form 


k(x? + y* + 2?) + Uyz+ 20 +2), 
and so 
eo + y8 +23 — 3xyz = (aty tz) {h(2?+ y? +27) + lyst zu + zy)}. 
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We can find the constants k, J by substituting numerical values: 
z=0, y=0, z=1 give 1=k; 
z=0, y=1, z=1 give 2= 2{2k+), . t~=—l. 
Hence e+ yi +28 — 3xyz = (xt ytz) (z*+y% +29 — yz—22 — zy). 


(3) Cyclic expressions. Consider again 


xy(x—Yy) +y2ly —2) +2a0(z—2), 


and suppose the letters x, y, z are arranged around the circumference 
of a circle as shown. When the first term xy(x— y) is given, the next 
can be obtained from it by replacing each letter by 
the one which follows it on the circle. Repetition of 
the process gives the third term, and further repeti- 
tion leads back to the first term. The given sum 
thus consists of the term xy(x—y) together with the z 
two similar terms obtainable from it by cyclic inter- 
change of x, y, 2; it can be written Fig. 123 


Ley(x—y). 


The number of letters involved has either to be stated explicitly, or 
must be clear from the context; otherwise the X-notation is ambiguous. 

Observe that the complete sum is unaltered if we replace x by y, 
y by 2, and z by 2; for this cyclic interchange merely alters the order 
in which the three terms occur. The Paproeon (y—z)(z—«x) (x—y) has 
the same property. 

Definition. An expression in x, y, z which is unaltered by cyclic 
interchange of these letters is cyclic in (x, y, z). 

A similar definition can be given when there are more than three 
letters. For convenience of reference and comparison, it is desirable 
to write expressions with their terms in cyclic order whenever possible. 
Thus we prefer to write bc+-ca+ab rather than ab+ac+be. 

Remark (y). To test an expression for symmetry or skewness we 
interchange letters two at a time. A cyclic interchange involves change 
of all the letters. Thus a function may be cyclic but not symmetric, 
e.g. Lay(x—y), bc? +ca*+ab?. See also Ex. 10(5), no. 16. 


Exercise 10(b) 
Prove that the following expressions have linear factors, and find them. 
1 2a? — 3xy— 2y?+ 72+ By— 4. 2 x?—y*+ 2xz— l4yz — 482%. 
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3 Find the values of a for which 2a?—dz2y—3y?—x+ay—3 has linear 
factors. [The factors must be of the form (x — 3y + 3k) (2a+y-—I/k).] 
4 Show that x? + 4xry + 3y? + 2a” — 2y + 6 does not possess linear factors. 


Using the remainder theorem, together with considerations of degree, symmetry 

and skewness when helpful, factorise 
(ety+z)?—(e+y? +29). 
yey? — 2?) + 2a0(2z? — x?) + ry(x? — y?). 
x(y—z)>+y(z—2x)? +2(e—y)?. 
(wt+ty+z)?— (x +y>+2°). 
Write the expressions in nos. 6, 7 in the -notation. 

10 Write in full the following expressions, asswmed to involve three letters: 

(i) Xa®; (ii) La®y?; (iii) Lbe(b—c); (iv) La*be; (v) Lbe?. 

[In (v), cyclic interchange gives bc? + ca*+ab?, which is only half the number 
of terms implied by &, meaning ‘sum of all terms of the type “‘letter x another 
letter squared”’’.] 

11 Prove that (i) X(b—c) =0; (ii) Lbce(b—c) = La b—c); 

(iii) La(b?—c?) = (b—c)(c—a)(a—b). 

12 Prove X(b—c)*? = 3(b—c) (c—a) (a—5). 

13 Prove La%(b?—c?) = —(b—c) (c—a) (a—b) (be +ca+ab). 

14 Prove that La"(b—c) contains the factor (b—c)(c—a)(a—b) for any 
positive integer n > 2. 
*15 (i) By taking x = b—c, y = c—a, z = a—b in the example in 10.22 (2). de- 
duce no. 12. (ii) Similarly, deduce the factors of Xa*(b—c)%. (iii) Use the result of 
no. 8 to factorise (6 —c)5 + (c—a)>+(a—b)5. 
*16 Prove that a symmetric or skew function of three variables is also cyclic. 
[If f(a, b, c) is symmetric, 

I (a, 6, c) = f(6, a, c) = f(b, c, a); 

if it is skew, f(a.6,c) = —f(b,a,c) = —{—f(b,c,a)} = f(b, ¢, a).] 


wo onan 


10.3 Polynomial equations: relations between roots and coeffi- 
cients 


10.31 Quadratics: a summary 


If the equation az? +bx+c = 0 has roots a, £ (possibly equal), the 
reader will know that : 
popes. wee, 

a a 

He will have used these symmetrical relations to calculate the values 
of other symmetric functions of a and f# (such as a? + f?, a/P+£/a), 
and to construct quadratics having prescribed functions of a and # 
as roots (e.g. ‘form the equation whose roots are 3«—/, 38—«a’). 


We now extend this work to cubic and quartic equations. 
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10.32 Theory of cubic equations 
If the distinct numbers a, £, y satisfy 
ax? + bz? +cx+d = 0, (i) 
then by Theorem I of 10.13, 
ax? +ba?+cx+d = a(u-a) (x—f)(x-y). (ii) 


If the unequal numbers a, f satisfy (i), then by the Remainder 
Theorem x—a and x—f are factors of the left-hand side, and by 
division the other factor is seen to be linear and of the form a(z—y). 
By the statement ‘a, £, f are the roots of (i)’ we mean that y = f, so 
that the factor x—/ appears twice in (ii). Similarly, by ‘a, a, « are 
the roots of (i)’ we mean that the right-hand side of (ii) is a(a—«)*. 

Thus, if a, @, y (not necessarily distinct) are the roots of (i), then 
(ii) holds in all cases. Expanding the right-hand side by direct 
multiplication, 


az +ba®+ca4+d =ax2—alat+fht+y)x+a(by+yat+ap)x—aapy. 
Equating coefficients, we find 
b c d ms 
Ot BTy=—e. Byeyerepe >. ehy=—-- (iii) 
Conversely, the cubic having roots x = «, f, y is 


(x —a) (a— 8) (x—y) = 0, 


i.e. B—(at+Bh+y)a+ (Pyt+yoetap)x—afy = 0, 
in which 

the coefficient of 2? is +1, 

the coefficient of x? is —(sum of roots), 


the coefficient of x is (sum of the products of the 
roots taken in pairs), 
and the constant term is — (product of roots). 


Observe the sequence + — + — of the signs. 
Remark. The relations (iii) do not help us to solve the cubic equation, 
because elimination of (say) # and y from them leads to 


aa? + ba?+ca+d = 0; 


they are equivalent to the information that ‘a, £ and y are the roots 
of (i)’. 
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Examples 
(i) If a, B, y are the roots of px? + qu+r = 0, express in terms of p, 9, 7: 


(a) Xa?, (b) ES, (c) Xa8, (d) Las, (e) UP ry. 


q Tr 
We have La=0, Lfy=-, afy=--. 
By > By a 
q 2q 
a Xa? = (La)? -AU~Py = O-2-—- = -——. 
(a) (2a) by > . 
(b) platy _ 7 
a apy r 


(c) First method. Since « is a root of the given equation, 
par+gqa+tr = 0; 
there are similar relations for f, y. Adding, 
pua’ +gda+3r = 0, 


xa =o. 
p 


Second method. By the example in 10.22 (2), 
a+ f+ 3— 3apy = (a+ Pty) (a+ f+y2—py—ya—af) 
=0, since La = 0. 
3r 
Las = 3afy = 7 
(2) From the given equation, pa* + qa+r= 0, and hence 
pas + qa’ +ra? = 0. 
Adding this to the two similar relations for £, y, 
pra + gia’ +ria? = 0. 


3qr 2gqr | 


puas — 0 
P Pp 


by using (a) and (c), and so Za5 = 5qr/p?. 
(e) Consider (Xa) (Xfy). A term like £*y occurs only once, as the product 
f.fy. The terms afy arises in three ways, from a. fy, 8. ya, y.af. Hence 


(Xa) (Py) = Uh*y + 3ahy. 
3r 


3r 
0=2 —-—, and & =—. 
Bry 3 py 3 
(ii) Form the cubic whose roots are (a) B+y,y +a, a+ Bp; (b) By/a, ya/B, aB/y, 
where a, 8, y are the roots of x® + x? —24%—16 = 0. 
We have Ya=—-1, Ufy=-24, afy = 16. 
(a) B+y = Xa—a =—1-a. Similarly y+a =-—1-—£,a+f=-—1-y. We 
require the cubic whose roots are —1—a, —1—f, —1-y. 
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In the given equation put y = —l—a,ie.2 =—1-y: 
(—1—y)*+(—1—y)*—24(—1—y)—16 = 0, 
i.e. y + 2y?— 23y—8 = 0. (A) 


The values of y which satisfy this are related to the values of x which satisfy 
the given equation by the formula y = — 1—-. Since these values of x are a, f, y, 
hence the values of y are —1—a, —1—f, —1—vy; therefore (A) is the required 
cubic. (We could also say that 


x? + 20? — 237-8 = 0 


is the required equation, because the letter used for the unknown is immaterial 
when the roots are given.) 
(b) By/a = aBy/a? = 16/a?. Put y = 16/z?, ie. 2? = 16/y: 


1 16 
x (F-24) = 16-——, 
¥ 


7] 
2 5 1\3 
so by squaring, a 3) = 16*(1 -") : 
Y ¥Y 
4 (2 2 1\2 
i.e. *(--3) — (.-2) : 
yyy 7] 
which reduces to y® — 38y?+ 49y— 16 = 0. 


The argument used in (a) shows that this is the required equation; but see the 
Remark at the end of 13.53. 


10.33 Quartic equations 
By reasoning as in 10.32 we find that if a, £, y, 6 are the roots of 


ax* + ba? +cz?+dxr+e = 0, 


then ea ge ae, ye 
a a 
ab + ay +ad-+ py + pi+yd =<, ie. Dap =<, 
ad. d 
pyi+yda+ dap+afy = —7, ie. Lafy = as 
and apys = - 


Again notice the alternation of the signs. 

Applications of the theory given in 10.31—10.33 to coordinate 
geometry are illustrated in 16.22 (2); 16.26, ex. (i); 16.32; 16.12, ex. (ii); 
and elsewhere. 
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Exercise 10(c) 
1 If, £ are the roots of 2?— 5x+3 = 0, calculate 


; ee ee aft : 
(i) apap; (i) 2455 (iii) (@-1)(B-V)s (iv) a + As 
a £p - ais 
=+-; (vii) w+ 8; (vill) «4+ 4. 
B «@ 
2 If a, £ are the roots of 3x7+ 2%—4 = 0, construct the equation whose 
nog ere (i) 1/a, 1/83 (ii) a, 65 (iii) @+1/8, B+ 1a. 
3 Write down the conditions for both roots of ax? + ba+c = 0 to be positive. 
4 Ifa, 8, y are the roots of x? + x? — 14”— 24 = 0, calculate 


(v) (@—f)*s (vi) 


ee errs ; 
(i) (@+1I) (B+ (y+)s Gi) BE (iii) Dats (iv) Z FY, 
(v) Xai; (vi) Let; (vii) Leaf. 
5 If a, £, y are the roots of 2°+422+2—2=0, construct the equation 
whose roots are 


1 1 id] 
(i) B+y, Y+e, a+ Pp; (ii) By’ yo.’ Ti (iii) a(b+yY); Bly +a), y(a+f); 


(iv) a, £7, y?; (v) a-*, By. 
6 If a, 8, y are the roots of 6x3? —x?— 6x—2 = 0, form the equation whose 
roots are a@+4, 8+4, y+4. Hence solve the given equation. 


7 ‘If x?+3Hx+G = 0 has two roots equal, prove G?+4H* = 0. [Let the 
roots be a, a, 8; then 20+ = 0.] 

8 If the roots of z?+3Hx+G = 0 are in A.P., prove G = 0. [a+y = 2f.] 

9 If 23+ p22+gx+r = 0, find the condition for the roots to be in (i) A.P.; 
(ii) G.P. 

10 Ifa, £, y are the roots of 2 + pa? + qu+r = 0, construct the equation whose 

roots are a?— By, f?—ya, y?—af, and comment on the special cases (i) p = 0, 
(ii) ¢g = 0. Also write down the value of (a«?— Py) (6? — ya) (y? — af). 


r O+r —pat—qa 
2 = a@?+-— = OS Oh Oo . 
E ac la raed - (po +4) 
11 If 2t+p23+q = 0 has roots a, f, y, 6, construct the equation whose roots 
areat+fh+y, B+yt6, y+o+a, d+a+f. 
12 If xt+ px?+q9x+7r = 0 has three equal roots, prove that p?+ 12r = 0 and 
9q2 = 32pr; and show that the value of the repeated root is — 3q/4p. 


10.4 Elimination 
10.41 Further examples 


When a system of equations is given and the number of equations 
is greater than the number of unknowns, then in general the equations 
cannot all be satisfied unless the coefficients are related in some way. 
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There may be more than one such relation. Each is called an eliminant 
of the system of equations. Owing to the importance of elimination, 
especially in coordinate geometry, we give some further examples. 
No general methods can be laid down; but see 11.43. 
(i) Use of an identity. 
Eliminate x, y, z from 
atytz=a, x+y24+22=6%, 2+y3t+22=c8, xyz = dd. 
From the identity (10.22, ex.) 
a+ y8 +23 — 3xyz = (wt ytz)(a*+y? +2? —yz—z0— ay), 


we have c? — 3d8 = a(b? — XLyz); 
and (Xx)? = La2?+2Lyz, so Lyz = }(a*—b?). 
Hence 2(c3 — 3d*) = a(3b? —a?). 


(ii) Use of theory equations. 
Eliminate m, n from (y — ma)? = a®m? + b?, (y—nx)? = a?n? + 64, mn = — 1. 
The first two equations show that m and n are the roots of the quadratic in ¢ 


(y—tx)? = a*t? + b?, 


ie. (a? — x?) #2 + 2ayt + (6b? —y?) = 0. 
The third equation shows that the product of these roots is — I, so 
bey? 
a 1, 
i.e. vtty? = a?+6". 


For the geometrical interpretation see 17.47, (il). 
The method illustrated in ex. (ii) can sometimes be used to solve a system of 
equations as in ex. (iii) following. See also Ex. 10(d), nos. 12-14. 
(iii) Solve for x, y, 2: 
e2tayta%z=a't, x+by+b%=b4, x+cyt+ec% = ct. 
These equations show that a, b, c are three roots of the quartic in ¢ 
“w—fPz—ty—x2= 0. 
Since the coefficient of é is zero, the sum of the roots is zero, and hence the 
remaining root is —(a+6+c). Then 
—2 = product of roots = —abc(a+b+e); 
y = sum of the products of the roots taken in threes 
= abe—(a+b+c)(be+ca+ab); 
—z = sum of the products of the roots taken in pairs 
= be +ca+ab—(a+b+c)(a+b+e) 
= —(a?+b?+c?+bc+ca+ab). 
Hence 2=abcLa, y=abe—(Xa)(Xbe), z= X(a?+bc). 


f It has already been used in this book. 
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10.42 Common root of two equations 
(1) The necessary and sufficient condition that the quadratics 


ax?+bxa+c=0, a’2?+b’r4+c’ =0 
have a common root is 
(ab’ —a’b) (be’ —b’c) = (ca’ —c’a)?. (i) 


Necessary. If there is a value of x which satisfies both equations, 
then by treating them as simultaneous equations in x”, x and elimin- 
ating first x, and then z?, we obtain 


(ab’ —a’b) x? = be’—b'c, (ab’—a'b)x = ca’ —c’a. 
(ab’ —a’b) (bc’ — b’c) = (ab’ —a’b)? 2? = (ca’ —c’a)?, 


so that the condition follows. 
Sufficient. If ab’ —a’b + 0, the condition (i) can be written 


ee 
ab’ —a'b ’—a’b’ 
Put A = (ca’—c’a)/(ab’ — a’b); then A? = (be’ — b’c)/(ab’ —a’b), and 

(ab’ —a’b) A2 = be’—b’c,  (ab’—a’b)A = ca’ —C'a. 

(ab’ —a’b) (aA? + bA) = a(be’ — b’c) + b(ca’ —c’a) 

= —c(ab’—a’b) on simplifying. 
Hence (ab’ — a’b) (aA? + 6A+c) = 0; and similarly 
(ab’ —a’b) (a’A2+6’A+c’) = 0. 


Since ab’ —a’b + 0, these show that x = A satisfies both quadratics. 
If ab’—a’b = 0, then the given condition (i) shows ca’ —c’a = 0. 
Hence a:6:c = a’:b’:c’, and so the quadratics are not independent. 
In this case the result holds trivially. 
Remark. Direct calculation will verify that 


4{(ab’ — a’b) (bc’ — b’c) — (ca’ — c’a)?} 
= (b? — 4ac) (b’* — 4a’c’) — (2ac’ + 2a’c — bb’). 
The condition (i) is therefore equivalent to 


(6? — 4ac) (b’2 — 4a’c’) = (2ac’ + 2a’c — bb’)2. (ii) 
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(2) When the given equations are of degree higher than the second, 
we eliminate the highest powers step by step until two quadratics 
with a common root are obtained. For example, if 


f = ax? +b2?+cx+d=0 
and g =pxe*+qr+r=0 (iii) 
have a common root, then this root also satisfies p. f—ax.g = 0, i.e. 
(pb — aq) x2+(pe—ar)x+pd = 0. (iv) 


Conversely, a common root of g = 0 and p.f—az.g = 0 is also a 
common root of g = 0 and f = 0. Hence f = 0, g = 0 have a common 
root if and only if (iii) and (iv) have a common root, and a condition 
like (i) will express this fact. 


10.43 Repeated roots 
With the notation of 10.13, suppose that 


p(x) = (x—a)rg(a) (l<r<n), 


where g(a) + 0. Then by the Remainder Theorem x—« is not a factor 
of the polynomial g(x). We say that the polynomial p(x) has a repeated 
factor x—a of order r; and that the equation p(x) = 0 has an r-fold 
root x = a, r equal roots a, a root x = « of multiplicity r, or a root x = a 
of order r. If r = 1, we call x—a@ a simple factor of p(x), andx=aa 
simple root of p(x) = 

If p(x) = 0 has a root x = a of order r, then x = a is also a root of 
p (x) = 0, of order r—1. 

Prod: l(a) = rle— a1 g(a) + (wa g(a) 

= (x— a) {rg(x) + (a—a) 9’ (x)}. 


Since g(a) + 0, the contents of the last bracket are non-zero when 
x =a. Hence x = ais a root of p’(x) = 0, of order exactly r—1. 

Conversely, of p'(x) = 0 has a root x = a of order r—1, then provided 
x = a satisfies p(x) = 0, it ts a root of p(x) = 0 of order r. 

Proof. Suppose x = a is a root of p(x) = 0 of order s. Then the 
preceding theorem shows that a is a root of p’(x) = 0 of order s—1. 
Hence r—1 = s—l,ie.r =s. 

These two results show that the necessary and sufficient siltion 
for p(x) = 0 to have a repeated root is that p(x) = 0, p'(x) = 0 have a 
common root. 
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Exercise 10(d) 
Eliminate t from 
1 x=t-lft,y=?+4+1/é. 2 «= a(l—?#)/(14+#), y = 26t/(14+22). 
3 Eliminate z, y from erty =a, z?+y? = Bb’, at+y* = c4. 
4 Ifa?+a? = b?+y? = ay— bx = 1, prove a? +6? = 1. 
[(a? + x?) + (6? + y?) — 2(ay— bx) = 0, i.e. (2 +b)?+(y—a)?=0, .. x =—6 and 
y =a.) 
S If ax+b3y = zy, b'x—a®y = 2? —-y?, and 2?+y?=1, prove a?+6?= 1. 
[Solve the first two equations for a’, 6°, using the third.] 
6 Eliminate z, y, z from ry = a’, yz = 6, zx = c*, 22 +y?2 +22 = d?, 
7 (i) Eliminate z,y from y+ix=al?+2al, y+mx=am'+2am, and 
yt+nx = an'+2an. *(ii) Interpret geometrically. 
8 (i) Eliminate m, n from 
me—-myt+ta=0, n®ax—-nyta=0, m—n=c(1+mn). 
*(ii) Interpret geometrically. 
9 Eliminate /, m, n from the equations in no. 7 and lm = 6. 
10 Eliminate A, # from 
2 2 m2 2 
rer ae ae 
11 Solve the following equations for x, y, 2: 
etaytarz=a', x+by+b%=b, x+cytc%=c?. 
12 Solve a+b+c = 5, bec+ca+ab = 7, abc = 3. 
13 Solve a+b+c = —2, a?+6?+c? = 30, abe = — 10. 
14 Solve x+y+z = 2, v?+y?+2? = 14, 22 +y?+23 = 20. 
15 Prove that the necessary and sufficient condition for 
+2p27+2qa+r=0 and 2#?+pr+q=0 


=1, Atp=a?+b?. 


to have a common root is r?— 3pqr+p*r+q? = 0. 


Find the necessary and sufficient condition for the following to have a double root. 
16 2°+px+q = 0. (Cf. Ex. 10 (a), no. 20.) 
17 24+pxr+q = 0. (Cf. Ex. 10(a), no. 21.) 


18 Find the common root condition for az'+ba+c=0, px'+qvir= 0. 
[Eliminate x, 2° in turn.] 
*19 If 62 +c and (%?+2bx%+¢c)"—! is a factor of p(x) and of p’(x), prove that 
(x? + 2b2 +c)’ is a factor of p(x). Explain why the restriction 6* + c is needed. 


10.5 The H.c.F. of two polynomials 


10.51 The H.C.F. process 


The last result in 10.43 shows that, to find the repeated roots (if 
any) of p(a) = 0, we must find all factors common to p(x) and p’(z). 
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We now show how to find the highest common factor (H.0.¥F.) of any 
pair of polynomials f(x), g(x). It will be convenient to write degf 

for ‘the degree of f(z)’, and so on. 
Suppose deg f = m and degg = n, where m > n. Then we can divide 
f(x) by g(x), obtaining the quotient g,(z) and remainder r(x), wheret 
F(%) = g(x) a(x) +11(2). (i) 


The degree of 7,(x) must be less than that of g(x), and hence 
degr, < n—1. We can therefore divide g(x) by 7,(x), getting quotient 
q(x) and remainder r,(x), where 


g(x) = 1y(%) go(x) + 72(2) (ii) 


and degr, < degry,i.e. degr, < n—2. 
Similarly, dividing r,(z) by 7,(z) gives quotient q,(x) and remainder 


re) eee (ct) = r9(ct) glee) +5) (ii) 


and degr, < n—3. 
Proceeding thus, we eventually obtain 


To-a(%) = Te_4(%) G(&) + 74(2) (s) 
and 1,_4() = r(2) qo+1(%) a T.11(%), (s si 1) 


where 7,,,(x) =0. The stage (s+1) is reached after at most n+1 
applicationst of the successive division process 


ee ee ee a See ee 
First, suppose f(x) and g(x) have a common factor h(x), so that 
f(x) = file) h(x), g(x) = g,(x) h(@). 
The identity (i) shows that 
r(x) = f(x) — g(a) ay() = h(x) {f1(&) — 91(x) a(x}, 


so that A(x) is also a factor of r,(x). Identity (ii) then shows that h(x) 
is a factor of r,(x), and so on. Finally, identity (s) shows that h(x) 
is a factor of 7,(~). Hence 


any common factor of f(x), g(x) 1s also a factor of r,(x). (A) 


Secondly, suppose that k(x) is a factor of r,(x). Then identity (s+ 1) 
shows that k(x) is also a factor of r,_,(x); hence by identity (s), k(2) is 


T Cf. 10.13, ex. (v). 
{ This is seen from the degrees of the successive remainders. 
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a factor of r,_,(x); etc. Thus from (ii) we see that k(x) is a factor of 
g(x), and hence by (i) it is a factor of f(x). Therefore 


any factor of r,(x) is a common factor of f(x) and g(x). (B) 


From (B) it follows that 7,(z) itself must be a common factor of 
f(x) and g(x); and (A) shows that every common factor of f(z) and g(x) 
must also be a factor of r,(x). Consequently, 

(a) of r,(x) = constant, then f(x) and g(x) can have no algebraic 
common factor, and we say that f(x), g(x) are coprime polynomials; 

(b) if r(x) is a polynomial, then r,(x) is the (algebraic) highest 
common factor} of f(x) and g(x). It has been found as the last non-zero 
remainder in the process of successive division just described (the H.C.F 
process or Euclid’s algorithm). . 


Examples 
(i) Find the H.c.¥. of 
Qart—4a8 4 52+ 2a—-3 and w—a2t+2°+ 4a?—2¢ 4-3. 
We begin by dividing 
2( a5 — apt +- on? + 402 -—2Qa4+3) by 2at— 429+ 5a2+4 2a —3, 


in order to avoid introducing fractional coefficients. The introduction or 
removal of numerical common factors at any stage is permissible since this 
does not alter the algebraic factors. 


g = 2at—4e8+ 5a?+ Qae—-— 3 Qed — Qart +- 2x8 +- 8a? -—404+6=f 
2a4+2a3-— 627+ 18x 2a5 — dart + Bad + 2x? — Bax 
— 623 +1l2z?—léx— 3 2at — 3x3 + 6a?-— 2+6 
—62°— 627+ 18%—54 2art — 443 + 5a? + 2a —3 
17a? — 342451 e+ 22°—-32+9=E7, 
Remove factor 17: z?-— 24+ 3=7r, x — 2a? + 8a 
| 3x — 6a +9 
3a? —62+9 
0=17; 


The H.c.¥. is the last non-zero remainder 7, viz. 2? — 2x +3. 
(ii) Test the equation 
4a5 — 2004 + 25a + 10a? -—20a—8 = 0 


for repeated roots, and hence solve it. 
A repeated factor of f = 4x5 — 20x4 + 25a5 + 10x? — 20a — 8 is a common factor 


+ Numerical factors are regarded as irrelevant; Ar,(x), where A is any non-zero 
constant, would also be called the #.0.F. 
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of f and f’ = 5(424— 16a5 + 15a? + 4a2—4). We therefore begin by applying the 
H.C.F. process to f and g = 4ec4— 1623 + 1802 + 40—4. 


g = 4x4 — 1623 + 152? + 42 —4 4a5 — 20.4 + 2523 + 10z?-20x-— 8 =f 
4at— 1443+ 827+ 8x2 45 —16a4+ 1523+ 4a2— 4a 
— 223+ Tx?-—4a0-—4 — 424+102°+ 62?-—16x—-— 8 
— 2734 Txr?-—4r—4 — 4744+16275—15a?— 4dv+ 4 
0=r, — 6275+ 212?—12¢%—12 


Remove — 3: 
2a8— Te?+ 4a+ 427, 
The H.c.¥F. is 2x3 —7xz?+4+42+4. By using the Remainder Theorem, we find 
that it has a factor 2— 2; hence 
H.C.F. = (x— 2) (2a?— 3x—2) = (w—2)?(2a+1). 
From 10.43 it follows that 2—2, 2x+1 are repeated factors of orders 3, 2 


inf, and that x = 2, x = — 4 are roots of f = 0 of orders 3, 2. Since f has degree 5, 
there can be no other roots. , 


10.52 An important algebraic theorem 
The identities (i), (ii), ... in 10.51 show that 
7, =Q%f+bo9, where a=1, 8 =—-q; 
T, =af+b,9, where a,=—q, b= 1+%9; 


and so on. We thus see that Se ebs, (C) 
where a, b are polynomials in z. 
Writing f = 7,¢,9 =7,¥, then by (C) 
1=a¢+by, 
where ¢, yf have no algebraic common factor. Since a¢ + by has no algebraic 
factor (being identically 1), hence a, b are coprime. 

(a) If r, = constant, then we may divide (C) by 7, and get the important 

THEorEM. If f, g are coprime polynomials, then other coprime polynomials 
A, Bexist for which Af +Bg = 1. 

(6) If r, is a polynomial in x, then we have: 

The u.C.¥. of two polynomials f, g can be written in the form af +bg, where a, b 
are coprime polynomials. 

Definition. A polynomial is said to be irreducible when it has no algebraic 
factor of lower degree than itself. 

Cornotiary. If f is irreducible and g, h are polynomials such that f is not a 
factor of g but f 1s a factor of gh, then f must be a factor of h. 

Proof.+ Since f is not a factor of g, the degree of any common factor of f, g 
is less than the degree of f and is therefore zero since by hypothesis f has no 
such factor. Hence f, g are coprime and, by the theorem, polynomials A, B 
exist such that 1 = Af+Bg, 


and so h = Afh+Bgh. 
Since f is a factor of gh, therefore gh = fk for some polynomial k, and so 


h = (Ah+Bky)f, 
i.e. f is a factor of h. 
ft The result is ‘intuitively obvious’. 
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Remarks 


(a) The polynomials a, b in identity (C) are not unique, for clearly 
a, =a4+7% and ee 
un Ts 


(where c is any polynomial) would also satisfy (C). 

(f) There are arithmetical results (important in the Theory of Numbers) 
analogous to the preceding; they can be formulated by replacing ‘polynomial’, 
‘irreducible’, ‘degree’ by ‘integer’, ‘prime’, ‘magnitude’ respectively. 


10.53 Theory of partial fractions 


An application of the theorem in 10.52 is to prove the possibility of resolving 
a rational function into partial fractions. In 4.62 we stated and illustrated the 
practical methods for doing this in any particular example, but we did not 
attempt a general justification of our statements. 

Definitions. The rational function f/g, where f and g are polynomials in 2, is 
called (a) irreducible if f, g are coprime; (b) proper if deg f < degg. 

If f, g have u.c.F. h (found as in 10.51), then f = hf, and g = hg, so that 
(except for those values of x which make g = 0) f/g = f,/9,; and fi, 9, are co- 
prime. We shall therefore always assume that the rational function is irreducible. 

If f/g is not proper, we can express it as the sum of a polynomial and a proper 
fraction in the form q+7/g, by finding the quotient g and remainder r when 
f is divided by g. 

THEOREM. If p, Pz are coprime polynomials, the (irreducible) rational function 
F/(p1p2) can be expressed uniquely in the form 


where q is a polynomial and r,/p,, T2/p2 are irreducible proper fractions. 
Proof. Since p,, p, are coprime, polynomials A, B exist such that 


Ap,+Bp, = I. 
f _flAp.+Bp.) _ Bf, Af 
PiP2 PiP2 Pi Ps 
By division, Bf=UuPitn and Af=q.Pete 


where degr, < deg p, and degr, < degp,. Hence 


r 7 : 
Satara te (i) 
1 


PiP2 


where 1,/D,, 72/D, are proper. They are also irreducible; for if (say) 7,/p, reduces 
to r{/p}, then result (i) shows that f/(p,~,) is equal to a fraction with denomi- 
nator piP2, Where deg(pjp.) < deg(p, 2); this contradicts the hypothesis 
that f/( 1,2) is irreducible. 

To prove uniqueness of the decomposition (i), suppose if possible that 


1 7 r 9, 
eas a =q’+—74-; 
Pi Po PiPe Py Pog 


then (q—9') PiPot("1 —13) Pe = (74-12) Pi 
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Since p, is a factor of the left-hand side, therefore p, is a factor of (r,—73) P)- 
As pg is prime to p, by hypothesis, it follows from the corollary in 10.52 that 
pz must be a factor of r;—7r,. This is impossible unless r,—7, = 0, for p, has 
higher degree than r, and 7,, and so certainly degp, > deg(r,—7,). Thus 
ry = 12, and similarly we can show 7; = 7,. It then follows that q = q. 
CoroLuaRy. If p,, De, ---» Pn are polynomials every two of which are coprime, 
then the (irreducible) rational function f](p,P,---Pn) can be expressed uniquely 
an the form 


where q is a polynomial and r,/p,, ..-, Tn/DPn are proper and irreducible. 
This is proved by repeated applications of the preceding theorem: first to 


Pi(P2-+- Pn) to give r de 
he + 
Pi Po--+Pn 
then to p,(p3...p,) to give 
r 
Ton. git ges 
Pa--+Pn Pe P3-+-Pn 


and so on. The uniqueness is proved by the same argument as in the theorem. 
Remark. For their application to a given rational function f/g, the preceding 
results depend on the factorisation of the denominator g into irreducible factors 
Pi Pe-+Pn (cf. 4.63). In 13.61 we shall prove that a polynomial g(x) can be 
factorised into the product of linear and irreducible quadratic factors like 
(x— a)", {(a—b)?+c}*. Assuming this, the above corollary shows that 
f ) Te 


*Genayt * eet’ 


(ii) 
where g and the 7,, 7, are polynomials and degr, < r. degr, < 2s. 
By division, any polynomial ¢(x) of degree m can be written in the form 
P(x) = (w—a) dy(x)+Ao, 
where A, is constant and ¢,(2) has degree m— 1. Similarly 
$i(x) = (w—a) b,(x) + Aj, 
and so on. Combining all these results, we havet 
$(x) = A,+A,(x—a)+A,(v—a)? +... + An(e—a)™. 
Hence the proper fraction 1,/(xz—a)* can be expressed as 


Ay A, a Pec : 
(a—a)’ (x—a)2 wa 


(iii) 


Similarly, any polynomial ¢(2) can be written 
P(x) = {(x—b)* +07} d, (x) + Apr + Bg, 
where Ay, By are constants. Proceeding likewise with ¢,(x), etc., we obtain 
P(x) = (Ape + Bo) + (412+ Bi) {(v—6)? +e} +... 
+(A,1%+B,-)) {((e— 6)? +07} 
+ This is the Lemma in 6.41. 


388 ALGEBRA OF POLYNOMIALS [10.53 


if 6(x) has degree 2s—1 or less. Hence the proper fraction r,/{(x—b)? +c?}* 

can be decomposed as , 

A,«x+B, A,x+B, A, ¢+B,., 

{((x—b)*?+c%}*  {((x—b)*+c%}s1 0 (wb)? +08 © 

The argument already used in proving the theorem shows that each of the 
reductions (iii), (iv) is unique. 

By combining (ii), (iii) and (iv), we completely prove the statements made 


in 4.62 (assuming, of course, the facts in 13.61; but see the Remark in that 
section). 


(iv) 


Exercise 10(e) 
Find the u.0.¥. of 
1 w+ 32?— 8x— 24, 2? +32?-— 327-9. 
2 203+ 7x? + 1024+ 35, 2a4+ Tx? — Qe? -— 37414. 
3 228-27? 4+ 47415, a4+ 122-5. 


Test for repeated factors, and hence factorise completely 
4 x*—92?+ 4x4 12. 5 a5 — 23 + 42-3442. 
6 x®— 325+ 625 — 342-3442. 


Test for repeated roots, and hence solve completely 
7 1204+ 423— 452724 54 = 0. 8 2°'— 52° +52—-2=0. 
*9 Find polynomials A, B of least degree such that 
A(228 — 322+ 47 —1)4+ B(x? + 22-3) = 1. 


Miscellaneous Exercise 10(f) 


1 Prove a(x? — y?) — 2hay always has linear factors. 
2 If 327+ 2Axy + 2y?+ 2axz—4y+1 has linear factors, prove that A must 
satisfy A? + 4aA + 2(a?+3) = 0. Is this sufficient? 
3 Establish the identity Xa — 3ayz = (Lx) (Lax? — Xyz) as follows: 
(i) Expand (z+ y)' to show 2°+ y3 = (w+ y)®— 32y(a+y). 
(1) Deduce that 2° + 4° +23— 3xyz = (w+ y)?+23— 32y(x4+y+2), and fac- 
torise the sum of two cubes. 
4 (i) Verify that x? + y?+22%—yz—zx—ay = H{(y—z)? + (2-2)? + (a4— y)*}. 
(ii) Ife+y+z> 0, prove z?+43+2° > 3xyz unless x = y = z. 
(iii) Ife+y+z= 0, prove 23+ y3 +28 = 3zyz. 
5 Ifa =b+c—a,y=c+a—b,z2=a+b-c, prove (using no. 4 (i)) 
x8 + y3 + 28— 3xyz = 4(a? +b? + c8 — 3abc). 
6 Factorise (i) &(b?+c*®)(b—c); (ii) La(b4—c*). 
7 Use the identity (2x)? = Xx? 4 2Xyz to prove 
(i) 2(6—c)? = 2X(a—b) (a —c); (ii) La?(b—c)? = 2Xbce(a —b) (a—c). 
8 Eliminate ¢ from 2 = #+¢%, y = 8+2-3. 
9 Eliminate z, y from x—y = a, x*-y? = Bb, zg —yF = 8. 
10 Ifpr—gy = 2° —y*, py+qau = 4xy, x+y? = 1, prove (p+q)t+(p—g)t = 2. 
[Solve the first two equations for p, g, using the third.] 
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11 ‘The equation (x—1)? = A(a— 2p) (w— 4) has equal roots.’ (i) If w has a 
given value, prove this statement holds for A = 0 and one other value. (ii) If 
A has a given non-zero value, prove the statement is true for two values of 
p# only if A < 1. If A = — 15, find the two sets of equal roots. 

12 Find the condition for the roots of az? +ba+c = 0 to divide the distance 
between the roots of a’z*+b’a+c’ = 0 internally and externally in the same 
ratio. 

*13 If (a,27+b,2%+0¢,)/(a,x?+b,2+ 0c.) takes the same value when z has the 
values given by a,x? +b,x+¢s = 0 (b2 > 4a3cs), prove that 


A A, ay” 
b, 6b, 6b, | =9. 
C, Cy Cy 


[If the value taken is k, then (a, —a,) x? + (b,k —b,) 7 +(c,k—c,) = 0 must have 
the same roots as a,2?+6,x7+c,; = 0. Hence corresponding coefficients are 
proportional. ] 

14 What can be said about the coefficients in an equation whose roots are 
(i) a, f, —-a—f; (ii) 0,a,8,y; (iii) a/b, b/c, c/a; *(iv) tan 9,, tan @,, tand,, 
where 0, + 6, +0, is an integral multiple of 7? 

15 If a line cuts the curve z = af?, y = a in three points for which ¢ has 
the values ¢,, t,, ts, prove Lt,t, = 0. 

16 If one root of 23+axr+b=0 is twice the difference of the other two, 
prove that the roots are 

— 130/12a, 13b/3a, — 13b/4a, and that 144a? + 21976? = 0. 

17 If a, £, y are the roots of 23+px2+q=0, express a! +/*+y4 in terms 
of p, q. 

18 Obtain the equation whose roots exceed by 3 the roots of 

at + 1295 + 4927+ 782442 = 0, 


and hence solve the given equation. 


19 If «a, £ are the roots of az*+ 2hx+b = 0, find the quartic equation whose 
roots are + 1l/a, +1/f. 


20 Eliminate A, yu, v from 
Pe 2 gt a 2 22 a 2 22 
Pee ee area aS sot eee tesa oe Sass oa 7 
and Apv = abe. . 
21 If x2*+3ax*+3bx+c = 0 has a repeated root, prove that this root also 
satisfies 2? + 2ax +b = 0. Hence show that the repeated root is (ce — ab)/2(a? — b). 
22 Prove that 2‘ +p2+q = 0 cannot have a repeated root of order 3. 


23 Prove that Ege a" 
tto—+—+...¢—=0 
2 3 n 
cannot have a repeated root. [p’(z) = 0 only when x = —1 if n is even, and 
p(x) + 0 if nis odd. Clearly p(—1) + 0.] 
24 Find k so that 22* — 32?— 22+k = 0 has (i) a double root; (ii) a triple root; 
and solve in each case. 


1 
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*25 Determine the values of m and c for which the line y = mx+c is (i) an 
inflexional tangent, (ii) a double tangent, to the curve y = x3(a?+ 4x — 18). 
[In (ii), the equation a?(x%? + 42 —18)—mx—c = 0 has two double roots.] 

26 If 2ac’ + 2a’c = bb’ and if az? + ba +c, a’x? + b’x+c’ have a common factor, 
prove that at least one of these quadratics is a perfect square. [See 10.42 (1), 
Remark.] 


27 Ifa, b, c, d are constants such that ad + bc, and f, g, p, g are polynomials 
in x such that p = af+bg, g =cf+dg, prove that f, g and p, g have the same 
H.C.¥. What happens if ad = bc? 

*28 If p(x, y) is a symmetrical polynomial in (2, y) having factor x—y, prove 
that actually (x—y)? is a factor. [p(x,y) = La,,(u’y*+a%y"). The conditions 
for p to be zero when x2 = y are the same as those for @p/@x to be zero when 
x=y.] 

*29 Cubic equations : Cardan’s methodt of solution. Every cubic can be reduced 
(see Ex. 13 (d), no. 15) to the standard form 


a+ 3Hxe+G= 0. (a) 
The identity in no. 3 shows that if y, z can be chosen so that 
y+t2=G and y=-—H, (bd) 
then ¢ = —y—z will be a root of (a). Prove that y', z? must be the roots of 
2—Gt—H® = 0. (c) 


*30 (i) If G2+4+4H? > 0, show that there are distinct numbers y, z satisfying (6), 
so that x = —y—z is a root of (a). Useno. 4(i) to show that there are no other 
roots. 

(ii) If G?4+4H% = 0, show that the right-hand side of the identity in 
no. 3 becomes (x+ 2y)(a—y)*, so that (a) has three roots, two of which are 
equal, viz. —2y, y, y. 

(iii) If G2+ 4H? < 0, numbers satisfying (6) do not exist. The following 
trigonometrical method can then be used. 

Put « = kcos@ in (a), and choose k so that k?:3Hk = 4: —3. Show that 
(a) then becomes cos 30 = G/{2H ./(—H)}. Verify that condition (iii) ensures 
that 30 can be found from this, and hence that three values of cos 0 = x/k are 
obtainable. 

+ So-called, although discovered by Tartaglia. 
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11 


DETERMINANTS AND SYSTEMS 
OF LINEAR EQUATIONS 


11.1 Linear simultaneous equations 


11.11 Two equations in two unknowns 
The usual method of solving 


A,t+bay = Ce 
by elimination shows that 


(A b,—2b;)% = C,b,—Cyb, and (a,b,—4gb,)y = a, ¢g—ay¢,. (i) 


If a,b,—a,b, + 0, these give unique values for x and y. 

When a,b,—a,b, = 0, we may assume throughout that a, and b, 
(and likewise a, and b,) are not both zero; for if a, = 0 = ),, the first 
equation becomes 0 = c,, which is either false or trivial. Two cases 
arise. 

(a) If at least one of c,b,—c,b,, @,C,—G,_C, 18 not zero, (i) gives a 
contradiction. The given equations therefore have no solution, and 
are said to be inconsistent. 

(b) If a,b,—a,b, = c,b,—c,b, = a,C,—a,¢, = 0, then (i) gives no 
information. Since a,, b>, are assumed to be not both zero, suppose 
a, + 0. The first of the given equations can then be solved for x in 
terms of y. When y is given the value yp, let the value obtained for 


x be x,; then 
: C1 by Yo_ 


C= 
0 
ay 


_(C, — b, Yo) 
ay 

_ 4201 — 40g + (a,b, —4b1) Yo 

ay 


= 0 by hypothesis (5), 


Since Qs Xo + by Yo = Cy = + be Yo = Co 


any values of x, y satisfying the first equation also satisfy the second. 
The solution is said to be indeterminate. (Roughly, hypothesis (6) 
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shows that corresponding coefficients are ‘proportional’, so that the 
equations are not distinct.) 

Geometrically, the given equations represent straight lines. If 
a,b, —a,b, + 0, the lines are not parallel, and the above solution (i) 
represents their unique point of intersection. In case (a), the lines are 
parallel, while in (b) the equations represent the same line. 


11.12 Three equations in three unknowns 


Here we obtain only the general form of the results corresponding 
to (i), and postpone discussion of details until 11.4. 
Elimination of z from the first and second of 


a,¢2+b,y+c,2 = dy, 
Agt + bY +Cyz% = do, 
a,t+b,y+C3z = ds 
gives (@1 Cy — MgC) % + (b, 0, —b,¢,) y = dy C,—dy Cy, 
and elimination of z from the second and third gives 
(AC — Ag Cg) % + (bgC3 — bg Ce) Y = daly — 3 Co. 
Now eliminate y from these last two equations: 
{(bgC3 — bgCg) (A1 Cy — AqC1) — (By Cy — B4C1) (gC — Ag Cq)} ¥ 
= (byC3 — gC) (dy Cy —d_C,) — (by Cp — 0g.€1) (dag — dx). 
On simplifying we find that the coefficient of is 
Co(A1 0203 — A, b3Cy + Agb3C, —A_b, C5 + 430, 6, —436,¢), 


and that the right-hand side reduces to c, times a similar expression. 
The solution for x therefore has denominator 


A1b.C eater A, b3Cy + A2b5C, <i Qs b1Cs + Az 64 Co = Az bCy. (ii) 


We should find similarly that this is also the denominator in the 
expressions for y and z. 


11.13 Structure of the solutions 


Instead of proceeding to higher eliminations, we notice the following 
properties of the expression (ii). 

(x) There are six terms. In each term there is just one a, one 6 and 
one c; and in each term the suffixes 1, 2, 3 all occur, without repetition. 
The signs preceding the terms are alternately +, —. 
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(8) The suffixes of the letters a, b, c in each term form one of the six 
permutations of the numbers 1, 2, 3. For example, consider a,b, cg: if 
we interchange the suffixes in pairs until they are in natural order 
1, 2, 3, we find that the number of interchanges is odd. Similarly, for 
the term a,b,c, the number is even. It is easily verified that all the 
terms for which the number is odd are preceded by the sign —, while 
those for which it is even} have +. (For a given term it can be proved 
that the number of interchanges is either always odd or else always 
even, no matter how the rearrangement to natural order is carried out.) 
Hence the sign of each term in (ii) ts decidable by the parity of the number 
of interchanges of its suffixes from the actual to the natural order. 


11.2 Determinants 


11.21 Determinants of order 2 
The symbol 


a, by 


A= 


> 


a, ob, 


called a second-order determinant, is defined to mean a,b,—a,b,. The 
following five propertiest of A are easily verified. 


(1) The value of A is unaltered by interchange of rows and columns. 
That is, if yA 


b, by 


then A’ = A. We call A’ the transpose of A. 

By use of this result, any property proved for rows extends at once 
to columns, and conversely. The following will therefore be stated for 
rows only. 


A’ = 


3 


(2) Interchange of two rows alters only the sign of A. 


That is, a, be 


= —A, 
a ob, 


(3) Lf two rows are identical, then A = 0. 
(4) Multiplication of any one row by k multiplies A by k. 
For example, ka, kb, 


a, ob, 


= kA. 


t 0 is reckoned as even. 
¢ With the wording used, they hold without modification for third-order deter- 
minants (11.22). 
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(5) Addition to any row of a multiple of another row does not alter 


the value of A. 
For example, by adding & times the second row to the first row, 
we obtain Gy thd, b,+hb, | _ 


=A, 
2) be 


11.22 Determinants of order 3 


The symbol a, b, 
A=| a, 0, Cy |, 
a, bs Cs 


called a third-order determinant, is defined to mean 


bg Cy A, Cy ‘ 
ay, —b, + Cy , (i) 


bs Cg a, Cg dz 5 
which (by using the definition of the second-order determinants) is 
equal to 
Ay (b_Cg — bg Cy) — by (4yCg — Ag Ce) + Cy(4263 — A355) 
= 0b5C3 — 1 b3Cy + Ay bg, — qb, Cy +A3b,Cg—AzbgC, (ii) 


on rearranging. This is the expression (ii) of 11.12, and is sometimes 
referred to as the expansion of A. 

The numbers a,, b,, C1, Ms, .-., C3 are called the elements of A; with 
our notation, the suffix denotes the row and the letter denotes the 
column in which a particular element lies. 

The remarks in 11.13 show that the expansion of a third-order 
determinant consists of 6 terms, each of which involves an element from 
each row and each column but no two elements from the same row or the 
same column. The sign before each term is determined by the suffixes 
according to the rule in 11.13(). We may write the expansion of 
A shortly as Et .a,b,cy. 

The definition expressed by (i) above can be readily generalised to 
define determinants of fourth and higher orders (see 11.7). Observe 
how the second-order determinants in (i) are constructed from A: the 
coefficient of a, is the determinant obtained from A after deleting the 
row and column containing a,; the determinant in the middle term 
is got by omitting the row and column containing 6, from A; and 
similarly for the last term. Since the elements a,, 5,, c, appear as 
multipliers of the second-order determinants, the expression (i) is 
consequently referred to as the expansion of A from the first row. 
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The diagonal running from top left to bottom right is called the 
leading diagonal, and the product a,b,c, of the elements in it is called 
the leading term in the expansion of A. 


Examples 
(i) 4 5 3 
oa =4|§ aisle a ft] 3 | 
Ba 6 2 3 2 3 6 
= 4(8— 42) —5(4—21)+3(12—12) 
=—5l1, 
my) mee b f h f h b 
TENS ge ool nig eee ae ag 
g f ¢ 


= a(be—f*) —h(ch — fg) + hf — bg) 
= abc + 2fgh — af? — bg? — ch?. 
The reader should now do Ex. 11 (a), nos. 1-10. 


11.23 Other expansions of a third-order determinant 


We may arrange the expression (ii) of 11.22 according to elements 
from any row of A and the corresponding second-order determinants 
formed by deletion as described above. Thus, grouping by elements of 
the second row, 


A = —4,(b, C3 — bg cy) + b,(a, Cg — 43C1) — C,(4, bg — A364) 
Cc a, Cc a, b 
Sie 1 % bs Oe Ie f 1 Oy (iii) 
bs Cg a, Cg a, bs 


which is the expansion of A from the second row. Similarly, 

A = 45(b, Cy — byC1) — bg(a1 C2 — MgC) + Ca(4 by — ag) 
b, Cy a, b, 
bz Cg 


a Cy 


3 


= a3 + Cg 


A, Cy Gg dy 


the expansion from the third row. 
Likewise, we may arrange (ii) by elements of any one column; e.g. 
A = (be C3 — bg Cg) — aa(by C3 — bg cy) + Ag(B, Co — bg cy) 
bz Ce by Cy 
bs Cs 


by cy 
bs Cs 
is the expansion from the first column. 

The reader should not attempt to memorise these results because 
they are all easily obtainable from the definition of A in expanded form. 


28 GPMII 


= ay — a, as (v) 


bg Cy 
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11.24 Properties of A 


We now show that the properties (1)-(5) in 11.21 hold for third- 
order determinants. In view of the first, all subsequent properties 
hold for columns as well as for rows. 


Proof of (1). 
G, a, a 
A’ =| 6, b, 65 
C1 Cy Cy 
b, 6b b, 6b b, 5b ifs 
= Oy . — Ay _ i 3 - ; by definition, 


= (by — bg Cy) — 4a(B Cg — Bg cy) + 43(b1 Cg — bgCy) 
=A _ by the line preceding (v) in 11.23. 


Proof of (2). Interchange of two rows is equivalent to interchanging 
two of the suffixes 1, 2, 3. Results (i), (iii), (iv) show} that the sign of 
the determinant is changed in every case. 

Alternatively, we may start from the definition; e.g. interchange 
of the first and third rows gives 


az bg Cg b 
Cc a a 
2 Ce 2 Ce 2 
by a a, db, 
b, c 
a OW Gy 


= A3(b_Cy — 0, Cy) — bg(4gCy — Ay Cg) + Cg(@_b1 — ay 5g) 
= 01(bg Cy — by Cg) — by (Ag Cy — AgCg) + Cy(Ag bg — A255) 


on arranging by elements of the first row of A; and this is clearly — A. 
A similar direct proof would hold for other row interchanges. 

Proof of (3). By interchange of the two identical rows we obtain 
— A, by (2). However, interchange of identical rows clearly leaves the 
same determinant A as before. Therefore —A = A, so A = 0. 

Proof of (4). Since each term in the expansion of A contains exactly 
one element from each row, multiplication of each element in a given 
row by & causes every term in the expansion to be multiplied by k. 
Hence the value of the new determinant is kA. 

Proof of (5). We expand the new determinant by the row which 


+ Using the corresponding property already proved for second order when neces- 
sary. 
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has not been mentioned. Thus, if we add k times the second row to the 


As bs Cy : (vi) 
The row ‘not mentioned’ is the third; using an equation like (iv) to 
expand from it, we see that the new determinant is equal to 


bj t+kb, c,+ke, b a,tka, c,+kc, ie a,t+ka, b,+kb, 
pag: 3 


as 


bs Co Ay Cy Ay bs 
by a YG Qa, YO 
bg Cy Aa, Cy A, by 


by using Property (5) for each of the second-order determinants. 
_ Again by equation (iv), this expression is A. 
Remarks 

(a) There are many extensions of Property (5). Three are indicated 
in Ex. 11 (a), no. 22; but see the Remark about random manipulations 
after no. 29. 

(2) The operation by which determinant (vi) above is obtained 
from A can be denoted by r, > r,+kr,. With this notation, properties 
(4) and (5) can be combined in a single statement: 


Lf = tg >kyrytkyrgtkgrs, then A>k,A (¢ =1or 2 or 3). 


11.25 Examples 


Properties (2)-(5) give ways of simplifying a determinant when 
‘direct application of the definition would be clumsy owing to the large 
numbers or heavy algebra involved. 
(i) Hvaluate 35 29 86 
36 31 87 |. 


By fr, > 13— 1g, we get 35 29 86 


By fr, > f,—1,, this becomes 


2 1 2 


(These two steps may be condensed into one by saying ‘r, -> r, — f2, followed 
by Ls > T,-T, ,) 


28-2 
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The last determinant is now easily expanded, according to the definition, as 


2 1 11 1 2 
35 — 29 + 86 
1 2 2. °2 21 
= 35.3—29.0+ 86( — 3) 
= — 153. 
(ii) Prove b+ec cta at+b 
a 6 c = 0. 
L 1 1 


By r, >1,+1,, the determinant is equal to 


atb+ce a+bt+t+c atb+c 


a b c 
1 1 1 
1 1 
_ b b on removing the factor (a+ 6+ ¢) 
Pirie) A from the first row, 
1 1 


=0 _ since the last determinant has two rows identical. 


(iii) Evaluate 1 1 1 
x Y\¥Y &@ 
ot at 


Direct expansion would be easy, but the following method has the advantage 
of giving the result in factorised form. 
By c, > C,—C,, followed by c, -> c;—¢,, the determinant is equal to 


1 0 0 
2 Yy-k® 2-2 
gs y—g8 28-23 
1 0 0 
= (y—2)(z—-2)| x 1 1 
es ytoyta® 22+4+2z2+23 


by removing the factor y—a from column 2, and z—x from column 3, Ex- 
pandingt from the first row, the only non-zero term is 


1 
ya ee=*) yrtaoyta? 22+az+22 
= (y—2) (z—2) (2? +22—y? — xy) 
= (y—x)(z—2)(z-y) (z+y+z) on factorising the last bracket, 
= (y—z)(z—2x)(x—y) (zx@+y+z) onarranging cyclically. 


+ Before expanding a determinant it is helpful to get zeros in a row or column, 
as here. Also see ex. (v) below. 
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(iv) Without expanding either determinant, prove 


be a @ 1 a @ 
ca 6 BF i=|]1 OB B68 
abc @& 1 e @& 
Introducing a factor a in row 1, bin row 2, and cin row 3 of the left-hand side, 
h 
Tee be a @ abe a? a3 1 a@ a 
1 b 
ca b bt |=—| abe Bt l= 11 BF BF 
abc abe 
ab c ¢ abe c CC 1 ce @& 


on removing the factor abc from the first column of the middle determinant. 


(v) ‘Triangular’ determinants. 


a, 90 90 
b, O 

a, 5 0 |=a, = A, b9C3, 
bs Cs 

a, bs Cy 


the product of the elements in the leading diagonal. Similarly, a determinant 
whose elements below the leading diagonal are all zero is thus readily evaluated. 


Remarks 

(«) In expanding a determinant from a given row (or column), the amount 
of calculation is reduced if row- and column-operations can be used to introduce 
one or more zeros into that row (or column), or indeed elsewhere also. 

(f) A determinant having a complete row or column of zeros has the value 0. 


Exercise 11(a) 
Evaluate the following determinants by direct expansion. 


1/1 1 1 214 1 -2 3 3-5 2 

4 3 2 0 3 4}. 4 1 -3 |. 

5 6 5 2 1 3 —2 5 1 
4 0 h g 3 | ty @, 6;a be 

-h O f|. Y Ye Ys |- ca 

—-g -f 90 1 1 1 boca 
7 Show that 

1 a a 
cos(n—1)x cosnx cos(n+1)xz | = (1—2acosx+a?)sinz. 


sin(n—1)x sinnz sin(n+1)z 
Verify the following equations by expanding each side. 
TL. de: 4 9la BF @& a 6b ¢ 


=| be ca ab|. ax by cz|=|a@ y 2 


aR 


8 | az y 
a 6 
ax by cz ye we wy : re core | be ca ab 


ic) 
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10 Verify that at+tA h g | 
h b+rA ff 
g fF cta 


= A§4+(a+b+c)A?+(be+ca+ab—f?—g*—h*) A+ (abc + 2fgh — af? — bg? — ch*). 


Using the properties of determinants, evaluate the following. 


11 | 1 3 5 12(|6 9 15 13 |1 1 1 
2 6 10). 1 6 3 43 2). 
56 7 9 3 12° 5 5 6 7 
14/13 14 15 15 | 101 19 1 16 | b—c c—a a-—b 
6 7 8}. 102 20 2 |. c a b 
I 2 38 103 20 2 b c a 
17 |a-b at+ba 18/1 1 1 19 | 1 a 2 
b—c b+c bi. 1. @. aa? | 3 1 a® a4 
c—a ct+a c 1 a® af 1 2 2 


20 Prove a 6b e¢ 
c a b|\=(at+b+c)(a?+b?+c?—be—ca—ab). 
6b ca 


Deduce an identity by comparing this result with that of no. 6. 


21 Prove ie i | 
a b ec |=(b—c)(c—a)(a—6). 
a® 6% ¢? 
22 Prove a, b GY a, b,+la, o+mb,+na, 
A= ag bg Cy | =| a, bgtla, cyt+mb,+na, 
a, by Cy a, b6,+la, c,+mb,+nda, 


(This shows that to each column we may add multiples of the preceding columns.) 
What are the values of 


(i) | @y+Aagt+Ha, 6, +Ab,+pbg c,+Acy+ peg 
A, + Va, ba + vb; Co + VC, ; 


ag bs Cg 


(ii) | a, +Ab, b, o+pb, 
AgtAb, 6, cCotpb, |? 
Ag+Ab, bs Cytpbs 
23 Solve 3-x2 4 2 
4 2-2 3 |=0. 
2 3 4—az 


[c, > C,+C,+C,, and remove 9—2; then fg > f3—1;, f3 > 13-1.) 
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24 Without expanding, prove that 


1 bc be(b+c) a 1 b+te 
1 ca ca(cta) |=abce!| b 1 ct+ai, 
1 ab ab(a+b) ec 1 a+b 


and hence evaluate the first determinant. 
25 Prove atx b+xz ct+ez 
aty b+y c+y | =(b—-—c)(c—a)(a—b) (x—y). 
a? b? c 
[Use the result of no. 21.] 
26 If A, B, C are the angles of a triangle, prove that 
—1 cosC cosB 
cosC —1 cosA |=0; 
cosB cosA —1 


and by expanding, obtain a relation between cosA, cosB, cosC. [Use 
a= bcosC+ccos B, ete.] 


27 Prove | a,+%, b4+y, +2 a, b G& YY, % 
ag bs Cg ag bg Cs ag bg Cg 


State this result as a general property. 
28 (i) If each element of A consists of the sum of two terms, prove that A is 
equal to the sum of 8 determinants. [See no. 27.] 
(ii) If each element of A consists of the sum of three terms, how many 
determinants are there in the expression for A as a sum of determinants? 
29 By using no. 28(i), show that 


Q+Ab, bi +pe, +a, a b Gy 
D=| agtAby bet peg Cyotva, | =(1+Apmv)| ag by Cy 
Ag+Abs bst+ply Cyt+vas dg bs Cs 


Remark. We may be tempted to say that D is formed from A by the opera- 
tions C, > C,+AC,, C, > Cy+ MCs, and C, > C,+VC,. A choice of A, 4, v such that 
Azv = —1 makes D = 0, and appears to prove that A = 0; but the compound 
manipulations of columns just described are a misuse of Property (5) and have 
not left the value of A unaltered. It is essential in applying Property (5) or its 
extensions to leave at least one row or one column UNALTERED AT EACH STEP. 


11.3. Minors and cofactors 
11.31 Definitions and notation 


The expansions of A from its various rows or columns (written out 
in 11.23) all follow a pattern similar to the original definition: the 
three terms each consist of an element from the particular row or 
column from which the expansion is being made, multiplied by the 
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second-order determinant obtained from A by deleting the row and 
column which contain that element, and prefixed by the sign + or —. 
In some cases the signs run — + — instead of the standard + — +. 
We now introduce a notation which will make all this systematic. 


Definitions 
(a) The minor of an element of A is the second-order determinant 


obtained from A by deleting the row and column in which that element 
lies. For example, the minors of b,, a, are respectively 


A, Cy by 


Az Cs b, Cs 


(b) The cofactor of the element in the ith row and jth column is 
the minor of that element multiplied by (—1)**?. For example, the 
cofactor of b,, which is the element in the first row, second column, is 


( = 1)1#2 As Co eae As Co i 
a, b a, b 
that of c, is (- 1343 ies ane a a 
| As b, As be 


Cofactors are ‘signed minors’. 

Notation. We denote the cofactors of @,, b,, ¢,, 4g, -.., Cz in A by the 
corresponding capital letters A,, B,,C,, A., ..., C3. The various expan- 
sions of A can now be written concisely and uniformly: those from the 
first, second and third rows are 


= yA, + by By + C20, (iii)’ 
= a,A,+6;B;+¢3,C3 (iv)’ 
and for columns we have 
A = 4,4,+a,4,+4,45 (v)’ 
= 6,B,+6,B,+6,B, 
= €,C,+¢,0,+ ¢3C3. 


The reader should verify the last two as in 11.23. These six results are 
summarised in the following rule. 

The expansion of a determinant from any row (or column) is the sum 
of the elements of that row (column) each multiplied by the corresponding 
cofactor. 
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11.32 Expansion by alien cofactors 


Consider the determinant 


A, by Cy 
A, bg Cy 
dz bsg Cg 


It has two rows identical, and consequently is zero. By expanding 
from the first row according to the definition, we have 


65:0 a. a b 
One, 2 Ce = 2 Ce roe 2 
bg Cg a3 Cg ag bs 
= 0,A,+b,B,+0,C;, 
where A,, B,, C, are cofactors in " 
| a by 
az bg Cg 


In this way a total of 12 expressions each equal to zero can be formed by 
taking the sum of the elements in any row (or column) each multiplied by 
the cofactor of the corresponding element from a DIFFERENT row (or 
column). These results, which may be called ‘expansions’ of A by 
‘alien’ cofactors, are useful when employed in conjunction with those 
of 11.31 for expansion of A by ‘true’ cofactors. 


Examples 
(i) ah g 
A=|h b f}. 
g9 fe 


If we interchange rows and columns, we obtain the same determinant; A is said 
to be a symmetric determinant, meaning that it is identical with its transpose. 
The cofactors are 


A=be—f?, B=ac—g, C= ab—h, 
F=gh—af, G=hf—bg, H=fg—ch. 


Owing to the symmetry, we shall get only three different expansions by true 
cofactors, and six expansions by alien cofactors: 


A=aA+hH+ 9G =hH+bB+fF = 9G+fF+cC; 
0=aH+hBigoF = aG+hF+gC0 
=hA+bH+fG = h@G+bF+fC 
=9gA+fH+cG = 9H+fB+cF. 
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This determinant arises frequently in coordinate geometry, and the use of 
the above relations often saves much algebraic manipulation. The reader is 
invited to verify some of them by direct substitution (see 11.22, ex. (ii)). 

(ii) The proof of Property (5) in 11.24 can be expressed more concisely in the 
notation for cofactors. 


| a,t+khag 6,+kb, +key 
a, bs Cy 
as bs Cs 
= (a, + kay) A, + (6, + kb.) By +(e, + beg) Cy 
= (a,A,+6,B,+¢,C,)+k(a,A, +6, B, +¢,C;) 
=A+k.0=A. 


No. 27 of Ex. 11 (a) can be done in a similar way. 


11.4 Determinants and.linear simultaneous equations 


We now return to the subject of systems of linear equations (11.1), 
and apply our knowledge of determinants to the problem of solving 
them. 


11.41 Cramer’s rule 
Consider again the system 
A42+b,y+C,z = dy, 
Agt+b,Y+Cy2z = dy, 
A, +bsy+C32z = dg. 
Multiply these equations by the cofactors of a,, a, a, in 


a, b 
A=| da, 6, Cy |, 
dz bs Cy 
and add: 
(a,A,+0,A, +0345) 2+ (6,4, +6,4_+ 6345) y + (CA +034, +0345) 2 
= d,A,+d,A,+d,A3. 


The coefficient of 2 is A, while by alien cofactors the coefficients of 
y, z are zero. Hence 


! 
a, bs Cs dz; bs Cg 


because the sum d,A,+d,A,+4,A, is the expansion from the first 
column of the determinant obtained from A by replacing its first 
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column by the elements d,, d,, d, appearing on the right-hand sides 
of the given equations. We may therefore write 


Aa = A®, 


where A® denotes A with its first column modified as just indicated. 
Multiplying the given equations by the cofactors of b,, 62, bs in A 
and adding gives 


Ay = A®; 
and similarly Az = A®), 
If A + 0, the solution of the given equations is unique and ist 
A® A® A®) 
Bag 8 Pa 


The case A = 0 will be considered later (11.42). 


Example 
Solve BEA EY BE = Bi, 
3x—8y+6z= 4, 
8x —2y—9z = 12. 
Here 2 coo : ne 
A=|3 -8 6|=2x8x|/3 -4 2 
8 -2 -9 Brea “oe 
0 0 -l 
=6x]|7 o 2 Diego: > Cyt 2Cg, 
9 -7 -8 
. = 6x 49; 
and a 2s oe 
AM=| 4 -8 6/=2x3x2x| 2 -2 1 
12 -2 -9 2-1-3 
7 +O O 
=12x) 2 -2 1) by n> +P, 
12 -1 -3 


= 12x 7(6+1) = 12x 49. 
. £=AMA = 2, 


{ Strictly, what we have just proved is that, if there are numbers 2, y, 2 which 
satisfy the three given equations, then these numbers also satisfy Az = A, Ay = A‘), 
Az = A), What we are now asserting is the converse of this, viz. that if there are 
numbers 2, y, z which satisfy these three derived equations, then they also satisfy 
the given equations; see Ex. 11(b), no. 16. The checking of solutions is thus not only 
a practical precaution but a logical necessity. 
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Similarly 2 5 -8 
A®=;3 4 6|=3x49, so y=; 

8 12 -9 

and 2 4 65 
A®=/3 -8 4;=2x49, so z2=4. 

8 -—2 12 


11.42 The case when A=0: inconsistency and indeterminacy 
The proof of Cramer’s rule shows that, if the given equations are satisfied by 
(x, y,2), then Az =A, Ay = A®, Az = A®, 
When A = 0 it follows that, if the system possesses a solution, we must have 
A® = A@ = A®@ = 0. (i) 
If one or more of the determinants A”, A®, A® is non-zero, there can be no 


common solution; the equations are inconsistent. 
Assuming that the consistency requirements (i) are satisfied, two cases arise. 


(1) At least one cofactor in A is non-zero. 
Suppose C, + 0,f and consider the two equations in two unknowns{ 2, y: 
a, e+ byy = dy— cz, i 
(11) 
Since C, + 0, these can be solved for x and y (as in 11.11) in terms of z. When 
z is given the particular value z,, let the values obtained for x, y be 2, Yo. 

We may actually solve (ii) for z and y, and show by direct substitution that 
the values Zp, Yo, Z) do satisfy the third equation of the system.§ More elegantly, 
however, we can prove this as follows. 

Since (Xo, Yo, 2%) Satisfies (ii), 

Xp + bi Yy9 + 61%—4, = O 
and Ag %q t+ bg Yg + Cy % — Ae = 0. 
Suppose that ag Xo + bs Yo + Cs 20 = d; =u. 


To show that these values satisfy the third equation of the system we have to 
prove u = 0. 
Multiply the above equations by the cofactors of the elements in the last 


column of gh. he 


A®=| a, b, dy |, 


a, bg dg 
and add: 
(a, Cy +. agg + gC) Xo + (B,C, + by Cy + b3C's) Yo + Az —A® = Cgu. 
Hence — A® = Cyu, 


+ This can always be made the case if necessary, by renaming the unknowns and 
rearranging the equations. 

{ Associated with the elements in C. 

§ The reader may try this for himself. 
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the coefficients of x) and y, being zero by ‘alien cofactors’, and A =0 by 
hypothesis. Also C, + 0 by hypothesis, and A® = 0 by the assumed consistency 
of the equations. Therefore u = 0, which proves that the solution of the first 
two equations for x, y in terms of z will be also satisfy the third. 

Since the value of z is arbitrary, we say that the solution is indeterminate 
with one ‘degree of choice’, or that there are oo! solutions. 


(2) All cofactors in A are zero, but at least one element of A is non-zero. 
We may suppose a, + 0. Then the first of the given equations can be solved 
for x in terms of y and z. When y, z are given the values yp, Zo, let the value 


obtained for x be x»; then 
= d, — 1 Yy— C2 
Ly = —_————__ , 
ay 
and so 


Ag(d, — 0, Yq — Cy Zp) +A, Og Yq + Ay Cg%p — A, 0. 
ht dag c= NL = Oa Sato i Dale Sate AEs 


ay 
é (agd, — a, dy) + Cg yy — Bg 
ay 
_ a d,—a,d, 
= z 
by hypothesis. Similarly 
d,—a,d 
A3%q + bg Yo + Cg% — dy = aan, 
1 


The given equations will therefore be inconsistent unless 


a dq 


az ds 


| Ag ds 


If both conditions are satisfied, the solution of the first equation (with y and z 
arbitrary) will satisfy the second and third also. The solution is indeterminate 
with two ‘degrees of choice’; we may say there are oo? solutions. 

The results just proved are intuitively evident; for when all cofactors in A 
are zero, the coefficients in the left-hand sides of the given equations are 
‘proportional’. Clearly the equations will not be consistent unless the right- 
hand sides are in the same proportion; and then the three equations are equi- 
valent to only one. 

In 21.62 we shall illustrate the results of this section geometrically. 


11.43 Homogeneous linear equations 


(1) When the numbers on the right-hand sides are all zero, we 
obtain the homogeneous system 


a,x+b,y+c,z = 0, 
A,%+b,yY+C,2 = 0, 
a,%+b,y +32 = 0. 

Clearly this is always satisfied by x = 0, y = 0,z = 0. 
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THrorEM I. If the homogeneous system is satisfied by values of 
x,y, 2 Which are NOT ALL ZERO, then A = 0. 

Proof. Proceeding as in 11.41, we find that any set of values (2, y, z) 
which satisfies the given equations must also satisfy 


Az=0, Ay=0, Az=0. 


Since x, y, z are ae all zero, we must have A = 0. 
Coroituary I (a). If A + 0, the ONLY solution is x = 0, y = 0,2 = 0. 


In the particular case z = 1 we obtain the non-homogeneous equations 
a,x+b,y+c, = 0, 
gt +boy+C, = 0, 
a,x + bey +Cz = 0. 


If these have a common solution, say (Xp, Yq), then the corresponding 
homogeneous equations have the solution (xp, Yo, 1) which is certainly 
not all zero, whatever 2), yy may be. Hence 

CoroLuaRy I (b). If the non-homogeneous equations possess a common 
solution, then A = 0. 

A direct proof - this result is indicated in Ex. 11 (6), no. 14. 

CoroLtuary I(c). If A+ 0, the non-homogeneous equations are 
inconsistent. 

For by Corollary I (a), the only solution of the homogeneous system 
is (0, 0, 0), so (2, y, 1) can never be a solution for any choice of z, y. 


A is sometimes called the eliminant of the non-homogeneous 
system; for A = 0 is the necessary and sufficient relation between the 
coefficients in order that the three equations in two unknowns z, y can 
be satisfied simultaneously (cf. 10.41). 

Geometrically, the results of Corollaries I(b),(c) are associated 
with concurrence of lines in a plane (15.42). 

As a converse to Theorem I we have 

TuroreM II. If A = 0, then the homogeneous equations are satisfied 
by values of x, y, 2 not all zero. 

First proof. The discussion in 11.42 shows that, when A = 0, we have a 
solution containing at least one arbitrary unknown which can be chosen to be 


non-zero. (The homogeneous equations are automatically consistent because 
they have the solution (0, 0, 0).) 


Second proof. Independently of 11.42, we can prove the theorem by 
actually writing down a solution of the required type. 
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(i) Suppose that at least one cofactor in Ais non-zero, say B, + 0. Then 
x=AA,, y=AB,, 2=AC, 
is a solution not all zero, where A is non-zero but otherwise arbitrary. 
Hor a,A,+6,B,+¢,C,;=90 (alien cofactors), 
a,A,+6,B,+¢,C,=9 (alien cofactors), 
and a,A,+6,B,+¢,C, =0 (A =0 by hypothesis). 


(ii) Suppose all cofactors in A are zero, but that at least one element 
of A is non-zero, say c, + 0. Let x, y have arbitrary non-zero values 


x=2Xcqy, y=pe, (s0A + 0 and pw + 0). 
Choose z to satisfy the first equation: 
z= —(Aa,+pb,). 
With these values, the left-hand side of the second equation is 
A, Ac, + bepic, —C,Aa, — Cob, 
= A201 — A, Cg) + 1(byC, — by C9) 
= AB,— pA; 
=0 


by hypothesis. Similarly the third equation is satisfied by the above 
values. 


(2) Two homogeneous equations in three unknowns : solution in ratios. 
If A,, Bs, C, are not all zero, then the equations 


have a non-zero solution x = AA, y = AB;, z = AC;; this is clear by 
alien cofactors, or by proceeding as in 11.11. The solution can be 
written 


Pe ee 
A, Bs C3’ 
i.e. x y 2 
b, Cy = C; ay, a, 6, |’ 
by Ce Cy Ay Aa, de 


where if a particular denominator is zero, the corresponding numerator 
must be interpreted as 0 also. 
This simple result will be useful later, especially in Ch. 21. 
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Exercise 11(5) 


Solve the following systems of equations by use of determinants. 


1 2¢—y+5z= 2, 2 «-y-z=2, 3 38e+y—4z2= 138, 
z+Ty—10z2= 1, a—2y—3z=1, 5a—y+3z2= 5, 
etytz = 2. 3x —y+ 5z = 4. ety—z= 3. 


*4 Ifa, b,c are all different, solve 
etytz=1, art+tbyte=d, ax+b y+c%z = d?. 
[Use Ex. 11 (a), no. 21.] 
5 Prove that the following system of equations is inconsistent: 
8at+y—z2=0, w—4y4+22=9, 4e—3y4+z2=7. 


[Solve the first two for x, y in terms of z, and substitute in left-hand side of 
the third.] 


6 Show that the solution of the system 
z—-y—-z2=0, 3x+3y—-z2=6, 2et+y-z=3 
is indeterminate, and can be written 
e=14+2A, y=1-A, z=3A, 
where A is arbitrary. [Solve the first two equations for x, y in terms of z.] 
7 Show that the solution of 
Bat+y—z=0, wx—4y+2z=0. 4x—3y+z=0 
can be written x=2A, y=TA, z= 138A. 
8 Find the values of A for which the equations 
Axztyt+ ni 2z = 0, 
x+Ay+./2z = 0, 
J2x+./2y+(A—2)z =0 
have a solution other than z = y = z= 0. Find also the ratios x: y:z which 
correspond to each of these values of A. 
9 Find the values of A for which the equations 
BatAy=5, Axc—38y=-4, 3a-y=-1 
are consistent. Solve the equations when A has these values. 
10 Solve (if possible) the equations 
x+y+kz = 4k, 
et+kyt+z=-—2, 
2a+ytz2=-—2 
when (i)k + 0, k +1; (ii) k= 0; (iii) k = 1. 
11 Eliminate a, y, z from 7+ by+cz = 0, aw+y+cz = 0, aw+by+z=0. 


12 Solve Ex. 11(a), no. 26 by regarding a = bcosC'+ccos B, ete. as homo- 
geneous equations for a, b, c. 
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13 If the quadratics az?+br+c= 0, pz?+qu+r = 0, lz?+mz+n = 0 have 
a common root, show that 


a be 
pqri{=d0. 
Lmn 


{If a is the common root, then the non-homogeneous system of equations 
ax+by+c=0, px+qytr=0, le+my+n=0 has the solution («%,a); use 
11.43, Corollary I (b).] 


14 Find from first principles the condition that the equations 
ax+b,y+e,=0, agzt+byte,=0, agzt+byte, =6 


are satisfied by the same values of x and y. [Assuming a,b,—a3b, + 0, solve 
the last two for x, y in the form 


x -y 1 
by Ce - Aa, Cy a, be | ; 
bs Cy a, Cy a, bg 


and substitute these solutions in the first, getting A = 0.] 
15 If the homogeneous system 
aqetbhy+eoz=0, agzt+tbayte,z=0, agu+bsy+c,z = 0 
has a solution other than 2 = y = z = 0, show by means of no. 14 that A = 0. 
[If 2 + 0, the equations can be written a,(z/z) + b,(y/z) +¢, = 0, ete.] 
16 Verify in detail that when A + 0, the solutions given in 11.41 actually do 
satisfy the equations. [The solution is given by 
Az = d,A,+d,A,+d,A;, Ay =4d,B,+d,B,+4,Bs;, 
Az = d,C,+d,C0C,+4;C3. 
Hence 
A(a,2%+byy +02) = d,(a, A, +, By + eC) +d,(a, A, +b, By +c, C3) 
+d;(a, A, +6, Bs; +¢,Cs) 
=d,A 


by true and alien cofactors. ] 


11.5 Factorisation of determinants 


In 11.25, ex. (iii) and Ex. 11 (a), no. 21 we have examples in which a 
determinant is expressed as a product of factors without expanding 
it directly. Here we consider various methods of factorising a deter- 
minant. Direct expansion should be used only when other methods 
cannot be further applied. 

(i) Use of the Remainder Theorem. 


Factorise 1 1 1 
A=/|a bel. 
a? b2 Cc? 


29 GPMII 
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If A were expanded, we should obtain a polynomial in a, 6, ¢ which is homo- 
geneous of degree 3 (for each term in the expansion consists of a product of 
factors taken one from each row and one from each column). We may regard 
this polynomial as a quadratic in a whose coefficients are polynomials in b and c. 

When a = b, A = 0 since it has two columns identical. Hence by applying 
the Remainder Theorem to A regarded as a polynomial in a, we see that a—b 
is a factor. 

Similarly b—c, c—a are factors. Hence 


A = k(b—-c) (c—a) (a—D), 


where k must be numerical because A and (b—c)(c—a) (a—b) are both poly- 
nomials in a, b, c of total degree 3. To obtain the value of k, either compare 
coefficients of a particular term, say bc?; or substitute particular values for 
a, b,c, saya = 0,b6=1,c = —1. We find k = +1, and so 


A = (b—c) (c—a) (a—6). 


| (ii) Considerations of symmetry and skewness. 


Factorise 1141 
A=/|a@ @ @¢ 
a b3 «8 


As in example (i), the Remainder Theorem shows that b—c, c—a, a—b are 
factors. The determinant is a homogeneous polynomial of degree 5 in a, ), ¢, 
while the product (b—c)(c—a)(a—b) is homogeneous of degree 3; hence the 
remaining factor P must be a homogeneous polynomial of degree 2 in a, b, c. 

Since A and (b—c)(c—a) (a—b) are both skew functions of a, b, c, hence P 
must by symmetric in a, b, c. 

Hence by 10.22, Remark (f), P must be of the form 

k(a? + b? + c*) + U(be+ca+ab), 
where k, J are numerical. 
Clearly the expansion of A contains no term in a‘, while the factorised form 


does unless k = 0. Hence 
A = (be +ca+ab) (b—c) (c—a) (a—8). 
By comparing coefficients (e.g. of b%c*), or substituting particular values for 
a, b, c, we find 1 = +1. Hence 
A = (b—c) (c—a) (a—b) (bc + ca+<ab). 
(iii) Use of row- and column-operations to make known factors appear 
explicitly. 
One example has already been given in 11.25, ex. (iii). As another 
we factorise A in ex. (ii) above by this method. 


The Remainder Theorem indicates the factors b—a and c—a. By ¢,>c¢,—c¢, 
and removal of b—a, followed by Cc, -> c,—c, and removal of c—a, we have 


1 0 0 
a? b+a cta 
| a3 b2+ba+a? c®+ca+a? 


A = (b—a) (c—a) 


b+a c+a on expanding by the 


= (b—a)(c-—a 
: e b2+ba+a? c?+ca+a? first row, 
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c+a 
b+c+a c+ca+a* 
c+a 
b+a a 
= (b-—c)(c—a) (a—b) (bc+ca+ab) 
on expanding and rearranging cyclically. 


removal of b—c, 


= (b—a)(c—a)(b—c) 


= (b—a) (c—a)(b—c) by 4 > f,—Cry, 


Exercise 11(c) 
Factorise the following determinants. 


1 1 1 41 2 a b c 
a b c¢ a? b? c 
be ca ab b+e ct+ta at+b 
3/1 1 1 41a b c¢ 
a bel. a 6 cI, 
a’ bF ¢3 be ca ab 
5 |1 b+e b6%+c? 6 1 1 1 
1 c+a c#+a? |. b+c c+a a+b 
| 1 a+6 a*+B? (b+c)? (c+a)? (a+6)? 
Aa. A *8 | a? b? o 
a 68 cl, (b+c)? (c+a)? (a+b)? |. 
a* 64 cf be ca ab 
*9 1 1 1 
a 6 ¢ 
a* 64 cf 


Solve the following systems of equations by use of determinants. 
10 x+ay+a%z = a’, 1100 axvt+by+cez=1, *12 ayz+ber+cry = 0, 
x+by+6%z = b8, ere+b*y+c%z = 1, y2+ze+ ny = xyz, 
et+oyt+c%=c3. ay + b8y + c8z = 1. a®/x + b2/y+c?/z = p?. 


11.6 Derivative of a determinant 


If the elements of A are functions of x, then dA/dz ts equal to the sum 
of the three determinants obtained from A by deriving one row at a time: 


da, db, dc 
a, by Cy de ae Pe a, by Gy m% & & 
a da, db, dc . 
7n| 2 by Cg} =| dy by Cy |+ ae ee a ita oa 
da, db, dcs. 
dz bs Cg dg bs Cg az bs eg ay de re 
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Proof. It is convenient to use the notation (mentioned in 11.22) 


A = p> + a,b,c, 
for the expansion of A. Then 
dA da, db; dc, 


The first sum is the expansion of the determinant obtained from A 
by replacing the top row a, b,, c, by da,/dx, db,/dx, de,/dx; the other 
two sums are interpreted similarly. This proves the theorem. 

A similar result holds with ‘rows’ replaced by ‘columns’. 


Example 


If three rows of a determinant whose elements are polynomials in x become 
identical when x = a, then (x—a)? is a factor of A. 

First solution. dA/dx = sum.of three determinants each having two rows 
the same as A. Therefore when x = a, dA/dx = 0 because each determinant in 
the sum has two identical rows. Hence x—a is a factor of dA/dx. Since also 
A = 0 when z = a, (x—a)? is a factor of A by 10.43. 

Second solution. Subtract any one of the rows from the remaining two rows. 
When x = a, each element in each of these new rows vanishes; hence by the 
Remainder Theorem x—a is a factor of each row, so (x—a)? is a factor of A. 


11.7 Determinants of order 4 
The symbol a, b Gg a | 
GQ, b, Cy ads 
a, bs Cs ds 
a by G& 
called a fourth-order determinant, is defined to mean 
be Cy ade Gy Cy ae GQ, b, dy A, by Ce 
a,| bs cz ds |—b,| a3 cy ds |+G| ag bs dg |—d,| ag bg Cy 
This is a direct generalisation of the definition of ‘third-order determinant’ in 
11.22.T 
We mention fourth-order determinants because they arise occasionally in 
the coordinate geometry of three dimensions. It can be shown that 
(i) the properties (1)—(5) in 11.21 continue to hold; 
(ii) the determinant can be expanded from any one row or any one column; 
(iii) the concept of ‘cofactors’ is still valid and useful; 
(iv) there are expansions by true and alien cofactors. 


They can be used to solve systems of four linear equations in four unknowns 
by the obvious extension of Cramer’s rule (11.41), and in elimination problems. 


+ Determinants of order n can be defined similarly in terms of those of order n—1. 
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The proofs of these statements are not always easy, and for determinants of 
order four or more it is better to approach the subject from a more advanced 
point of view than we can consider here. 


Exercise 11(d) 


Write down the derivative of 
1};1 2 8 ? as Ie aes 3 | logx x 2 
St we Yo 2 oe |. 1/x 1 2a 
1 Qe 32? 1 3 2 1/z? 0 —-2 
4 If u’ = du/dza, etc., prove 
uv w uv Ww 
oe wiv wil=|wv vw w 
es u” vw” ww” un” 
5 Ifu, v, w are polynomials in x whose degrees do not exceed 3, prove that 
uv w 
A=|wv v w 
un ve” ow” 


is also a polynomial in x of degree not greater than 3. [Derive A wo x four times, 
rejecting zero determinants at each stage.] 


6 Prove 1 ‘de A 
g2 
Bae By x YyY 2 | =2Ay—2). 
a y% 22 
7 If : oe ae | 
A= | 2 z rove et Nec cal 
= y oe Qn by a 


we ye 2 
[Derive by rows, regarding 0/0x + 0/dy + 0/éz as operating on the rows. ] 
8 If 1 1 1 


oA dA OA 
A= J ‘i , find Oe On rae 
Evaluate the following fourth-order determinants. 
Ord OY B38 *10 120 38 *11 |2 3 7 5 
21 2 14, 040 -1 78 2 9 
3 0 1 2 —-3 6 2 4 3.67 4 
40 6 1 0 8 1 2 s 3 9.2 
*12 Prove 
ah gil 
h bf ™m 
a = pA—(Al?+ Bm? + Cn? + 2F'mn + 2Gnl + 2HIm), 
lL mn p 


where the notation is that of 11.32, ex. (i). [Expand by the last column, then 
by the last rows of the third-order determinants so obtained. ] 
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*13 Solve by determinants: _ 
3a+ y—5z = 0, 
x +22+3¢= 0, 
y+3z2—2t¢= 0, 
w+2y— z—2t= 14. 


*14 Prove (i) 


(ii) 


= r*(r— 1)8 (r?— 1)? (73-1). 


ee ee 
a } 
ce 
3 
cs 


*15 Factorise 11 éii1éii1 
sv a® b2 C2 
zw a> b> ¢§ 


Obtain identities by considering the cofactors of «*, x*, x in A and the coeffi- 
cients of x°, x, x in the product. 


Miscellaneous Exercise 11(e) 
1 Without expanding the determinant, explain why 


zx yi il 
t% y, 1|=0 
Ze, Ye | 


is the equation of the line joining the points (2,, Y1)> (Las Ya) 


Without expanding, prove 


2\bc ce 8 ae 
ce ca a?i=abei|c ba 
b2 a® ab b a 
3 | a+b b+e ct+a a bec 


3 
3 


l+m m+n n+l | =2 
ptq qtr r+p Pp qr 
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Factorise 
4/1 be bte 5 1 1 1 
1 ca ctal. a b? c ° 
1 ab a+b (b+c)? (c+a)? (a+6)* 
6;a a 1+a8 7 | bc?+a*%d? be+ad 1 
6b BF 1468 |. ca? +b7d? ca+bd 1 
c ce 14+ a®b?+c%d? ab+cd 1 
8 Show that a and a+6-+c are factors of 
(6+c)? b? ci 
a (c+a)? ce ‘ 
a? b? (a+b)? 


and hence factorise it completely. 
9 By factorising the determinants, prove that 


2 a+b a?+6? 110 1 1 1 
a+b a?+6? a+b? |=|a 6b O|x| a 6b cl. 
1 c c2 0 0i1 a® b? ¢ 


10 Prove that sin 0, cos 0, sin 8 — cos 9 are factors of 
cos@ sin2@ cos?@ 
sind sin20@ sin?6 |, 
sin@ sin?@ cos?@ 
and find the remaining factor. 


11 Express ap+br aq+bs 

cp+dr cqt+ds 

as the sum of four second-order determinants, and hence show that it is equal to 
a b p g 

x ‘ 

c d r 8 

(This gives a rule for multiplying two second-order determinants.) 

Solve 


12 | «+1 2a 1 
x 384-2 2w{=0. 
1 x x 
13 | 2 2? ai—z23 
b b? a’—b3 |=0 (assuming that a, b, c are non-zero and distinct). 
ec c& ai—c 
14 Prove that the vertices of the triangle formed by the lines 
Q4ct+bhyte¢=0, awvt+byteo,=0, asx+bsyteo, = 0 


are sa z) Ay 3) (2 Bs 
CO,’ O,}’ \C,’ C,}’ \C,’ Cs) ° 
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15 Show that g, f, c cannot be found so that the equation 
a? + y?+ 2ga+ 2fyte = 0 

is satisfied by the values (1,1), (0, — 2), (2, 4) of (x, y). Interpret geometrically. 

16 Show that the equations 

Qa+3y=4, Be+dAy=-—1, Aw—2y=c 

can be consistent whenever c satisfies 4c? — 156c — 439 > 0. 

17 Discuss the equations 

xt+y+32=4, x+2yt+4z2=5. x-—ytaz=b 

when (i)a = 6 = 2; (ii)a=1,b= 2; (in)a=b=1. 

18 Find the conditions which A, 4 must satisfy for the following system of 
equations to have (i) a unique solution; (ii) no solution; (iii) an infinity of 
solutions: x+yt+z2=6, x+2y+3z2=10, x+2y+Az=yp. 

19 Prove that, for two values of A, the equations 

(A+2)x+4y+3z= 6, 
2a +(A+9) y+ 62 = 12, 
324+ 12y+(A+10)z=k, 
have no solution unless k is suitably chosen. When k is thus chosen, find the 
general solution for each of the values of A. 
20 Iff, g, h are functions of x which satisfy the differential equations 
z = f+g+2h, id = 29+ 2h, so = 7f+8g9+ 24h, 


find all solutions of the form f = ae4*,g = be4*,h = ceA* (where A is independent 
of x), giving all the possible values of A and the corresponding ratios of the 
constants a, 0, c. 


21 If x \¥ 2 
W(x,y,z)=|e y 2], 
where x, y, 2 are functions of ¢ and 4 = dx/dt, etc., prove that 
W(x, y, 2) = 2W(1.y/x, 2/2). 


alae A Daa 111 bob 
V,=|a? 0 ce |, Ve=|a 6b c}, Vg=|/a 6 ci, 
a? 63 C3 a® b3 ce a’ b2 Cc? 
and xr+a x+b xat+e 


f(z) =| (+a)? (v+b)? (x+e)? 
(z+a)® (x+b)® (x+¢e)8 
(i) Prove f(x) = (x+a) (w+) (x+c) Vz. 
(ii) Calculate f’(x),f”(x),f"(«) as determinants, and show f(x) = Oforr > 4. 
(iii) Using Maclaurin’s theorem, prove 
fle) = f(0) + V0+Vqn2 + Vear, 
and deduce that V, (r = 1,2,3) is the coefficient of 2* in the expansion of 
(x+a) (a+b) (a+c)V;. (Cf. Ex. 11(d), no. 15.) 
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SERIES 


12.1 The binomial theorem 


The reader should already be familiar with the work in this section; 
we include it for revision and completeness. 


12.11 If nis a positive integer, 
(x+a)” = 2 4+7C, "1a + "Cia"? +... +" ae”a +... $a”, 


where "C,, denotes the number of selections of r different objects from n, viz. 


n(n—1)...(n—r+1) 
r! ; 

Proof. Consider the product (7+ a,)(%+4,)...(e+a,). To expand 
it we must multiply each term in each bracket by the terms in the 
other brackets. This can be done systematically as follows. 

If we multiply the z from each bracket, we obtain x”. 

If we multiply the a-term from one bracket and the z-terms from 
the other brackets, and do this in all possible ways, we obtain 


(a, +@,+...+a,) 2" 1. 

Next, multiplying the a-terms from two brackets and the x-terms 

from the rest, and doing this in all possible ways, we obtain 
(1g 4+,Ag +... +Ag43+...) x", 

where the coefficient of x"—? consists of the products of different a- 
terms taken two at a time. The number of terms in this coefficient is 
therefore "C,. | 

Similarly, multiplying a-terms from three brackets and x-terms 
from the rest in all possible ways gives 

(A AyA3 +A, A_A,+...) a7, 

where the number of terms in the coefficient of x”-3 is "Cj. 

In general, if we multiply a-terms from r brackets and x-terms from 
the remaining » —r brackets in all possible ways, we get 

(Ag... A+...) 4", 


where the coefficient consists of ”C, terms. 
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Finally, the product obtained by multiplying a-terms from all 
brackets is a,d,...a,. 

We now put a, =a,=...=a, =a. The original product then 
becomes (7+ a)". In the expansion, the coefficients of 2-1, 2-2, 
xn-3, ..., a, ... become 


ald O°) le ON; ae Co! 


and the constant term becomes a”. This proves the result stated. 


12.12 Properties of the binomial expansion 


(1) The expansion of (7+ a)” consists of n+ 1 terms. 

(2) The (r+1)th term is “C,a'x"— and is called the general term. 

(3) The coefficients of terms at equal distances from each end of 
the expansion are equal. 

For the (r+1)th term from the beginning is "C,a’x"-", while the 
(r+ 1)th term from the end is “C,,_.a"—a"; and 


n—-?r 
n! 
CO Be ae | 
OO eT Ona 


This fact saves work in numerical calculations. 
(4) If” is even, there is a middle term, given by r = 4n. 
If n is odd, there are two (equal) middle terms given by r = 3(n + 1). 
(5) We can obtain the expansion of (x +a)” in ascending powers of 
x by interchanging x and a in the result of 12.11: 


(x+a)” = a®+"C,a"1x + Ca”? +... +00". 

This is useful in approximations when z is small compared with a. 

(6) If we write —a for a in 12.11, we obtain 

(e—a)” = a” —"C ax" 14 "Cartan... 
+(—1)° "Clara + ...4+(-—1)"a". 
12.13 Examples 
(i) Find the coefficient of x® in the expansion of (2x — 3/2). 
The general term is 


18(). ( ed “) (2Qa)18—* = 18C,( — 3)r 218—1y18-ar, 


This will involve x if 13 — 2r = 9, i.e. if r = 2. Hence the required coefficient is 
18(),(— 3)2 21! = 13.33. 222, 
(ii) Expand (2+ x — 3x7)® in ascending powers of x as far as the term in x'. 


(2+ 2-327) = {2+ 4(1-—32)}> 
= 25 4.5C, 24a(1 — 3x) + °C, 2329(1 — 3x)? + 5C, 2243(1 — 3x)? +..., 
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where the unwritten terms all contain no power lower than x‘. On ignoring all 
such terms, we have 
5.4.3 


3.2.1 
= 32+ 80x — 1602? — 44027 +... 
after collecting like terms. 


4z3 +... 


5.4 
32 + 5. 16(e— 3a) +55 822(1 — 62) + 


(iii) Find the numerically greatest term in the expansion of (1— 3x)? of x = 4. 

The terms in this expansion are alternately positive and negative, but the 
numerically greatest term will be the same as the corresponding term in the 
expansion of (1+ 32)’. If the latter expansion is 


Uy + Ug % + Ug 2? +... + Ug 27, 


Ups. 7! 4 ae’ 6 | 
— eo ami 8 epee Oo) 
Tr 
—r3 . 


Now u,+, S u, according a8 u,,,/u, = 1, i.e. according as 
3(8—1r) 
4r 


Hence if r < 3, U,p41 > Uy, 10. Uy > Us, Ug > Uy aNd u,>u,. If r>4, then 
Upy < Up. LO. Ug < Uy, Ug < U;, etc. These inequalities show that wu, is greater 
than the other terms. Thus the 4th term is the greatest. Its value is 


"C,( — #)? = — 35 x (2). 


S11, ie. 24-3rB4r, ie. 3382r. 


(iv) Prove "C4 $80, = *C,. 
This can be verified directly, or obtained from the identity 
(L+a)(1+2)" = (1+a)"4, 


in which the coefficient of x’ on the right is "+1C,. On the left, terms involving 
x will arise from 1 x "C2" and x x "C,_, x*—1,80 the total coefficient is "C,+"C,_,. 
The result follows. 

When the coefficients "C, in the expansion of (1 +2)" have been calculated, 
the above relation shows how to obtain those in (1+2)"t1. The following 
scheme, in which each number is formed by adding the two immediately above 
it, is called Pascal’s triangle: 


(1+2)° 1 

(1+2)! 1 1 

(1+<2)? 1 2 I 
(1+2)® I 3 3 1 
(1+<)* I 4 6 4 1 


(l¢z)® 1 5 10 10 5 1 
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Exercise 12(a) 
Write out the expansions of 
1 (3a—2)4. 2 (a+1/x)5. 3 (1-2) (1+2)4. 
4 Expand (1+ 22—~2?)® in ascending powers as far as the term in 2*. 


Write down and simplify the 
5 coefficient of x§ in (2 —<z?)$. 6 coefficient of x! in (1/2?+2)}*. 
7 coefficient of 2-?° in (a — 1/227). 
8 term independent of x in (2a?— 1/x)}*. 
9 6th term in (3x%+ 1/2)". 10 coefficient of 23 in (2+ — 327)’. 
11 Evaluate correct to 4 places of decimals (i) (1-04)°; (ii) (0-98)5. 
12 Find r if the coefficient of x" in (1+2)?° is twice the coefficient of x’—}. 
13 Find the greatest term in the expansion of (5+ 4”)!1 when a = §. 
14 Find the greatest coefficient in the expansion of (5+ 4x)11. 
15 Obtain an identity by equating coefficients of a* in 
(1+ 24+?) (1+a)" = (1+2z)"*?, 
16 Consider the coefficient of 2 in (1+ 2)"(1+2)" = (1+2)™*" to prove 
™O,.°C 5 + 70,1 °C +... + 70g", = ™t8C, (r<m,r <n). 
17 By considering the coefficients of 2” in (1+x)"(1+2x)" = (1+)*", prove 
(2n)! 
(n!)2” 


e++eat+...te= 
where c, denotes "C,. 
18 Prove 
(1+2)™t1—a"t1 = (1+x)"+a(1+a)"14+... 42% 1+a)"7+...+2". 
Deduce an identity by equating coefficients of a". 
19 Show that (2+ ./3)5 + (2—./3)5 is rational, and find its value. 
20 Prove that 


n(n — 1) n(n — 1) (n—2) 
pg (t+ 394 


x+n(at+y)+ (z+ 3y)+...to(m+ 1) terms 


= 2"-1(24+ ny). 
12.2 Finite series 
The reader will already have met arithmetical and geometrical 
progressions, and perhaps other simple series. We now extend this 
work, 


12.21 Notation and definitions 
u, denotes the rth term of a series. 


n 
8, = >, u, denotes the sum of the first n terms, and is called the sum 
r=1 
of the finite series U4, Us, ...,Un- 
+ Or sequence in the language of 2.71; but when a sequence is considered in relation 
to its sum-sequence s,, it is usually called a series. 
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If u, = a,x", then the series is called a power series in x. 


Later we shall write s = lims, provided this limit exists, and call 
n>o 


s the sum to infinity of the infinite series Xu,. For example, the sum of 
the first n terms of the geometrical progression 


jo | 


is &, = 


and if |~| < 1, then x” -> 0 when n -> 00 (2.72), so 8, > 1/(1—2). 


12.22 General methods for summing finite series 


Given a series, our problem is to find a formula for s,, the sum of 
the first n terms. The methods (1)-(3) listed below will be illustrated 
in this section. 


(1) Derivation or integration of a known finite power series and its 
sum-function (followed perhaps by substitution of some particular 
value for 2). 


(2) The difference method. If a function f(r) can be found so that 
u, =f(r+1)—f(r), 
then by taking r = n, n—1, n—2, ..., 2, 1 in turn we have 
Un, = f(n+1)—f(n), 
Un—1 = f(n)—f(n—1), 
Un—» = f(n—1)—f(n—2), 


uy = f(3)—f(2), 
and u, = f(2)—f(). 
By adding, Dau, = fmt 1)—f(). 
(3) Mathematical Induction (for proving a stated result). 


(4) Use of complex numbers and de Moivre’s theorem. This method, 
applicable to many trigonometric series, will be considered in 14.5. 


424 SERIES [12.23 


12.23 Series involving binomial coefficients 


As our standard form of the binomial theorem we take 
(L+a)™ = 147Ca+"Cya?t...+"Car+... +2" 
Used thus, the numbers 
=", C,, ", ..., La, 


are called binomial coefficients, and are sometimes written 


(3). G) GG)» Gs 


and when the index n is evident from the context and is the same for 
all, they are abbreviated to 


Copy. Cis: Cay ase Cys 
Thus (L+a)" =cotee+e,u*7+...+¢,2". (i) 


The following methods are useful in dealing with series involving 
binomial coefficients: 

(a2) Express the given series as a combination of two or more 
binomial expansions. 

(6) Obtain the given series by derivation or integration of an 
identity based on the standard binomial expansion (i). 

(c) Construct a function in which the given series is the coefficient 
of a certain power of z, and evaluate this coefficient in another way. 


Examples 
(i) Sum Cot 20," + B8egu? +...4+(n+1)c,2". 
Method (a) 
The sum = (¢)+¢,%+ 6,027 +...+6n2") + (61% + 2,074... +C_2"). 
The first bracket = (1+ 2)". The second is 


_ —1)(n-2 
pep slg DD fag cg MOOI A) oe ee 
2! 3! 
—l1)(n-—2 
= ne{1+(n—1) 2+ meee te. tartl 
= nx(1+z2)"-}, 
Therefore the given sum = (1+2)"+ne(1+ax)*-! = (14+ 2)"-1{1+ (n+ 1) 2}. 


Method (6) 
Multiply both sides of the standard identity (i) by : 


Cot +c, 22 +0,05 +... 40,041 = (1 +2)". 
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Derive both sides wo x: 

Cot 2c, 2+ 3cg27+...+(n+1)ce,2" = (1+z)"+n2(1+2)"-1, 
which gives the same result as before. 


(ii) Sum Cot 2c, + 3egt+...+(r+1) ey. 
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This is not a power series, but it can be obtained by putting x = 1 in ex. (i): 


Cot 2c, + 3eg+...+(n+1)c, = 2"—(n+ 2). 


1 
ill S ene omen Seat eo 
(iti) Sum Cot $e, + $eg+ PaaS 
Method (b) 
Integrate both sides of identity (i) from 0 to 1: 
1 1 
Cot + 2 ———(1+a)"+1 4 
E $c, 27 + Ye, TG | | = Ee ) if 
1.6. Cot $C, + $egt+...+—— woe Ch ==, 
Method (a) 
: nun— 1) n(n—1)...2.1 
Th = 1+—— i 
Te se Te at 1.2.3 1.2...n(n41) 
— 1 intl (nt ln (n4+1)n(n—-1) 
=aai\ 1 1.2 ioe ee 


1 
= res aaa, set 8 


1 
— Qnt+1_— 1), 
rae. ) 


(iv) Sum Co Cy +0, Cg + Calg t+... +Cy_1Cn: 
Method (c). Consider 
(Cot C2 +027 +... +6, 2") (CopCLE +... +C,2") = (14+2)"(14+2)" 


= (1+-x)?", 
Coefficient of 2"—-! on the left-hand side is 


CoCn-1y $Cy Cn—a t+.s FOn—1 Co = CoC, +O, Cot... +Cn-1Cy, because c,=c,_,. 


Coefficient of x"—! on the right is 
i gpa) 
(n—1)1(n+1)! 
which is the value of the required sum. 
Ex. 12 (a), no. 17 is another illustration of Method (c). 


Exercise 12(b) 
1 Prove cote, +eg+...+Cy, = 2". 


2 Prove CotCgt et... =O, +Cgte,+... = 2"-1, [Put 2 =—1 in identity 


(i), then use no. 1.] 
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3 Prove c,+ 2cgu + 3cga?+...+NC,x"-! = n(1+x)"~1, and deduce the sum of 
Cy + 26g + Beg +... +NCp- 


4 Find c,— 2c,+ 3c,—...+(—1)""'ne,. 

5 Prove cy+3c,+5ce,+...+(2n+1)c, = (n+1)2". [Method (a); or write 
backwards and add, as for summing on A.P.; or derive (1+ x?)".] 

6 Prove 2+3¢,%2+4cgr?+...+(W+2) yx” = (1+x)"-1{24 (n+ 2) x}. 

7 Prove CyCp+ C1 Cp44 + Calyagt ++ Flu ln = "Cnr 

8 Using the identity (1+ 2)"(1—a)" = (1—2?)", prove that when n is even, 


n! 
c2—c?+c2—...+(—1)"c? = (— 1)" Gay?” 
What is the value if n is odd? 
9 Prove (2n—1)! 
c2 + 202+ 3c2+...+ne2 = (mo )pF 


10 Sum cgc, + 2c, Cc, + 8eg¢g +... FNCy_-1Cn: 


11 Find Pies a a jefe at bn Siena 
— (+= — at's n rms, 
ie tae ie ae oe 


and deduce that 


Co Cy Co Qnt+2_n —3 
fis Bere ec Nie ae 
[Pats ga Oe a nee) 


*12 Prove 1 1 
Cy — dee + $eg—--- t(— 1) en = 1+4+4+... 7 


[c, +e.u+... +c, 0"! = {(1+x)"— 1}/x; integrate from — 1 to 0.] 
13 (i) Find the sum of the coefficients in the expansion of (1+ 3x)*. [Write 
(1+3a)§ = ayta,x+...+a,x°, and put # = 1.] 
(ii) Calculate a) + a, +a,+4, and a,+a,+4;5. [See no. 2.] 


*14 Let (L+-2+22)" = dg ta 0 +Agu%? +... +Gg,27". 


(i) Deduce other expansions by writing 1/z, —x in place of x, and prove 
Ga, = Aen 
(ii) Deduce the expansion of (1 +2?+ 2*)*. 
(iii) Use the identity (1+a?+2*) = (1+2+2*)(1—%+2?) to prove that 


2_ g2@4 g2— 2 — 
Ap — A, +ag—... + Ag, = Ay- 


(iv) Calculate ay+a3+...+Gagn-1- 
(v) Calculate a) + 2a, + 3ag+...+(2n+ 1) dan. 


12.24 Powers of integers 


n 
We consider sums of the form >) 7? where p = 1 or 2 or 3. 
r=1 


(1) > r. This is an a.P., and the usual method gives 


r=1 
n 


Sr = ¢n(n+1). 


r=1 
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n 
(2) S72. First method. From the identity 


r=1 
(2r +1) —(2r—1)8 = 247242, 
we have by putting r = 1, 2,...,m and adding: 
n 
(2n+1)®— 13 = 245) 7? +4 2n, 
r=1 


n 
24 >) 72 = 8n3 + 12n? 4+ 4n, 


r=1 


and é Sr = in(n+1)(2n+1). 
r=1 


Second method. Using 
(r+ 1-7 = 372 +3r+1 


and summing for r = 1, 2,...,n, we have 


n n 
(n+ 18-13 = 35) 77+3 > r+n. 
. r=1 r=1 
From (1) this becomes 


n 
n3 + 3n? + 3n = 3 D7? +3n(n+1)+n, 


r=1 


which leads to the result just found. 


(3) v3, We have 
{r(r + 1) —{(r—1) r? = 47°. 


Summing this for r = 1, 2,...,n, we get 


{n(n-+ P20? = 4 E75, 
r=1 
SO > r = 1n?(n + 1)?. 
r=1 


n 
Observe that this result is the square of >) r. 


r=1 
The sum could also be obtained by using the expansion of 
(r+1)4—r* together with the results of (1), (2). 


The preceding series have been summed by using the difference 
method, described in general in 12.22 (2). We next consider some other 
series which can be treated in this way. 


30 GPMII 


428 SERIES [12.25 


12.25 ‘Factor’ series 
(i) Sum 1.242.343.44+...4+n(n+1). 
The general term is u, = r(r+ 1). Consider , 


r(r+1)(r+2)—(r—1) rr 41) = r(r +1) (7+ 2)-—(r—-—1)} 
= 3r(r+1) = 3u,. 


This is a suitable difference relation, and by summing for r = 1, 2,...,n, 


33 r(r+1) = n(n+1)(n+2)—0, 
r=1 
i.e. > r(r+1) = 4n(n+1)(n4+2). 
r=1 
(ii) Sum tonterms 1.2.34+2.3.443.4.54.... 
The general term ist u, = r(r7+1)(r+2). Consider 
r(r +1) (r+2) (r+3)—(r—1) r(r4+ 1) (7+ 2) 
= r(r-+1)(r+2) {(r+3)—(r— 1} 
= 4r(r+1)(r+2) = 4u,. 


Hence 43 r(r-+1)(r+2) = n(n-+1) (n+2)(n-+3)—0, 
r=1 

i.e. x r(r+1)(r+2) = $n(n4+1) (n+ 2) (n+83). 
r=1 


The same method can be used for any series in which the terms consist of 
the same number of factors and the first factors in each term form an A.P. 
having the same common difference as the successive factors in each term. 
To obtain a difference function f(r + 1), insert an extra factor at the end of the 
rth term. Observe in exs. (i), (ii) how the sum can be written down from the 
form of the general term. 

Other series may be reducible to this type. 


(iii) Sum 1.2.34+2.3.54+3.4.7+...to n terms. 
U, = (7 +1) (27+ 1) 
= r(r+1){2(r+ 2) —3} 
= 2r(r+1)(r+2)—3r(r+1). 


n 


uy =2> r(r+1)(r+2)—3 D>, r(r+1) 
r=1 


r=1 r=1 
= 2x in(n+1)(n+4+ 2)(n+3)—3 x 4n(n+1)(n+2) by exs. (i), (ii), 
= dn(n+1)?(n+2) after factorisation. 


n 


Alternatively, Up = 273 + 3r2-+7, 


+ Here and elsewhere we write down the simplest formula which is consistent with 
the terms given; cf. Remark («) in 2.71. 
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n n n n 
Yu = 27°43 D774 Dr 
r=1 r=1 r=1 r=1 
= 2x $n?(n4+1)?+3 x 4n(n4 VD (224+-1) + 4n(n4+1) 
by the results in 12.24, and this reduces to the expression just found. 
The second method is inconvenient if u, is of degree higher than 3 in 7, unless 


n 
we know formulae for }) 74, etc. 
r=1 


12.26 ‘Fraction’ series 


(1) Hzamples. 
1 1 1 
(i) Sum Te + 2.3 + 3.4 


a ee eee | 
~er+tl) or r+ 
by partial fractions, and this decomposition is of the form f(r) —f(r+1). The 


difference method is therefore applicable, so that on putting r = 1,2,...,n 
and adding, 


+...to n terms, 


Uy 


ua 1] 1 
Siu =o 
a" 1s ont+il~sonti 
1 1] 1 
(11) Sum —— +> + —__~ + ... to n terms. 
1.2.3 2.3.4 3.4.5 


1 
= (r+ 1) (r +2)" 
Partial fractions are less suitable here because their use would lead to three 
fractions. We may decompose u, into two fractions by omitting the last factor: 


1 = 1 —  (rt+2)—r : 
r(r+1) (r+1)(r+2) r(r+l)(r+2) °° ™ 
1 1 ww 
Hence i.2” (n+1)(n+2) = 2 itr 


ae a ee 
4 &n+1)(n+2) 


The terms of the series just considered are the reciprocals of those illustrated 
in 12.25. The same method as in ex. (ii) here can be used to obtain a difference 
function f(r), viz. write down u, and omit the last factor in the denominator. 
This gives u, in the form f(r) —f(r + 1) which, although not exactly the difference 
considered in 12.22 (2), does enable the method to be used. 

Other series may be reducible to the above. 


and the required sum is 


! (iii) Sum aie 2S eutolt Seentaseie, 
3.4.5 4.5.6 5.6.7 
a r+l1 _ (r+2)—-1 
7 (r+ 2)(r+3)(r+4) (r+2)(r+3) (r+4) 
1 1 


~ (+3) (7-44) (r+ 2) (r +3) (7-4) 
= Up—We, BBY. 


30-2 
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Since 1 1 n 1 1 
f.3 ra” a rer 
Since ae et ae Ree = eels eee = 2w, 
(r+2)(r+3) (r+3)(7+4)  (r+2)(r+3) (744) ss 
hence a i ese ern, 
r=1 3.4 (n+3)(n+4) 


After reduction, we find 


n * n 5 2n+5 
uU, => %,- vw, = = - = 
Pa , p>) . Py) "24, 2(n+3)(n+4) 


(2) Direct use of partial fractions. This method will sum all ‘fraction’ 
series summable by the difference method, although often less easily. 


Example 
(iv) Sum 2 ——+ 2 + a +... tonterms. 
1.2.4 2.3.5 3.4.6 
2r+1 A B Cc 
U, = 


r(r+1)(r+3) ae ere Gee, 
and by the usual method (4.62) we find A = 4, B=4,C =—8&. 


6 an 3 5 
Uy = — merase 
f r+l r+38 
d ee 
6 =2 3 
oF 3 2 ein ra rt3 
n+1] ae 
=23,- 3 ess = 
=1T r=2P res? 
1 
= 2{1 4 3 el 
( saat 3 T+ (a+4 +2 oto 


-0( 3° toasts 


pear N+1l nt+2 n+3 


= 1 We rea ee a 
Alte +s) +3(e+ a) + +1 n+l n4+2 n+4+3 
37 2 5 5 
6 n+l n+2 n+3° 

n 37 1 5 5 
Lu, = —-———_ -~—--- 


pes 36 3(n+1) 6(n+2) 6(n+3)° 
To sum this series by the method of 12.25 we should write u, as 
(2r+1)(r+2) 
r(r+1)(r+2)(r+3) 


in order to make the factors in the denominator successive terms of an A.P., 
and then express the numerator in the form 


Qr2 4 Br +2 = W(r+1)+3r42. 
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Thus _ 2 3 i: 2 
Ur = 42) (r+8) + (41) (+2) (P43) (rt 1) (r +2) (r +3)” 


and each fraction can be dealt with separately. 
Success of the ‘partial fraction’ method in this example depends on the fact 
that the sum of the numerators of the three partial fractions is zero, so that the 


nate | 

major part >) - of the sum cancels out. This will always be the case when the 
r=4 . 

degree of the numerator of u, is at least two lower than that of the denominator. 


(3) Sum to infinity. The series in 12.24, 12.25 clearly have no 
limiting sum, but those in exs. (i)-(iv) above do possess such a sum 
to infinity (12.21), viz. , 


(i) 1, Gi) 4, Gili) (iv) 3%. 


12.27 Some trigonometric series 
(1) Series of sines or cosines of angles in A.P. 
(i) C= cosa+cos(a+f)+cos(a+2f)+...+cos{a+(n—1) f}. 
Multiply both sides by 2sin $f; then since 
2sin 4fu, = 2sin $f cos {a +(r—1) } 
= sin {a +(r—$) B}—sin {a + (r— ¥) f} 


by using one of the formulae for products into sums, and this expression is of 
the form f(r + 1)—f(r), we have by summing for r = 1, 2,...,n: 


2sin $C = sin {a+(n—}4) f}—sin {x —4f}, 
= 2cos{a+3(n—1) Bisin3nP 
by converting the difference into a product. 


C= cos (2+ Hn — 1) AYER. 
(ii) S = sina+sin (a+) +sin(a+2)+...+sin {a +(n—1) f}. 
The result S =sin{a+4(n—1)B} — 


can be obtained in various ways: 

(a) Put a—47 for « in ex. (i). (This shows that the multiplier 2sin4 for 
finding C must also suit S.) 

(b) Multiply both sides by 2sin $f (the same factor as for C). 

(c) Derive the result of ex. (i) wo a. 


(iii) C’ = cosa —cos (a +f) +cos(a +28) —...4+(—1)"-* cos {a + (n— 1) }, 
S’ = sin a—sin (a + £)+sin (2+ 28) —...+(—1)*"1 sin {a -+ (n—1) f}. 


These can be deduced from exs. (i), (ii) respectively by writing 7+ for B; 
or found directly by using the multiplier 2sin 4(7 +) = 2cos $f. 
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(2) Other useful differences. Results like 


tan 0 = cot 0—2 cot 20, 
cosec 20 = cot 6—cot 26, 
tan @ sec 20 = tan 20 —tan 0 


are easily verified, and can be used to sum suitable trigonometric 
series. 


Example 


: 6 6 @6 ae 
(iv) Sum tan; sec 0 + tan 7 sec 5 + tan sec 7 +... to n terms. 


6 6 
U, = tan 5 sec Si 


If we write 0/2" for @ in the last difference just mentioned, we see that 


The sum to infinity is tan 0. 


. Exercise 12(c) 
Find a formula for each of the following sums. 
1 194 2%+...4+(2n+1)3. 2 124374 574+...+(2n—1)*. 
3 1?— 224 32-424... to n terms if n is (i) even; (ii) odd. Give a formula 
which includes both cases. 


4 Prove that the sum of the products in pairs (without repetitions) of the 
first n integers is gyn(n*— 1)(3n+ 2). [If s, is the required sum, then 


n \2 n 
(Sr) = 28,+ 7] 
=] r=1 n 

5 Expand (r+1)4—r*. Using the formulae for Xr, Lr*, deduce >} r°. 


r=1 
n 
6 (i) By writing r? = r(r+1)—7, obtain })7? by using 12.25. 
r=1 
n 
(ii) Writing r? = r(r2-—1) +r = (r—1)r(r +1) +7, obtain }} 7°. 
r=1 


2n 
7 Calculate S) r(r+1). 
1 


r=n+ 


8 Express r(r + 2) (2r—1) in the form ar(r +1) (r +2) + br(r +1) +er+d, and 
n 
hence calculate }) r(r + 2) (2r—1). 
1 


T= 


9 Calculate S(n—r) (r+1). [u, = n(r+ Nanee 1).] 
r=1 
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Sum the following series to n terms, and find the sum to infinity when it exists. 
10 12.2+427.343%.44.... 

11 3.5.7+5.7.94+7.9.11+.... [Method of 12.26.] 

ee pees 


12 1.4.742.6.843.6.94.... 1B +--+ 
a | 1 1 1 
1S a eee Tao 15 Se7ts7.9'7.901 
Or+1 1 4 7 
ie ye Pie Ns Sa ere 
6 Le Dirtd) WT 35.16.79 7.9.21+ 


Use partial fractions to find the following sums, and also the sum to infinity. 


n 1 n r+l1 
8 aes 19 —— 
2h r+) 2h re +B) (r+) 
Sum the following to n terms. 


20 cos@ sin 26 + cos 20 sin 36 + cos 30 sin 40 +.... 
{cos70 sin (r+1)0 = d{sin (27 + 1) 8 +sin 4}.] 
21 cos?@ + cos? 26 + cos? 30 +.... [cos?@ = 4+40c0s 20.] 
22 cosec 20 + cosec 40 + cosec 80 +... 
23 tan0+2tan 20+ 4tan 40+ 8 tan 80+.... 
24 sec?@ + 48sec? 20+ 16sec? 40 + 64sec? 80+4.... [Use no. 23.] 
25 sec @ sec 26 + sec 20 sec 36 + sec 30 sec 440 +.... [tan(r+1)0—tan76 = ....] 
26 Prove that tan-(r+1)—tan-'r = cot-!(1+7+7%), and hence sum 
cot-13 + cot-!7 + cot-1134+...+cot(l+n+7?). 
What is the sum to infinity? 


12.28 Mathematical Induction 


This is a general principle for proving a given statement which 
involves a positive integer n. 

Let ¢, be such a statement. For example, ¢,, might be ‘n(n +1) is 
always divisible by 2’, or ‘the sum to n terms of 1.1!+2.2!+3.3!+... 
is (n+1)!—1’. 

If by assuming the truth of ¢, we can prove the truth of ¢;,, 
(i.e. if the statement for any particular integer always implies the 
corresponding statement for the next integer), and if ¢, is known to 
be true, then ¢,, is true for all positive integers n. For by taking k = 1, 
we have that ¢, implies ¢,; taking & = 2, ¢, implies ¢,; and we can 
continue thus until any positive integer n is reached. 

The principle holds for negative integers also, since a statement 
about —n is equivalent to a statement about the positive integer n. 
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Examples 
(i) Prove r = In(n+1)(2n+4+ 1). 
r=1 


Suppose that, for some integer k, 
k 
Sir? = Fh(k +1) (2k+ 1), 
r=1 


This is the induction hypothesis. 
k+1 k 
Then >) 7? = ))7r?+(k+1)? 
r=1 r=1 
= $k(k+1)(2k+1)+(k+1)? by the induction hypothesis, 
= 3(k+ 1) {k(2k+ 1) + 6(k+ 1)} 
= $(k+ 1) (2k? + 7k + 6} 
= #(k+1)(k+2) (2k + 3), 
which is similar to the induction hypothesis, but with k +1 instead of k. Hence 
if the result holds for n = k, then it also holds for n = k+1. 
When n = 1, the result is true because the left-hand side is 12 = 1 and the 
right-hand side is 4.1.2.3 = 1. 
Hence by Mathematical Induction the statement is true for all positive 
integers n. 


(ii) Prove that 3°" +7 is always divisible by 8. 
Write f(n) = 32" + 7, and consider 
f+ 1)—f(be) = (3°42 +7) — (3% +7) 
— 32k+2_ 32k 
= 324(32—1) = 8.3%, 
If f(k) is divisible by 8, this relation shows that f(& + 1) is also divisible by 8. 


Also f(1) = 32+-7 = 16, which is in fact divisible by 8. Hence the result follows 
by Induction. 


(iii) Prove the binomial theorem by Induction. 
Suppose the theorem holds for some particular value n = k: 
(eta)*® = xk+*C a la+...+"%C,aat+...+a*. 

Then in the expansion of (x+a)*t! = (x+a)(%+a)*, the coefficient of 

e*+1 is (for r = 1,2,...,k) 
'O,a% +*O,_,a" = *10,ar 
by 12.13, ex. (iv). This expression is also correct when r = 0 or k+1. Hence 
(x + a) k+1 — gktl + k+H1Q) rka +t E+10) gk tiger +e t+ aktt, 


which is similar to the induction hypothesis, but with k +1 for k. 
The result holds (trivially) when n = 1. The binomial theorem follows by 
Induction. 


(iv) Letbniz’s theorem on d"(uv)/dx" was proved by Induction in 6.62. 
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Remark. Mathematical Induction applied to the summation of a 
series is equivalent to the difference method. For to prove that, for 


all positive integers 7, Uy + Ug +... + Uy = fn), 


we assume that, for some k, 
Uy tUgt... +, =f(k), 


and then show that 
Uy tUgt ... + Up =f(k+ 1). 


Since Uy + Ug to. + Ups = (Uy tg t... + Uy) + Uns = S(k) + Ura, 
this is equivalent to showing that 
Uns =f(k+1)—f(&); 


so that f(r) is a suitable difference function. 


Exercise 12(d) 
Prove the following results by Mathematical Induction. 
1 14+34+5+...4+(2n-—1) =n?. 
2 1.1!4+2.2!4+3.3!+...to 7 terms = (n+1)!—1. 
3 124424724... 4(3n—2)? = 4n(6n?—3n—1). 


8 12 16 
3.5 5.77.9 


(i) n(n + 1) (n +2) is divisible by 6; (ii) n? + 2n is divisible by 3. 
(i) 9"—1 is divisible by 8; (ii) 9" — 8n— 1 is divisible by 64. 


=a: —@ )n-1 . 
... to m terms = $+(—4) n+ 


AN On 


7 22"-14 y2"-1 ig divisible by x+y. 
[ac2n+1 + yrntl = (28-1 + yp?) pan yrn—l(g? pat y?).] 
8 If 2u, = a+b, 2u, = b+u,, and 2uy,. = UntUny (n 2 1), prove 
3u, = a{1—(—$)"}+0{2+(—4)"}, 
and find lim u,. 


n->O 
9 Prove 
sin(n+1)0 = 


cos 0 sec 6 + cos 20 sec? 0+ ...+cosn0 sec*@ = — 
sin 0 cos" 0 


[Use the answer to construct a difference function: see Remark in 12.28.] 
10 Prove 


cosec a cosec (a + £) + cosec (a + £) cosec (a + 2) 
+cosec (a + 2f) cosec («+ 38) +... 


to n terms is cosec A{cot «a — cot (a +nf)}. 
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12.3 Infinite series 
12.31 Behaviour of an infinite series 


n 
(1) Convergence. If s, = }\u, and lims, exists and has the value s, 
r=] n->o 


we defined s to be the sum to infinity of the infinite series Xu, (12.21). 
We also say that the series Xw, converges (or is convergent) to s, and 
write 


$= 4, 
r=] 
or 8 =U, t+UgtUgt.... 


It will be clear from the definition that s is not a ‘sum’ in the 
ordinary sense of ‘the result of adding a number of terms’, but is the 
limit of such a sum. If we attempt to treat infinite series like finite 
ones (i.e. without consideration of convergence), then paradoxical 
results may arise. 


For example, suppose x > 0 and consider the series 
1 1 1 
i ak ces ae er le ars ge 
a x x 


One is tempted to regard this as the sum of two infinite G.P.’s 


1 1 1 
ltata?+a%t... and -+—+—+..., 
a x of 


whose sums to infinity are (see end of 12.21) 


which add up to zero. We thus appear to have a series of positive terms whose 
sum to infinity is zero. The explanation is simply that the first a.p. converges 
(i.e. possesses a sum to infinity) only when |x| < 1, while the second converges 
only when |1/x| < 1, i.e. |z| > 1; there is no value of x for which both converge, 
and hence the original series has no sum to infinity. 

Another example is 


L+$t+Stagtet et... = (1 4+$+$t+...)+14+$54+44+...), 
from which $(14+$4+4+4+...) = 144444..., 
1.e, $+4+43+... = 14+4+4+4..., 


a result clearly wrong since each term on the left is less than the corresponding 
one on the right. 


When s,, does not tend to a limit when n — ©, there are various 
possibilities, illustrated by the following example. 
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(2) The infinite a.p. l+x+a*%+a3+.... 
Ifx +1, then s, = (1—a”)/(1—x). Hence by 2.72 
(i) if —1 < a < 1, then 2” > 0 when n > ©, and so s, > 1/(1—2); 

(ii) if a > 1, then x” -> 00 and so s,, > +00; we say s, is properly 
divergent to +00; 

(iii) if a < —1, then x” > +00 when n is even and x” -> —oo when 
n is odd: s,, oscillates infinitely; ° 

(iv) if 2 = —1, the series is 1—1+1—1+..., so that s, = 0 if n 
is even and s,, = 1 if n is odd: s,, oscillates finitely (between 0 and 1). 

If « = 1, the formula for s, is meaningless, but the series becomes 
1+14+14+..., 80 that s, =n ands, > +00 when n -> 00: s, is properly 
divergent to +00. 


(3) Divergence. In this book we shall not give a detailed study of the 
behaviour of infinite series, and it will usually be sufficient if we 
employ the term ‘divergent’ to mean ‘not convergent’. Thus our 
‘divergence’ will cover proper divergence to +00, proper divergence 
to — oo, finite oscillation and infinite oscillation. . 

We abbreviate ‘Zu, is convergent’ to ‘Xu, 0’; similarly, ‘2u, D’ 
means ‘du, is divergent (i.e. not convergent)’. 


12.32 General properties 
(1) Lf dw, converges, then imu, = 0. 


n—>o 
For by hypothesis s,s when n -> 00; and since u, = 8, —8p_1, 
therefore u,, > s—s = 0 when 7 > oo. 


(2) The converse of this result is false: if u,, > 0, the series Lu, may 
not converge. 


Example 
2(1/r) 18 divergent. 
We have 24a>141 
EHS+E+E> ETE ETE RE 
btist--tis>we=h ote. 
so that & > 14+44+4=14+2x}, 
8 >1+4+4+$=14+3xh, 
83, >1+4x4, etc., 
and in general Sap > 1+p~x $. 


Hence when p -> 00, &sp —> 00. 
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Given a positive integer n>1, a positive integer p can be found so that 
27-1 <n < 2°, and therefore (since all terms of the series are positive) 
Sop—1 < Sy S Sop. 


When n > ©, also 2? -> 00, i.e. p > 00; hence s, —- co because 8yp-1 > 00. This 
shows that the series 
me 1+¢+4h+h+..., 


sometimes called the harmonic series, is (properly) divergent (to +00), although 
Uy, = 1/fn > 0 when n > oo. 


Remark. We have shown that wu, — 0 does not imply convergence 
of Xu,; but of u,, + 0 when n> 00, Lu, must be divergent (otherwise (1) 
would be contradicted). 

Thus &r/(r +1) D because u, = n/(n+1) > 1 when n > oo. 


(3) Convergence or divergence of a series 1s unaltered by 

(a) removing a FINITE number of terms from the series ; 

(0) multiplying every term by &@ NON-ZERO constant. 

These facts are clear from the properties of limits (2.3). Property 
(a) is useful when the first few terms of a series behave irregularly, 
and also shows that any test for convergence which we shall give need 
apply only ‘for all » > m’, where m is a fixed number; i.e. from some 
definite term of the series onwards. 


(4) If Xu,, Xv, both converge, to sums s, t respectively, then X(au, + bv,) 
converges to as + bt, a and b being constants. 


For if n as 
Sy = LU, by = DU %y, 
r=1 r=1 
n 
then > (au, + bv,) = as, + Ot, 
r=1 


>as+bt when n->oo, by 2.3, (ii). 


Similarly, if one of Xw,, Xv, converges and the other diverges, then 
X(au,+bv,) diverges. However, if both diverge, X(au,+bv,) may 
possibly converge, e.g. if vu, =r+2-, v, =r, a= 1, b =—1; roughly 
speaking, the divergent parts may cancel out. 


(5) If s,, steadily increases when n increases, then Xu, either converges 
or properly diverges to +00. If also s,, is bounded, then Xu, is convergent. 

This follows from 2.77. In particular, if Xu, consists of positive 
terms, then s,, is certainly increasing since 8,4 = S,+Upi1 > 8p: 
Hence 


a series of positive terms is either convergent or properly divergent to +00. 
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The behaviour of the series considered in 12.2 can be determined 
directly because a formula for s, can be found; cf. 12.26 (3). When 
no such formula is known, we resort to fests for convergence or 
divergence. Although these may show that the series converges, they 
do not help us to evaluate its sum to infinity. 

We recall that (2.71) the statement ‘lims, = s’ means that if any 


n> @o 
positive number ¢ however small is given, then a number m (in general 
depending on ¢) can be found such that, for all n > m, 


8—E <8, <8+eE. 


12.4 Series of positive terms 


We suppose all terms of our series are positive in this section. Series 
whose terms are all negative can be included by first removing the 
factor — 1 (see 12.32 (3) (b)). 


12.41 Comparison tests 


In these we compare the given series Xu, with a series Xv, whose 
behaviour (c or D) is known. Roughly, a series which is less term by 
term than a convergent series is also convergent, and one greater than 
a divergent series term by term is divergent. 


(1) Test for convergence. 
If Xv, ©, and 
EITHER (a) u,, < cv, for all n > m, where c is a positive constant, 


on _(b) lim(u,/v,) =1 > 0, 
n>o 


then also Xu, C. 


9) 
Proof of (a). If Sv, = t, then since all the terms v, are positive, 
r=1 


Vjt+%t...+0, <t forall n. 
By hypothesis, 


Ua + Uma test Uy SCV +O inga + + +n) 
< C(Vy +... HU +0 $n) 


< ct. 
Hence for all n > m, 


Sg = Uy toes EU + ee FU < Ut... + Ug_ te = K, say. 
Therefore by 12.32 (5), Xu, c. 
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Proof of (b). Given ¢ > 0 however small, there is a number m such 


that a 
l-e<—<I+e foralln>m. 


The right-hand inequality shows that 
Un, <(I+e)v, for alln > m 
Taking c = +e in (a), the result follows. 


(2) Test for (proper) divergence. 


If Xv, D, and 
EITHER (a) u, > cv, for all n > m, where c is a positive constant, 
OR (6) lim (u,,/v,) =1 > 0 (but NoTl = 0),f 
then Xu, D. 


Proof of (a). Since Xv, D, then (see 12.32 (5)) 
Um tUmtite+s+Un > 0 when n-—-> 00. 
By hypothesis, 
Um, + Umiy + oes FU 2 CU t+ Ving te +n) 
>0o when n->oo. 
S_ = Uy t... + Unt... +U,>00 when n-—> 00, 
ie. LU, D. 
Proof of (b). From the left-hand inequality in the proof of (1) (b), 
U, > (l—e)v, for all n > m. 
If 7 > 0, then J—e > 0 for all positive ¢ sufficiently small; we may 
take c = /—e in (a), and the result follows. 


(3) Standard comparison series are 
(i) the a.p. La", which co if 0 < x < 1 and Dif x > 1 (12.31 (2)); 
(ii) the harmonic series X&(1/r) which p (12.32 (2)). 
Another is &(1/r?); for various values of p this gives a whole family 
of series, which we now consider. 
(ili) X(1/r?) cifp > land vifp <1. 


| ree re | 1 . 
nae canes pee — there being n terms, 


1 i aes | 1 1 
< it + 9p + 3p + gett ap er 
there being n brackets; 


ft The result may be false if J=0; e.g. X(1/r) D (12.32(2)) and (1/n*)/(1/n) -> 0, 
yet X(1/r? c (see (3) below). 
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the inequality is clear since the first, second, third, ... terms in s,, have 
been replaced by brackets containing 1, 2, 4, ... positive terms. Making 
an upper estimate for the contents of each bracket, we have when p > 0: 


1 1 1 1 1 
n<ist (ota) +(pt- 45) + (n brackets) 
1 2 4 8 
=Ttotgatget:: (n terms) 
1 1 \2 1 \8 
=1+ 555+ |oi abe 9p-1 + ie (n terms) 
1 \ 1 
={]— op-i |-a on summing the @.P., 
ee ae for all nif p> 1 
i-@r+ ree 


since then the common ratio (4)?— is less than 1. 

Hence when p > 1, s, is bounded; so by 12.32 (5) the series c. 

(6) The case p = 1 gives the harmonic series already investigated 
in 12.32 (2). 

(c) If p < 1, then n? < n when n > 1, 80 that 1/n? > 1/n. Hence 
by comparison with X(1/r), &(1/r?) D when p < 1. 

Alternatively, if 0 < p < 1 then (without referring to the harmonic 


series) 


Vere a eon ; 
Sap test Pogo to ag OO When mee. 


If p < 0, then clearly s,, -> 00. Hence X(1/r?) D when p < 1. 


Examples 
(i) Huamine the series 
2 Si ce 
1.3.4 2.4.5 3.5.6 7" 
2n+3 
H So eee 
ee “n= Ain +2) (n+3) 


[When n is large, u, = 2n/(n.n.n) = 2/n*; so for large n, u, behaves like 2/n?. 
It is therefore likely that Zw,,c, and we try the comparison test for convergence. | 
Using the ‘inequality’ form of the test, 
2n+3 3n ? 
= ——__—_ < ———._ if > 3, 
= nn+2)(n+3) n.n.n id 
i.e. Uy, < 3/n? if n > 3. Taking v, = 1/n?, then u, < 3v, for n> 3, and Zv,¢ 
(being the series X(1/r?) when p = 2). Hence Zu, C also. 
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Alternatively, using the ‘limit’ form of the test, and taking v, = 1/n? as 


before, . Un : ( 2n+3 ‘| = 9 
nO : 


lim — = lim | ———————_ / — 
n> Un n(n + 2)(n+3)]) n? 


Hence 2w,,c because Xv, C. 


1 142 14243 
et 98 + 38 + 
_ 1424+...¢0 _ Fn(ntl])_ ntl 


n— — e 
ns ns Qn? 


(ii) Hxamine 


[When 7» is large, u,, + n/2n? = 1/2n, so that probably Xu, D.] 
We have 


n 1 
“Un? 978 — Dy, for all n, 
so if v, = 1/n, then u, > 4v,. Therefore Lu, diverges with Xv,. 
Alternatively, a n+1/1 
lim — = lim 5/7) =}, 
n—>co Un n—>0o 2n? | n 


and the same result follows. 


Exercise 12(e) 
Show that the following series do not converge because u, +> 0. 
1 $+$+48+4.... 2 —-—, + 
1 
2u——_____., 
V(r+1)—A/r 
Using the result of 12.41 (3) (iii), state which of the following series converge. 


1 1 
41 1+—_+—~ 
that 3 te at3yat 


es ia | 
6 F+4+44+4h4.... Eig: a ele 
E+4+44+44+ 7 vat vert eat 


Use the comparison test to ascertain the behaviour of the following series. 


8 143$4+4%+At+HH+-- 9 patmotmet 
10 wtatgte. 11 atria 
12 zat 13 Baa: 14 ret 

15 ze. [Hen > buy = Fa (Sales <ala) | 
16 Prove that +7 4+ Gt...Cife>1,vif0<#<1. 


17 Use the argument in no. 15 to prove that X(a*/r!) c for all x > 0. 
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18 If Xu,c, prove that Lu? and X{u,/(1+u,)} also c. [Use the comparison test.] 


1\? u 1 
19 If Xu%c, prove X(u,/r) also Cc. | (¥»-z) > 0, therefore 2 <u +5. 
: ‘ 1 1 
20 (i) Verify that ma < Gar when r> 2. 
Ded hi x 1 > 2 : 2 
= _ = —-—-< 24. 
educe that Sn er < +z =r 
(This shows that X(1/r2) converges and has sum to infinity s < 2.) 
1 1 1 
*(ii) Pr —___ < --—- <— wh 21, 
(ii) Prove (+1 < er < 7a when 1r 
and deduce that 
1 1 Des oe 1 Ld 
—-+...+-——+t+- —<1+—+...+—=+-. 
1+o,+ ai a A +e tet at 


(This shows that 1/(n+1) < s—s, < 1/n. Taking n = 100, we see that the first 
hundred terms give s correct to only two decimal places. It can be proved that 
8 = 47°: see 14.34, ex. (ii).) 

*21 If Du,cC, prove Uns; + Unga t---+Unty > 0 when n > 0, where p is any 
fixed positive integer. 


12.42 d’Alembert’s ratio test 


The tests in 12.41 required an auxiliary series Xv,; that now to 
be stated involves only the given series itself. 
Lu, 1s convergent if 


EITHER (2) Un41/U, <k < 1 forall n > m, where k ts constant, 


OR (b) lim (w,,4/u,) =I < 1. 
n> o 


Lu, is (properly) divergent if 
EITHER (a’) U,,,/U, > 1 for alln > m, 
OR (b’) lim (w,4,/u,) =4> 1. 
n> o 
Proofs 
(a) By hypothesis, 


and so on. Hence each term of the series 
Ums+1 +Um+2 as Um+3 +... 
is less than or equal to the corresponding term of the a.p. 


Kettyy + ey + PU, +. 


3r GPM II 
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which converges since 0 < k < 1 by hypothesis. Therefore Xu, con- 
verges, since the first m terms u,+u,+...+4u,, do not affect its 
behaviour. 

(6) Given e > 0, there is a number m such that 


le < “BH <I+e for all n > m. 
Since 1 < 1, we have J/+e <1 for all ¢€ sufficiently small. Taking 
k =1+¢e in the right-hand part of the inequality, the result follows 
from (a). 
(a’) By hypothesis, 
: Um+1 2 Um» Um+e 2 Um+1 2 Ums etc. 


Hence for n >m we have u, >, so that u, +0 when n>, 
proving non-convergence of Xw,. The series must actually be properly 
divergent since it consists of positive terms (12.32 (5)). 

(6’) Since 7 > 1, we have J/—e > 1 for all e¢ sufficiently small. The 
left-hand part of the inequality in the proof of (6) then shows 


u 
ae for all n > m, 


n 


and the result follows by (a’). 


Remarks 


(x) The COMPLETE condition (a) is essential: the result may be false 
if we merely have . 
—tl< 1 foralln>m. 


Un 
Thus although X(1/r) p, 
as a | L <1 forall n. 
U, nt+ljn n+l 


No fixed k independent of n can be found for which 


“n+) <k and k<l 
because n/(n+ 1) can be made as close to 1 as we please by taking n 
sufficiently large. 
(2) The tests give no information if lim (u,,,,/u,) = 1. For example, 


24(1/r) D and & (1/r?) c, but in both cases u,,,,/u, > 1 when n > ©. 
If use of the ‘limit’ form of the ratio test leads to the limit 1, then 
we must revert to the ‘inequality’ form since this can give a decision 
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when the ‘limit’ form is inconclusive. For a power series it is usually 
best to treat this exceptional case from first principles. 

(vy) No conclusion can be drawn from non-existence of the limit of 
Un41/U,- Thus for the seriest 


Weak Avie A ponte gell 


statat ata at 


successive values of w,,,,/u,, are 


1 1 1 I 


93° 2, 95° 2; 99° 2”, sees 


so that u,,,/u, oscillates infinitely. The series is nevertheless con- 
vergent (because, roughly, it is the sum of two convergent G.P.’s): 


| eee rane Come | 1 41 


get gat gat pana t Gan 


eee }odiede (8) 


| ; 
_2(a)"} att-(e)) 


>i1+0 when n->oo. 


] 
and{ Sen41 = Son + g2nt1 


Hence the series converges, and has sum to infinity 44. Observe also 
that for this series wu, does not steadily decrease to zero when n -> 00 


Example 


Examine the series 1 + 22 + 3x? + 42° +... for all positive x. 
If x = 0, the series is 1+0+4+0+..., which converges to the sum 1. 
If x + 0, then since u, = nxz"—}, 
Unt _ n+1 

Un 
The ratio test shows that if 0 < x < 1 the series c, and if x > 1 the series D. 


——-x-—>x when n>o. 


t The reader may feel that an ‘irregular’ series like this is not a fair example; 
but in fact the terms are constructed according to a quite definite law: ‘the rth term 
is the rth power of 2 or 4, according as 7 is odd or even’. In this example it is easy to 
write down a formula for u,, viz. u, = {3+ (—1)}-*. 

ft See the footnote on p. 451. 
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When x = 1, the test gives no information; but then the series is 1+2+3+..., 
which clearly D. 

Hence the series c when 0 < x < 1, D when x 2 1. (See Ex. 12(f), no. 12 for 
a method of finding the sum to infinity.) 


Exercise 12(/) 
Test the following series. 
Ae eet o 2,2 2 
thtatgite got agitgite 
3 Ifa and 6b are positive, prove that 
a+1 (a4+1)(2a4+1) (a+1)(2a+1)(8a+1) 
b+1 (b+1)(2b4+1) (6b4+1)(2b4+1)(3041) 7" 


converges if a < b and diverges if a > 6. 


Test the following, assuming x to be positive. 


Pigs eis ele pee sg 

tat git” 1.2°2.3'3.4 

6 peer Mite nae ue 
2134 ee 


8 xv+ 232? + 33x73 + 43n44+.... 
9 14+(14+3)24+(14 3?) a? 4+(14 3%) a34.... 
Mini Se i 
x+1 4242 243 
MO eng g gt tae 

*(ii) By showing that 
1.3.5...(2n—-1)_ 1.2.4...(2n—2) 1 


2.4.6...(2n) ~ 2.4.6...(2n) Qn’ ‘ 


prove that the series in (i) diverges when x = 1. 


10 


“Fisives 


Ae ee 1). 


*12 By deriving the identity 5 
1 n+ 
l+u4+2?+...42"= "7 


obtain a formula for 1+ 27+ 32?+...+nx"-1!, and hence verify from first 
principles the conclusions of the worked example in 12.42. 


12.43 Speed of convergence of a series 


A series is said to be ‘rapidly convergent’ if s,, gives a good approxi- 
mation to the sum to infinity s for fairly small values of n. In this 


sense the G.P. l+a+a?tae+... (|x| < 1) 
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is rapidly convergent when |z| is small, since 


bee. Hog 
ae eae 
a a 
|s—s,| = i 


and |x|” is small for small n. It converges less rapidly when z is just 
less than 1. On the other hand, Ex. 12(e), no. 20(ii) shows that 
2(1/r?) converges slowly. 

These notions are necessarily vague since the terms ‘a good approxi- 
mation’, ‘fairly small n’ have not been specified; they are relative 
and not absolute notions, and can become precise only after we have 
selected some definite series by which to fix our ‘standard of rapidity’. 
However, they are useful in a descriptive way. 

The essence of the comparison test for convergence (12.41 (1)) is 
that if Xu, is term by term less than a convergent series cLv,, then 
uu, will converge. We may say that ‘Xu, converges at least as rapidly 
as Lv,;’ and if lim (w,,/v,,) = 0, that ‘Xow, converges faster than Xv,,’. 

nN >@o 


Similar language would describe relative rates of divergence. 

d’Alembert’s test for convergence consists fundamentally of com- 
paring the given series Xu, with a a.p. If Xu, happens to converge less 
rapidly than any a.P., the test is ineffective; this is the case with 
&(1/r?) (and indeed with any of the series &(1/r?) for p>1), and is 
usually so when lim (w,,,,/u,) = 1. 

Tests of greater delicacy than d’Alembert’s can be formulated, but 
no finality can be attained since it can be shown that, however 
delicate the test, a series can be constructed for which that test is 
ineffective. In 12.44 we give a test which is of no fixed standard of 
delicacy, and which deals particularly easily with series like X(1/r?), 
X{1/r(log r)?} for which the ratio test is indecisive. 


12.44 Infinite series and infinite integrals 


The definitions of ‘sum to infinity of a series’ (as the limit of a 
certain ‘finite’ sum, 12.21) and ‘value of an infinite integral’ (as the 
limit of the corresponding ‘finite’ integral, 4.92) are somewhat similar. 
For a certain class of functions f(x) we now give a theorem relating 


S f(r) and i ” f(t) dt, 
r=l1 1 


in which convergence of one implies that of the other. 
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(1) The Maclaurin—Cauchy integral test. 
If f(x) 18 continuous and steadily decreases to zero for x > 1, then 


s f(r) and [ f(t) dt etther both converge or both diverge. When they con- 
r=1 1 
verge, re, 2 a 
[roa < S50 < [pats soy. 
Proof. Since f(x) steadily decreases to zero, we have f(z) > 0 for all 


n x 
x2 1,sothat > f(r), | f(é)dt are increasing functions of n, x respectively. 
r=] 1 


Fig. 124 


Ifr<xa<r+1, then 
f(r+1) < f(z) < f(r). 


Integrating this form r to r+ 1, 
r+1 
fort) < [™ fle)de < for. 0 


Summing for r = 1, 2,...,n—1, 


S flr) < I pi) dt <"S f(r). (i) 
r=2 1 r=1 


The argument is illustrated geometrically by considering the sums of 
the inner and outer rectangles in fig. 124. 


(a) Suppose ie f(t) dt exists. Since [7 (¢) dt is an increasing function 
, 1 1 


of n, it cannot attain its limit; therefore for each n, 
nr [oe] 
I f(f)dt < f(dt. 
1 1 


From the left of (ii), s f(r)< I : fd, 
r=? 1 
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n 
so that >) f(r) is bounded. Hence (2.77) Xf(r) converges, and 
ru Q 
Ere) < [roae+say. 
It now follows from the right of (ii) by letting n — 00 that 
[roa < S70. 
1 r=1 
(b) If Xf(r) converges, then 


i 


n—1 fo) 
SS) < Eft. 
By the right of (ii), is f(t)dt < 3 flr), 


so that | .; (t) dé is bounded and therefore tends to a limit, say 1, when 
1 
nN —> 00, 


Sincet [10 dt is an increasing function of z, then ifn—1< X <n, 
1 


n—1 xX n 
f(dt < } f(dt < i f(t) dt. 
‘ 5 x t co 
When X —> ©, also n > 00, and so | f()dt > 1, i. { f(t) dt exists. 
1 1 


(c) Since the series converges when and only when the integral 
exists, it follows that divergence of one implies divergence of the 
other. 


(2) The function n n 
om) = Es- [roa 


steadily decreases as n increases, and lies between 0 and f(1) for all n. 
Proof. By (ii), me “ 
0< Sf)— [peat <fcns 
r=1 1 
n 
{ This step is necessary because the fact that | f(t)dt > 1l when n- 0 (n being 
1 
[oo] 
a positive integer) does not by itself imply the existence of | f(t)dt (the limit of 
1 
x 
| f(t)dt when X - oo, X being a continuous variable): cf. Remark (f) in 2.71. Thus 
1 
n ey 
| cos ntdt = 0 for all integers n, and hence its limit when n-> © is 0; but | cos mt dt 
Jl 1 


x 1 
does not exist since | cos ntdt me sin 7.X, which oscillates when X —> 0. 
Jil 
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aid b(n +1)— p(n) = f(e-+1)— [sea <0 


by using (i). Hence ¢(n) decreases as 1 increases, but 0 < ¢(n) < f(1). 
CoroLiaRy. It follows that lim ¢(n) exists and 1s non-negative. 


The corollary is particularly interesting when both series and 
integral diverge, as in example (i) following. 


Examples 
(i) Taking f(x) = 1/2 in the corollary, 


1 
Q(n) = 144444 + +7 —logn. 


Hence ¢(n) tends to some limit y (Huler’s constant: cf. 4.43(8)) when n > ©, 
andoO<y<1. 


(ii) Discuss the series X(1/r?) by means of the integral test. 
With f(x) = 1/2”, then if p + 1, 


i eaesuees: 
t) dt = —— (1— X~?t), 
|, 7@ rer i ) 
>. 
while if p = 1, | S( dt = log X. 
1 


If p > 1, the integral tends to 1/(p—1), and if 0 < p < 1 the integral tends 
to +00, when X + oo. Hence 2 (1/r?)cifp > 1, Dif p < 1 (ef. 12.41 (3)). 
The general theorem also shows that when p > 1, 


O0' 41: 
In fact >) —, > 1, which is a better lower estimate when p > 2. 
r=1T 


Exercise 12(g¢) 


1 Prove & diverges. 2 Discuss & 


1 1 
r log (2r) r(logr)?* 
3 Ifa > 0, prove that the sum to infinity of 
a® (a+1)? (a+2)? 7" 
lies between 1/a and 1/a+ 1/a?. 
4 Ifa > 0, find numbers between which the sum to infinity of 


a 1 se 1 i) 
a2 a? +1? a2+22 °° 


must lie. 
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5 Sketch the graph of y = log, and show that 


On n n 
i) logadxz < Dilogr <| log adx +logn. 
1 r=2 1 


Deduce the value of lim {(n!)""/n}. 
N > 


12.5 Series of positive and negative terms 

The special difficulty with such series is that s,, is not necessarily 
a steadily increasing function of n, so that the principle in 12.32 (5) 
does not apply directly. 


12.51 Alternating signs (theorem of Leibniz) 

The simplest kind of series with terms of mixed sign is that in which 
the signs are alternately +, —. 

If (i) the terms are alternately +, —, say 


Uy — Ug + Ug — Ug + eee 
where each u is positive, 


(ii) Uns < Un , 
a : i.e. U, STEADILY decreases to zero, 
(iii) lim u,, = 0 

no 


then the series is convergent. 
Proo 
J San = (Uy — Ug) + (Ug — Uy) +... + (Mani — Van): 
By (ii), each bracket is positive. Hence s,,, is a steadily increasing 
positive function of n. Also 


Son = Uy — (Ug — Ug) — (Ug — U5) — «»» — (Mane — Uan—1) — Vans 


each bracket is positive by (ii), and w,,, > 0 by (i). Hence s,, < wu}. 
Therefore by 2.77 s,,, tends to a limit, say 1, when n > oo. 

Further, f 
Seng1 = Sen t+ Ven+1 


and since lim w,,,,, = 0 by (iii), therefore 
n>o 
lim 85,1 = lim 8, = l. 
Nn >o n> oO 
Hence, whether x is even or odd, s,, > 1 when n — 00, i.e. the series 
converges. 
+ The fact that s,,,—> 1 does not by itself show that the series converges. Thus for 


the series 1—1+1—1+..., s,,=0 and so lim 8, =0; but the series does not con- 
verge since 8,,, = 1: it oscillates finitely. 


452 SERIES [12.52 


Example 


1—4+4-—4+... converges because the terms satisfy all three conditions of 
the theorem. The argument used in the proof shows that the sum to infinity 
lies between 4 and 1; for s,,, < u, = 1, and 


1 
tan = (1-H +0-+.--+ (55-3) > UB = 4 


Also see Ex. 12 (h), no. 8. 


If any one of the conditions (i), (ii), (iii) is omitted, the series may not con- 
verge. Thus since the series 


1+$+4+4+..., $+44+4+44... 
D, c respectively, the ‘difference series’ 
1—$4+4-44+4-$4+4-4:+... 
diverges (12.32 (4)); conditions (1), (iii) are satisfied by it, but not (ii). 


12.52 Absolute convergence 


Consider the pairs of series 
1—44+4-F+..., 1+$+$444...; 


1 11 1 1.1 
Leta gato Theta 


2° 38 4 SE, 

The first of each pair converges, by 12.51; but in the corresponding 
series where all the terms are made positive, the first diverges (being 
the harmonic series) while the second still converges (12.41 (3)). 

It is convenient to distinguish between series which remain con- 
vergent when all their terms are made positive, and those which do not. 

Definition. If the series Xu, is such that} & |u,| converges, then Zw, 
is said to be absolutely convergent (A.C.). 

Observe that nothing has been asserted in this definition about the 
convergence of Xu, itself; it is a different series & |u,| (i.e. Xu, with 
all its terms made positive) which converges. 


Examples 
(i) 1—4+4—4+... isnot a.c. because 14+4$+4+4+4+4... diverges. 
(ii) 1—$+4—4+4... is a.c. because 1+4+4+4+4+... converges. 
‘ares ee | : Urge ee | 
(iii) 1- gat 3a gate is A.C. because 1+— matatgt . converges. 


f See 1.14 for the meaning of |z]. 
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The importance of absolutely convergent series is (roughly) that 
they behave like series of positive terms. For example, compare 
Theorems IT, ITT in 12.54. 

Although the definition states nothing about the convergence of 
xu,, we can in fact prove that an absolutely convergent series is also 
convergent in the ordinary sense. More explicitly— 

If x |u,| converges, then Xu, also converges. 

Before giving the proof of this, we illustrate the underlying idea. 
Suppose that the series Xw, in question is | 


Uy + Ug — Ug + Ug — Ug — Ug + O — Ug + Ug — Uyg + Uy + UygQt.... 
Consider the following two series: 

Uy tUgtO +Uy+0 +0 +040 +Uyt+90 +%ytUgt..., 

0 +0 +4,+0 +U,t+UgtO+UgtO +%y9+9 +0 +.... 


The first is formed by replacing all negative terms in the given series 
by 0’s; the second is obtained by replacing all positive terms by 0 and 
changing the sign of the negative ones. 

Compare each of these series of positive terms with the series 


Uy + Ug + Ug + Ug + Us + Ug t OF Ug t+ Ug + Uyg + Uy + Ug t---, 


which is convergent by hypothesis. The comparison test (12.41 (1)) 
with c = 1 shows that each series converges. Hence by 12.32 (4) their 
difference (which is the given series) also converges. 

General proof. Consider the series 


Vp tVgatUgt..-5 WytWetWgt.--, 
where we define 
u, if u,> 9, —u, if u,< 0, 
UV, = and Ww, = ; 
0 if u< 90, 0 if u,>0. 


(Thus relative to the given series u,, Xv, is the non-negative part, and 
<w, is the non-positive part with its sign changed.) 

Clearly v, < |u,| and w, < |u,|. Comparing each of Xv,, Lw, (which 
are series of positive terms) with & |u,| which is given to be convergent, 
the comparison test with c = 1 shows that they converge. Hence 
x(v,—w,) converges; i.e., since u, = v,—w, for all r, Lu, converges. 


The property just proved gives a possible test for convergence of a 
series of terms with mixed signs, viz. prove itis a.c. For example, 


bo PU}. 1 2d 


I~ gata pa eat za 
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converges because it is a.c. However, the test is ‘one-sided’ because 


a series which is not A.c. may yet be c; e.g. 1—4+4-—-4+... is not A.c., 
but is in fact c. Such a series may be called conditionally convergent 


(C.c.) or semi-convergent. 


Examples 
*(iv) The ‘triangle inequality’ t for infinite series. 
If Xu, 18 A.C., tts sum to infinity is numerically less than or equal to the sum of 


x |u,|: ve) 2) 
2 Uy S >> |w,|. 
r=1 r=1 


With the above notation we have u, = v,—w,, |u,| = v,+w,. Also, since 
Lv,, Lw, converge, 


7 foe) i.e) 
Me] =| D-Day 
r=1 r=1 r=1 
ive] ive] 
<2 + 2a We sincef both these sums are positive, 
r=1 r=1 
ise) 
= 2 |u| 
r=1 


The device used in this example can also be employed to prove that 


b b 
[terae <f lpeolae, 
where 6 > a and f(x) is continuous; cf. Ex. 7 (a), no. 5. Define 
_ (fv) if f(x) > 0, —f(x) if f(x) <0, 
hed= 1 if f(x) <0 a dae = {5 if f(x) >0 


Then /,(x), f.(x) are non-negative functions, and 


lf(x)| =fi(a) +folx), f(x) = f(x) —fa(a). 
Also 


b 
i FO\del = 


b b 
file) deo fale) de 


b b 
<| F(x) dat i f.(x)dx, both integrals being non-negative,t{ 
a a 


b 1b 
= ( ihe) +hlahde = “fle de 


(v) Discuss the series 2 23 


lte+otete. 


for all values of x. 
If x = 0, the series is 1+0+0+..., which converges to the sum 1. 


+ See 1.14, (i). t By 4.15(9). 
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If x > 0, all the terms are positive and we can use d’Alembert’s ratio test: 


Uns ©" at 6 


ut,  ni/(n—1)! _ n' 


Unt 


thus since <4 for all n > 22, 


Uy, 

or alternatively, since ln 2 = 0, 
n>o Un 
the series converges for all positive 2. 

If x < 0, write x = —y so that y > 0. The series becomest 

yy? 
l-y+ 31 31 +.. 

By the case just considered, this is A.c. for all positive y, and hence it is also c. 
The given series therefore converges for all negative z. 

Consequently, the series converges for all x. 

N.B.—From 12.32 (1) it follows that (cf. 2.74) 


nm 
lim = =0 for all x independent of n. 


n>o N+ 
: ’ ? Daa 
(vi) Discuss the series tte ag 
for all values of x. 
. yy ys 
First consider the series y+— 9 + 3 +— ; +. 


where y > 0. If y = 0, the series is 0+0+0+... which converges to sum 0. 
If y + 0, the ratio test gives 


y” 

Cas et de —-y>y when n>; 
Un, ntl n+ 1 

so if 0 < y < 1 the series converges. 

The y-series therefore converges for 0 < y < 1; hence the given series in x 
is a.c. for —1 < 2 < 1, and thus also converges in this range. 

If x = I, the given series is 1—-4+3—4+..., which c (12.51). 

If x = —1, the series is —1—}—34-—4-..., which is properly divergent to 
— © (it is — 1 times the harmonic series). 

If  <—1, each term of the series is negative, but its numerical value is 
greater than that of the corresponding term of 1+4+4+.... Hence the series 
properly diverges to — oo. 

I¢az > 1, then x = 1+.c where c > 0, and 


x" = (l+c)" = 1+nc+4n(n—1)c? +... > In(n—1)c?, 


since all the terms of this binomial expansion are positive. Therefore 


an a” 
>4(n—1)c? and sot 40 when n->0©o. 
The series cannot converge in this case. 


er alel: 


{ In fact we are considering 1 —|z|+—- ai 


oR 
} This also follows at once from ae 
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Summarising, the series c for -1 <a <1, and D forx<—1ora2z> 1. The 
range —1 <x < 1 is called the interval of convergence of this series. 


12.53 The modified ratio test 
We introduce here a modification of d’Alembert’s ratio test which 
makes it directly applicable to series whose terms are not all positive. 


Uns 


If EITHER (a) <k<1foralln > m, where k is constant, 


n 


Unit 


R (6) lim 


nN—> co 


=t<I, 


n 


then Xiu, converges. 

For either condition ensures that  |u,|c, being what is obtained by 
applying the original ratio test to this series. Hence Lu, is a.c., and 
therefore oc. 


Unit 


If EITHER (a’) 21 foralln =m, 


Un 


Uns 


or (b’) lim 


n>o 


=> 1, 


n 


then Xu, is divergent (i.e. not convergent). 

(At first sight all we can say is that  |u,| D, i.e. that Xw, is not A.c.; 
this does not prevent Xu, from converging.) 

Condition (a’) implies that |w,,| > |u,,| for all n > m, so that Uy, +70 
when n->0o. Given € > 0, condition (b’) implies that there is a 
number m such that |w,,,| > (J—e) |u,| for all n > m, and the result 
follows from (a’) as in the proofs in 12.42. 


Examples 


(i) Discuss the series of 12.52, ea. (vi) in this way. 
If x = 0 the series converges to sum 0. Since u, = (—1)"-!2"/n, we have 
when x + 0 that ‘ 
n+1 


+ |z| when n->0o. 
Un 


= rata 


Hence if |x| <1 the series ©; if |x| > 1 the series p. Only the cases |z| = 1 
remain to be investigated, and these are treated separately as before. 


(ii) Discuss the series 
m(m— 1) 12 rs 1)(m—- 2) 


1 
ry 31 


If x = 0, the series is 1+0+0+..., which converges to 1. 
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If x + 0, then from 

mm—1)...(m—n+l1) 
2 
n! 
m—n 


n+1 


Unt 
Un 


we find 2|>|—2z|=|z| when n->oo. 


Hence if |x| < 1 the series 0; if |x| > 1 the series D. 
The cases |x| = 1 cannot be decided by means of the tests at our disposal. 
However, it can be proved that 


ifz=1, the series c if m > —1 and pifm<-—l; 


and if2=-—1, the series c if m2>0 and pifm<0. 


12.54 Regrouping and rearrangement of terms of an infinite series 


- When dealing with finite sums it is permissible to group the terms in any 
manner by means of brackets, or to rearrange the order of the terms, without 
thereby altering the value of the sum. These properties may not extend to 
infinite series. 


Example 
(i) The series (1-1) +(1-—1)+(1-—1)+..., 
i.e. 0+0+0+..., 
converges to zero. If we remove the brackets we obtain the series 
1-—14+1-—-1+1-1+4..., 
which diverges since 8, oscillates between 0 and 1. If we insert brackets as 
t+(=14+D4+(-14+)+-; 


we obtain 1+0+0+... 
which converges to 1. 

This example shows that, in general, brackets cannot be removed or inserted 
in an infinite series without altering its behaviour or its sum. However, the 
following result is easily proved by using the definition of ‘sum to infinity’. 

TaroreM I. If Xiu, converges to s, then it will still converge to s when brackets 
are inserted in any way. 

Proof. Let n, <n, < ns < ... be any infinite sequence of positive integers, 


and write 2 
= 2 ts t2= Di Uy 
T= 


Then we wish to prove that Xt, converges to s. 
Given € > 0, there corresponds a number N such that, for all n> N, 
n 
U,—8 
r=1 


<6. (i) 


+ They will hold if we bracket or rearrange only a finite number of the terms; 
but this is relatively trivial. 
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Let n, be the first integer of the above sequence which is greater than or equal 
to N. Then (i) holds for all n > n,, and so 


tm 


y u,—s 


r=1 


<€ (ii) 


for all m > p (since the integers n,,,1, %p+9, -.. are a selection from the set of all 
integers greater than n,). 
Since terms of a ‘finite’ sum can be grouped in any way, 


tm m 

> Up = ) ty. 

r=1 t=1 
Hence result (ii) becomes 


m 
Dd t;-8|<e for allm=>p; 
4=1 


i.e. Lt; converges to s. 

The converse of this theorem is false: if a series with the terms grouped is 
convergent, the series obtained by removing the brackets may be divergent. 
This is illustrated by ex. (i), which also shows that there is no general theorem 
for divergent series like Theorem I; but see Ex. 12(h), no. 14. 


Example 
(ii) Lf 8, denotes the sum of n terms of the series 
1—4$+4-44+4-..., 
and t,, denotes the sum of n terms of 
1-$-444-3-34+4-e—aet 4. 


(formed from the first by taking one positive term followed by two negative ones) 
then the sum to infinity of the second is HALF that of the first. 
Consider 


1 1 1 
ton = (1-9)-44 4-44 0-4 (S45 - G5) — ay 
1 


I 
= ae a ee Da Para 
= $8 an 


The first series is known to converge, say to s; hence when n > ©, 83, > 8 
and therefore ¢,, > $s. Since also 
—> $8 


bsnta = bent n+l 


1 1 
t, = t. —_—_ - -— 


therefore ¢, > $s when n — ©; this is the result stated. 

Example (ii) illustrates that, if a convergent series is rearranged, the new 
series may converge to a sum different from the original. It can be proved that 
a given non-absolutely convergent series can be rearranged so that the new series 
will converge to any pre-assigned lint ; and it can be arranged to diverge (Riemann’s 
rearrangement theorem). For series of positive terms the situation is simpler; 
and we shall prove that the same is true of A.C. series. 


and — $s, 
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THEOREM II. A convergent series of positive terms can be rearranged in any 
manner without altering the convergence or the sum to infinity. 
Proof. Let Xu, be a convergent series of positive terms, with sum to infinity s. 


n 
Let Zu’ be a rearrangement of Lu,, and write s; = >) u,. 
Each term of Zu; appears semen erg in Xw,. Hence for a given n, there is 
a number m such that s’ < s,,. Since x u, is a steadily increasing function of n 


r=1 
(all u, > 0), hence s,, < ¢ and so 8, <s. Since s; is also a steadily increasing 
function of n (because all wu; > 0), therefore by 2.77 s), tends to a limit s’ where 
8’ < s. Thus Lu; certainly converges, and its sum is 8’. 

Similarly, since each term of Zu, appears somewhere in Lu, the preceding 
argument will prove that s < s’. Consequently s’ = s. 

N.B.—Observe that we could not prove s < s’ first because we do not know 
whether Xu’ converges or not until we have proved s’, < s. 

THEOREM III. An A.c. series can be rearranged in any manner without altering 
the absolute convergence or the sum to infinity. 

Proof. If Xu; is a rearrangement of Xu,, then certainly Lu; is A.c. since 
x |u;| is a rearrangement of &|u,|, and Theorem IT applies. 

We use the notation v,, w,of 12.52, and its extension v;, w, for the rearranged 
series Lu,. Then clearly Lv), Dw; are respectively the rearrangements of Xv,, 
Lw, entailed by the rearrangement Lu; of Lu,. Since Lv,, Lw, are convergent 
seriest of positive terms, Theorem II gives 


= %, = ie and Fw! = 3 u, 
r=1 


r=1 r=1 
feo] 00 fe 0] ; te 0] fs 0) fe 0] 
ay > (v,—-w¥,) = Sol Dw = Fo-Sy= D Us 
r=1 Ss r=1 r=1 r=1 =1 


We shall not discuss the rearrangement of infinite series any further; but 
enough has been said to caution the reader against treating infinite series 
analogously to finite ones. 


Exercise 12(h) 
Determine the behaviour of the following series. 


t 1-94}=44= oe Nia eR 
1.2 2.3 3.4 4.5 

3 1-4./2+4.,/3—-4,/4+.... 4 4$—-$+8-$4+4-Ht+ 

5 log4+log ¢+log §+ log $+ log 3% + log 33+ 

6 State which of the series in nos. 1-3 are A.C. 

7 Show.that = {(cosrx)/r?} converges for all values of x. 

8 Under the conditions of Leibniz’s rule (12.51), prove u,—u, < & < %4. 
Discuss the behaviour of the following series for all values of x. 

9 aaa ee 10 ee be 

Nt ae 

92" 32° 42 


ft See the General Proof in 12.52. 
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"12. (144+4+...+7) at 


1 
Ee oi RUS f tape x > x, where a, = z=: 
Un Gn (n+1)a, r= 


{ 
*13 CT eRT x". [The cases |x| = 2 may be omitted. ] 


*14 Ifu, > 0 for all 7, prove that (with the notation of 12.54, Theorem I) 


n at 
if Ny <2<Mm41, then x ti < zi <2 tis 
i=1 t=1 


and deduce that the converse of Theorem I holds for a series of positive terms. 
*15 If Xu, is conditionally conversenty prove that (with the notation of 12.52) 


nN 
dv, and Lw, diverge to +00. | Ifs, = » teste = 2% |u,|, then s,, >s and t, > +0; 
r=1 


n nN 
also >) v% = Hin t+Sn), DY = Ree 
r=] r=1 
*16 Ifthe series 1—$+4—1+4-... is rearranged as 


1+4-4$4+44+4-4+.. 


(taking two positive terms followed by one negative term), prove that the 
sum of the new series is $ times that of the original. [Prove ts, = 84n+4Sean-] 


12.6 Méaclaurin’s series 


12.61 Expansion of a function as a power series 


We proved in 6.52 that if f(t) satisfies certain conditions of con- 
tinuity and derivability for 0 < ¢ < x, then 


f(#) = f(0) + af"(0) + = 7"(0)+.. + —, foo-0(0) +R, (x), 


where (see 6.54 (1)) 


a 1)! 


=f (Gx) (Lagrange’s remainder), 
R,,(2) = an(1 —6)r-1 
(at 


and @ is some function of z and n (in general not the same function in 
the two forms of remainder) which satisfies 0 < @ < 1. 

In 6.53 we showed that (under suitable conditions) this result gives 
a polynomial approximation to f(x). We now use it to represent f(x) 
by an infinite series. 

Suppose that for each positive integer n, however large, f(t) is 


f™(@x) (Cauchy’s remainder) 
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continuots for 0<t<2x; then the conditions for validity of 
Maclaurin’s theorem hold for all orders. Consider the infinite series 


gril 


(n—1)! 
We have 8,(x) = f(0)+af’(0)+...+ “a f-%(0), 


= f(x) —B,(2) 
by Maclaurin’s theorem. If 2,,(2) > 0 when n > c (perhaps only for 
some range of values of x, say |x| < c), then 


fe-(0) +... (i) 


f(0)+2f'(0)+ = f’(O)+...4+ 


8,(%) >f(z) when n->oo, for |2| <c; 


hence the infinite series (i) converges and has sum-function f(x) when 
|e] < c. We write 


fle) = f(0) +2f'(0) +5, f"(0) +... + f(0) +. (jz| <e), (ii) 


and call this series the expansion of f(x) as a power series in x over the 
interval |2| < c. 

This idea will now be applied to obtain series for some of the 
elementary functions; the results are important, and will be discussed 
in detail in 12.7. We use the results on nth derivatives obtained in 6.6; 
only when such convenient formulae are known is direct discussion 
of £,,(x) possible. 


12.62 Expansion of some elementary functions 


(1) The exponential series. 
If f(x) = e*, then f(x) = e* for every positive integer n, and 
Lagrange’s remainder is 


gn 
R,,(z) = ale (0<@< 1). 


Since a”/n! > 0 when n > 0 for any fixed value of x (2.74), therefore 
R,,(2) > 0 when n -> ©0, for all x. As f(0) = 1 for each r, 


e* = 1404554. tHe. (all x). 


(2) The sine and cosine series. 
If f(z) =sinz, then f™(x) =sin(x+4nm), and Lagrange’s re- 


mainder is an 
R,,(x) = te (Ox + 4nm), 


|R,,(x)| < er. 0 when n->oo, for all. 


32-2 
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Also f@°(0) = 0 and f@-)(0) = (— 1)" for each r, so 


ee ee, 
sins = #— sta + + 1) @Qr-iy (all x). 
Similarly 
x2 A ogee 
cos# = 1-5, 4+4---+(-1) @raayit (all x). 


(3) The logarithmic series. 

If f(z) = log(1+2), then f™(x) = (—1)""1 {(n—1)!/(1+2)"} and 
so f™(0) = (—1)""1(n—1)!. We are supposing x > — 1, for otherwise 
log (1+¢) would not be defined in part of the range x < t < 0. 

When 0 < x < 1, Lagrange’s remainder 


rh 1 
ey es bs 
BST aay 
shows that |R,(x)| < _- 0 when n->0©o. 


When x < 0, —2/(1+ 0x) may be greater than 1, so that Lagrange’s 


remainder 1 = ms 


— n\l+ 6x 
might tend to —0oo when n > oo (2.73); insufficient is known about 
the behaviour of 6 as a function of n. 

Cauchy’s remainder can be written 


= gon ei ee sz) 
a ee. eres ; 


nr 
so that if —1 < a < 0, |R,,(x)| < a 


because (1 —@)/(1+ 02x) is a positive proper fraction and (see 1.14) 
|1+6x| > 1-—6|z| > 1—|2|. 
Hence £,,(x) > 0 when n > oo. (Cauchy’s remainder also covers the 


case 0 < x < 1 already treated.) Thus 


_ 8 ik 
log (1+) = *#-3 +3 -...+(-1) ate (-1<«*< 1). 


Since the series converges only for —1 < x < 1 (see 12.52, ex. (vi)), 
this is the most that can be proved concerning its sum to infinity. 
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(4) The binomial series. 

If f(x) = (1+ 2)", then 

f(x) = m(m—1)...(m—n4 1) (14+ 2)". 

If m is a positive integer, Maclaurin’s formula terminates when 
n = m-+1, and gives the usual binomial expansion containing m+ 1 
terms. If m is not a positive integer, then f™(x) will be continuous 
when n > m only ifz > —1. 

Cauchy’s remainder can be written 


R, (a) = m(m—1)...(m—n+ 1) m1 +02)" 1 =~ 


(n—1)! 1+ 0x 
When |x| < 1, 
_ (m—1)...(m—n+1) 
n= (n—1)! 


a x"-+>0 when n>, 


by 2.75. Also (1—6)/(1+ 62) is a positive proper fraction, and 
(1+ |x|"! if m>1, 
(1+6x)"™-1 < 


(l—|x|ym2_ if m<il. 


|B,,(x)| < |m| (1+ |z|)™- |a,|>0 when n->oo. 


Hence 
(149) = 14 map MOD oy 
—1)...(m—r+1 
nls Deen) es rt Dre... (s< 2). 


If m is a fraction with even denominator, (1+2x)™ has two values 
which are equal and opposite. Here we intend the positive value, since 
the sum of the series when x = 0 is clearly +1. 

As in (3), Lagrange’s remainder would cover only the range 
0 <x < 1. We omit consideration of the cases x = +1. 

(5) Gregory’s series for tan-! xz. 

If f(z) = tan— 2, then 

f(a) = (—1)*-1 (n— 1)! (14+ 2?)-** sin (n cot 2), 
80 F210) =0 and ftr-2(0) = (—1)-1 (2r—2)!. 


Lagrange’s remainder is 


RF, (x) = = (—1)"-1(1 + 622:2)—4* gin (n cot—! (62)), 


so by 2.73 [R,(x)| < |e" +0 when n->oo if |2| <1. 
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Hence xt seg 
tans =*—-34+5 .+(-1) PN ee (|x| < 1). 


The value of tan-!z in the range — 47 to +47 is intended (i.e. the principal 
value when —1 <a < +1), since when x = 0 the sum of the series is clearly 
zero. No more than the above can be proved about the sum because the series 
converges only for |z| < 1: see Ex. 12(h), no. 9. 


12.63 Note on formal expansions 


In Ex. 6(b), no. 15 we considered the function y = tan-!z. Having 
proved that it satisfies the differential equation 


(1 +27) Ynsgt 2(0 +1) tYn41 +r(n+1)¥, = 9, 


we put x = 0 and showed that the Maclaurin coefficients a, = (Y,).—9 
are given by ie Bene les, 
Since a, = 0 and a, = 1, all coefficients with even suffix are zero; 
while by successive application of the above recurrence formula to 
those with odd suffix, we find that 


Gon = (— 1)" (2n—2)! (n = 1,2,...). 


Assuming that y possesses a Maclaurin expansion, we thus obtain 

for it the series Pee gr} 
t— 3 + 3 eee 

Since this converges for |x| < 1 (see Ex. 12(h), no. 9), tf ts reasonable 
to expect this series to have y = tan-1z for its sum-function when 
|x| < 1. However, as we have nowhere considered F,,(x), we have 
not proved by this argument that the series has sum-function tan z, 
nor even that tan-!z can be expanded at all as a power series. 


As, (i) 


It can be proved that, within its interval of convergence, every power series 
is the Maclaurin series of its sum-function. In other words, if La,x" converges 
to a(x) (for || <c, say), then a, = s"(0)/n! (n = 0,1, 2,...). Assuming this, 
what we have shown by the above argument is that, if the series (i) converges 
to s(x) when |x| < 1, and f(x) = tan-', then 


(0) =f(0), 80) =f"(0),  «.-, 90) = f0), ..- (ii) 
These equations do not prove that s(x) is identical with f(x) for |x| < 1. For 
ike Ole) = es (x #0), 0(0) = 0, 


it can be shown that this continuous function C() has continuous derivatives of 
all orders for |z| < 1 and that C0) = 0(n = 1, 2,...). Hence a(~) = f(x) + C(x) 
satisfies equations (ii), although C(x) = 0. In short, the Maclaurin series of 
f(x), even if convergent, may not have f(x) for its sum-function. Further, it can be 
shown by examples that even if f(x) and its derivatives of all orders are con- 
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tinuous in a certain interval, the Maclaurin series of f(z) may not converge at 
all for that interval. 

Thus, to ensure the existence and validity of the Maclaurin expansion of 
F(x) in 12.61, it is essential to prove somehow that R,(x) -> 0 when n -> 00, for 
all x in the interval concerned. However, despite the cautionary nature of 
these remarks, it is true that for ‘ordinary’ functions the formal expansions 
obtained as above are valid whenever they converge; and with this assurance 
the reader may accept them with confidence. 


Exercise 12(i) 
State the sum io infinity of 
1 1—-$+4-44.... *2 1-4+4—3+.... 
3 Assuming the exponential series, state series for cha and sha. 


Obtain Maclaurin series, stating the range of validity, for the following functions. 


4 e*sinz. [See 6.61, (vi).] 5 e-*cos2. 6 cosz cha. 
7 Prove Steno @ cos (x sin ~)} = e*©%% cos (asina+nza), 
and deduce that for all 2, 


a x3 
e7 C08 2 eos (asin aw) = 1 +2008a += 00s 20+ = 008 a+ .... 


*8 By showing that &,(x7,h) > 0 in Taylor’s theorem, prove that 


h? hs 
cos(x+h) = cosx—haine—> cosa+— sine—... 


3! 
for all x and h. [See Ex. 6(6), no. 24.] 
*9 Obtain a Taylor series for sin (x+h). 
10 Ify = ch(sin—' 2), prove 
(1—2*)y,—a2y,-y=90 and (1—2*)Yn.9—(2n4+1) tYny1 = (n? + 1)Yn- 
If ch (sin-! x) = dp +a, 2+a,27+..., 
obtain an expression for @,,, and prove den, = 0. 


11 If z = cos@ and y = cosné where n > I, prove (1—2*) y,—ay,+ ny = 0. 
Assuming that y = a, +a,%+a,27+..., prove 


(k+1)(&+2) dyig+(n?—k*?)q,=0 (k= 0,1,2,...). 


If n is an integer, show that the assumed expansion is a polynomial of degree 
n; and if n is even and greater than 2, prove a, = 2;(—1)#*n%(n?— 4). 
12 Ify = coslog(1+72), prove 


(1L+2)?Ynsgt (20+ 1) (1+2) Yair t (r+ ly, = 90. 
iv 2] 
If y can be expanded as )} a,2", prove 
r= 


(n+ 1) (M+ 2) Onset (2+ 1) (N+ 1) Gay +(n? +1) a, = 0, 
and hence determine the expansion up to the term in 7*, 
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12.7 Applications of the series in 12.62 


12.71 Binomial series 


rl , often abbreviatedt to 


(1) The expression 


(*) , is called a binomial coefficient. The expansion of (a+2x)™ can be 


reduced to the standard one in 12.62 (4) as follows: 


m 
(a) if < land a” exists, (a+xz)™= an( +) = ete.; 


m 
(b) if ~ > land #™ exists, (a+a)"™= wn( +4) = ete. 


Examples 


(i) Write down the general term and the first four terms of the expansion of 
(1+ 2x)-8 in ascending powers of x, stating when it is valid. 
There will be an expansion in ascending powers of x if |2x| < 1, i.e. if |x| < 4, 
and then the (7 + 1)th term is 
(—3)(—4)...(-3-—r+1) _ (- 193.4... (7 +2) 


r! (ey r! 


= (= 1p CENCE gra = (= 1 207 + 1) $2) a" 


(2x)° 


We can obtain the first four terms by writing r = 0,1, 2,3 successively in 
this formula: (1. 99)-8 = 1—6e-+2402— 802+... (|| < 4). 


(ii) Find the 9th term in the expansion of (1—4x)-* tf |x| > 4. 
Since |4z] > 1, the expansion can be made only if we expand in powers of 1/2, 
ie. in descending powers of x. 


acu ey ee a 


and the 9th term in this is (putting r = 8 in the general term) 


ee ee LY < 295 
162? 8! 4x} 8! (=) ~~ (4a)20° 


(iii) Calculate ,/102 correct to four places of decimals by using the binomial series. 
(102 = /{100(1 + 0-02)} = 10(1 + 0-02), 
a. = 4.—4.-3 a 


and  (1+0-02)t = 1+4(0-02) +2 (0-02)?+ b.—4. 3, 02)3+ 


+ Cf. 12.23; the symbol “C, could not be used unless m is a positive integer. 
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Since we require the result to be correct to 4 places, we must work with 
5 places; and owing to the factor 10, (1-02) must be found to 6 places. Cal- 
culating the terms shown, we find 


(1-02)? = 1+0-01 —0-000,05 + 0:000,000,5+... 
= 1-009,950,5..., 
the next term clearly t being too small to influence the sixth place. Hence 
(102 = 10-0995. 


(iv) Expand (1+2+27+.23)-5 as far as the term in x*. 
Since 1+a”+2?+23 = (1—2:*)/(1—2), the given expression is 
(1—2)§(1—at)-5 = (1— 5a t+ 102? 102? +...) (1+ 5a4+...) 
= 1—5r+10x?— 1027+... 

on neglecting all terms in x* and higher powers. 

(v) Find the coefficient of x* in the expansion of 1/{(2—x) (1 + 3x)} in ascending 
powers of x, stating the condition of validity. 

By resolving into partial fractions we find 

1 _11 3 1 
(2—2)(1+3x) 72—x 714382 
= 3,(1—42)-1+ 1432)". 


The first bracket can be expanded in ascending powers of zx if |42| <1, 
i.e. |x| < 2; the second can be so expanded if |3z| < 1, i.e. |x| < 4. Hence both 
can be expanded if |z| < 4, and then the coefficient of 2° is 


1 (-1)(—2)..-(-17) (_ 1 Pd Gaal) Sat ET Sak 
14 r! 2 7 r! 


3r 
= Ab + H—3)" = 2 ilar ay} 


(2) Summation of series reducible to Vom expansions. 
In the result 


=: —4 —3.-—4.-—5 
(1—2) 1+(-—3)(—xz)+—.— 1.2 (—2)?+ 1.2.3 (—2x)?+ 
3.4 3.4.5 
= —— 72 
1+3a+5 13 u+T 93 3. ge tees 


which is valid when |x| < 1, let us put « = 4. The series becomes 


o_ 


1+ $425 Peo oe + 


+ See 12.81, ex. (iii) for an estimate showing that the error in stopping here does 
not affect the sixth place even when we allow for the succeeding infinite series of 
terms. 


468 SERIES [12.71 


which can be written 3.4 3.4.5 


1+3 ato4 4°39 4.6 re oot 


Our result above shows that the sum to infinity of this series is 
(1-4) = 8. 

Conversely, many series of this form (in which the factors in the 
numerator and denominator of each term are in A.P., while the 
number of such factors is the same but increases as we proceed along 
the series) can be reduced to binomial expansions, and hence their 
sum to infinity written down. 


Examples 
(vi) Find the sum to infinity of 


The factors in the numerators form an A.P. with common difference 2, and 
those in the denominators have common difference 4. We begin by dividing 
each factor in the numerator of each term by 2, and each factor in the denomin- 

tor by 4: 
ae y _3 4.4 2 5) $3 $ I 
1.2.3 


The factors in the numerators now ascend by the common difference 1, 
whereas for a binomial series they descend by 1. This can be adjusted here by 
introducing signs as follows: 


18+. 5 (2)? +. 6 


—4 —4. == 1\2 —}. —3.— 1)3 
142 y+ Eta SESE hap. 
and this series is ae the expansion of (1+ 2)" with 2 = 4 and m= —4. 


Hence the required sum to infinity is (1+ $)-* = /2 = 4.,/6. 


a 1.3 1.3.5 1.3.5.7 


(vil) 3+3-6+3.6.0'3.6.9.12 


3 3-3 3-3-4 2--3-4 
= @+ >, 5 (8 +165 “ g (8) + 1.2.3. 12.3.4 0"t 
=is —4.-3.-$ 
= (+= a4 p+—bot °) (gp ESE (aed 


= (1—8)-#-1 = 3-1. 


Exercise 12(j/) 


Write down and simplify the general term and the first four terms of the expansions 
of the following functions in ascending powers of x, stating when these expan- 
sions are valid. 

1 (1+2)-%. 2 (1-2). 3 (1+ 32)-4, 4 (4+2%)4, 
x l-—az 1+a? 


(1—2)?" Q2+a° (1—2)3* 
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Find the named terms in the following expansions. 
8 8th term in (1—2m)- if |z|<}. 9 10th term in (1 —32)-? if |z| > 4. 


10 What is the first negative coefficient in the expansion of (3 + 2x)? if |x| < $? 
[Consider the sign of a,,,/a,.] 


*11 If uw, is the (r+1)th term in the expansion of (1+a)™, |x| < 1, show that 
ts 1-7 *) 
Uy r 


Deduce that when r becomes greater than m +1, then u,,,/u, £0 according 
as 220; and hence that, after a certain stage in the expansion, the terms are 
alternately positive and negative if x > 0, but all have the same sign if x < 0. 


Find the numerically greatest term or terms in the expansion of 


12 (1+2)?”2 when a = 8. [Use the argument in 12.13, ex. (iii).] 
13 (l—a)-° whenz = 3. 14 (1+2)-* when x = }. 
Use the binomial series to calculate correct to four places of decimals 

15 (4:08). 16 /98. 
17 Expand (1+2 + 2z%)-? as far as the term in 2°. 


State the condition that the following can be expanded in ascending powers of x, 
and find the coefficient of x" in the expansion. 


2+ 32 x 
aS (1—ax) (1+ 22)" 9 6-2-2" 

x3 1 1-2 
2 (1—2)?(2—2)° a6 vyezel 153 


*22 (ltut+az?+...+40™-1)" if r << m. 
23 Find the coefficient of z** and of a:*"+1 in the expansion of 


l+2z F l+z2z 
1 |x| <1. | Write as Ja—#*) 8)" 
Find the sum to infinity of 
1 sds 8s 11.4 1.4.7 
24 1+3+ei6's.ie24t a a er es 
4 4.7 4.7.10. 3 3.4 3.4.5 
26 20 20.30 20.30.40° °°" at 2.4'2.4.6'2.4.68°°" 
*28 Verify that when |x| <1, 
Sota, Serta ond Birt ert =o 
A Tee ae Gea (I—2)*" 


co 
Hence calculate > (7?+3r—3)a°-1 when |2| <1. 


r=1 


‘[r24+8r—3 = —34 2r47(r41).] 
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*29 By writing Pascal’s triangle (12.13, ex. (iv)) as 1 

shown here, we observe that the nth vertical column 1 1 

gives the coefficients in the binomial series for(l1—a)-". 1 2 I 

Justify this rule by proving 1 3 3 1 
146 4 1 
1 51010 5 1 


(Spl eee 


12.72 Exponential series 
(1) Lrrationality of e. Taking x = 1 in the series of 12.62 (1), 


1 be heal 1 
e=ltitatat--tat- 
From this it is possible to calculate e to any specified degree of 
accuracy (see the example in 6.53). 


Since this series consists entirely of positive terms, 


1 1 = 
e>1+—a tate ta 


The error in this estimate is 


1 1 1 


(n+)! @+2)l' +a” 


eee oes 1 
SCESn io ean” 


1 1 1 1 
<a +ooataait | 
2d 1 
~ (nt+1)!1—1/(n+1) 


1 a+1 1 
~ (n+1)! “n nin’ 


by summing the G.P., 


These results can be used to prove that e is an irrational number, 
i.e. that e cannot be expressed in the form p/q where p, g are integers. 
For suppose if possible that e = p/q; then from the above inequalities 
with n = q, 

Pp 1 1 


1 
l+—+.. a ee <14+ot..45 


ma 
1! qi gq 1! 


q! aig 
Multiplying by q!, we have 
I[<p.(q-l)! < I+, 
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I = qityjt-- ral 
is an integer, and so is p.(qg—1)!. Our conclusion is that the integer 
p.(q—1)! lies between J and J +1/q, which is impossible since 1/q is 
a proper fraction. Hence e cannot be written as p/q for any pair of 
integers 7, q; i.e. e is irrational. 


(2) a*®, cha, sha. 
Ifa > 0 and m = loga, then a = e” and 
ma = mix3 


at = e™ = 14+me+——_—-+ 


2! Vague for all x; 


. x x3 
i.e. at = 1 +aloga+ 5 (loga)? + (loga)*+ ... (all a). 


From the definitions chx = }(e*+e~), sha = $(e*—e*) and 
12.32 (4), 


eee Be ae 
= Baye arm | 
+ (all x). 
shx = * x8 x ee, 
eet ast 2 Gea 


(3) Series reducible to exponential series. The first step is always to 
write down the general term of the given series, and then put it into 
a suitable form. 


Examples 
P P : 12 22 32 
(i) Sum to infinity statat 
2 
Here = a, 
(r+1)! 


The numerator r= (r+1)r—r = (r4+1)r—(r+1)4+1, 


1 1 1 


= aces a oe eee aes => 1. 
(r—1)! ri (4)! ; 


and so Uy 


L%= > x 


A AD! Art Art! 


1 
=e—(e—1)+ (e-1-5) 
=e-—l. 


Sometimes the decomposition does not hold for a few terms at the beginning. 
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(ii) Calculate © (r+ 2)? 
r=1 r! ° 
Since (r+2)? = 7244744 = r(r—1)4+5r4+4, 
1 5 4 
= ee SE og oe 2: 
is (7-2)! (oD nt 7 
eo 32 ie] 
LM, = Th Lo Uy 
r=1 ‘  p=d : 
= 9+6+5(e—1)+4(e— 1-7) 
= 10e—4. 
Exercise 12(k) 
Give the coefficient of x’ in the expansion of 
1 etets, ane gee, ag ene 
e® et e2% 


5 Write down the series whose sum to infinity is (i) 1/e; (ii) e?; (iii) (e+ 1/e)®. 


Find the sum to infinity of each of the following series. 


eS See fe 427 44 46 
6 -atgrate 7 Itaitetate: 
81 2 3 4 9 | 142 14243 
trtatat. Than + 31 +... 
3. Ob 7 a8. ae 
10 I+o+oateaet: 11 Pi raih 
or 
yee Dr 
12.73 Logarithmic series 
(1) There are several important forms of the result 
Fr aa 
agape ae. (alee e 1). 
log(1+2) =a Sieg t (-l<2<1) 
(a2) Replacing x by —z, 
ees ea 
L247) 3 Se ” 
log (1 — 2) a ala 


provided —1 < —2 < 1, i.e. provided -l <a <1. 
(6) Subtracting the above two results, which are simultaneously 
valid if —-1 <2 <1, 
ae cg 
log (1+ x) —log (1-2) = a(er Fr Et...), 
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‘ 1 La 
i.e. blog = et FSH... (-l1<2< 1). 


3. «5 
(c) In (6) write eee go) 
——= i ¢=——., 
y+1 


The condition —1 < x < 1 becomes y > 0, and 


ae 5(4) 5(45) 
logy = (47) +5 (45 +5 aay +... (y> 0). 
d) In (6) put 
eNO ei sate es 
l-x p’ °° ~ 2941" 


A epi epied ag ag 
B\P °8P  “\Qp+1 3(Qp+1)* 5Qp+iy f? 


and the left-hand side is defined only if » > 0, which corresponds to 
the condition 0 < x < 1 under which (b) certainly holds. 
The series (0), (c), (d) are more rapidly convergent than either the 


standard series or (a) separately; (c) is used for calculating natural 
logarithms, and (d) for calculating logarithms of consecutive numbers. 


Example 
(i) Find the coefficient of x* in the expansion of log (1—2+*) if |x| <1. 


1+2° 
log (1—2 +2") = log = log (1+ 2%) —log(1+72). 
1+z2 
6 t:) 
We have log (+28) = 42 4 (yt 4... 
2 3 r 
and log (1 -+2) = a- St. (“IS +... 


If r is not a multiple of 3, the coefficient of x is (—1)*-1/r. 
If r is a multiple of 3, the coefficient of a" is 
1 1 2 
— 1) -2 ~~ (~—1)r-1- = (-—1)7-2-. 
oe ear re Ga a Ga 


(2) Series reducible to logarithmic expansions. 


1 1 1 _ 4, ()? , 
Tataatgzat Kyte hg te 


= —log(1—4) = log2. 


If the series is not immediately recognisable, we begin by writing down the 
general term. 
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(ii) Sum to infinity 1 I 1 
L3 tt 2.5 ot 3.7 + voce 
_ 1 
is = (r+ 1) 

1 : : . 

Fe ong on using partial fractions, 
2 2 
Qr rl’ 


where the denominators are now consecutive numbers. Then 


1 1 
8, = 2(b-D+G-D+..4 (-as | 


> 2{1—log2} when n-—> oo, 
since log 2 = 1—44+4-4+.... 


The sum of the series is therefore 2—log 4. 


(iv) Find the sum to infinity of 


x ie x a x8 
1.2 2.3 3.4 
ar F 1 1 
Uy = = —-——}. 
* (7 +1) "\r =i) 
Up, = xa -— 
Ze Bem) 


© yt 1 2 grtt 


+... 
whenever it converges. 


provided that each series converges (12.32 (4)), and when —1 < 2 < 1 this is 


the case because the first is — log (1 — x) and the second is — (1/2) {log (1—2) +2}. 
Hence 


ce 1 
> & = (;-1)toga—2)+1 when -—-l1l<2<1l. 
r=1 


When zx = 1, 
1 1 1 


= = = 1—-—__>1 wh 
Uy eas) Reel Sn Pore gg when n -> 00, 


and the sum is 1. 


It is easily verified that the series does not converge unless —1 < x < 1, so 
the problem has been solved completely. 


v) Sum to infinit 1 1 1 
1 
Me Br(2r-+ 1) (2r+2) 
Se eee 
2r 2r+1 2r+2 
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and we find by the usual method that A = 4, B = —1, C = 4. Hence 
_4 1 $ 
Ue On Ort] | Or42 


_1fl 1 We sas | 1 
~ ONO Art) 2\2r+1 Ir+2)° 


|e’ © A Ve | 1 
ides (5- ea)a 2 2 (a- -553) 


— (log 2—1)—34(log2—1+4) when n>o, 


— log 2. 


Exercise 12(J) 


Find the coefficient of a* and give the first four terms in the expansions of the 
following, together with the conditions of validity. 


1 log(1—4z). 2 log(2+2). 3 log(1+z)?. 
1+a+22 
4 log(1+ 5a + 627). 5 (1—2z)log(1+72). 6 bog 


7 log(l1—2+2?—-2'). 
8 Expand log (1+ 2x + 32?) as far as the term in 2‘. 


9 If |x| > 1, expand log(1+)—logs in powers of 1/x, giving the general 
term. 


10 Taking x = 3 in 12.73(b), prove log2 = 0-6931472 correct to 7 places 
of decimals. 


11 Taking x = 3 in series (b) and using no. 10, prove log 10 = 2-3025851. 
12 Use series (d) and no 10. to prove log3 = 1-098612. 
13 Prove 2log7+log2 = 2log 10—o, where 


o- = 0-02 + 4(0-02)? + 4(0-02)% +..., 
and deduce that log 7 = 1-945910. 


Find the sum to infinity of the following series. 


14 — “98 tome ee 15 teateet 

16 Peete te |x| <1. 17 soteatpete 

18 Ss-sateqo 19 atecstmegt 

0 55 1.2.37 5 5.6.79. ‘a0 9.10.11° [w= gy at a4 Ga eae 
wae wis 3. 4r— aot teat -7)- i(s—a-s) consider ims, | 

21 2 ttt wfel<l. 9 22 Se vey [a] <1. 
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25 41agjoe (eda ete 


2 237 3\2? 25 
24 Ify = 2z*—1, prove (under conditions to be stated) that 
1 1 1 > e- 2 
wont t ane t = Ga Bye 


25 If —3a7 <a < 47, prove 


: ; Ls 
sin?'a+4sinta+...+—sin®"a+... 
n 


3 aint N41 gin 2n 
gaia gy poe pe 
2 n 
2a 
26 Iff(e) = 2+ S44... . and |z| <1, proves (7+ 5) = 27. 


12.74 Gregory’s series and the calculation of x 
If we put x = 1 in the result of 12.62 (5), we obtain 
47 = 1-34+3-Ft+..., 


a relation discovered by Leibniz. This series converges very slowly (see Ex. 12(m) 
no. 4) and is impracticable for calculating 7. 
A better method, given by Machin, depends on the result 


4tan-!4—tan- shy = 47, 


which we now prove. Let a = tan~!4, so that tana = 4 and 


tan 4a = —2 ten 24 2 tan 2a 4tana 2tana )? 
l— 1—tan?2a 1—tan2a ~ |1—tan?a 


“Leal teat 


= its, 
which is a number just greater than 1. Hence 4a is just greater than 47; if we 
write 4a = 47+ tan-12, then 


1 
420 = tan (i7+tan 2) = —e 
and 2 = 35. 
Thus on putting « = 4, g$s in Gregory’s series we have 


ay 1 1 1 1 1 + 
iv = 4\5— 37581 5.58 "| 7 [2307 3.9308] 
It can be shown that 6 terms from the first bracket and 2 from the second give 


m to eight decimal places; while 21 and 3 terms from the respective cece 
give 7 to 16 places. 


12.8 Series and approximations 


12.81 Estimation of the error in s=s,, 


Given a convergent infinite series, we can approximate to its sum 
to infinity by taking the first n terms. If the series has been obtained 
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by an application of Maclaurin’s or Taylor’s theorem as in 12.61, the 
remainder term F gives the error in the approximation (see 6.53); 
but owing to the indeterminate nature of the number 6, an estimate 
of R has to be made in practice. When F cannot be obtained explicitly 
because of difficulty in calculating f(x), or when the sum-function 
of the given series is not known, the method in 12.72 (1) can be used. 


Examples 
wy gt a 
(i) If we take p08 TE 2) ag Std 


then the error is (see 12.62 (3)) 


—1)%gntl 
Rane) or 
When zx > 0, 1+6x>1 andso |R,,,(z)| pte Per 
When z < 0, [1+6a| >1—0|2| > 1— |x| = 1+2, 
and [Rn+i()| <oce 
a yr-l 
(ii) If we take elie +.. ot Gee) Dr 


the error is (see 12.62(1)) R,(2) = (2*/n!)e9%. When 2 <0, e9*<1 and 
|R,(x)| < |z|"/n!; but if 2 > 0, e9* < e* and all we can assert is that 


|R,(2)| <—e, 
n! 


which is of no help since we are trying to approximate to e*. 
The error is a ght nt 


nl (n+l)! (+2)! 


=e = ol + 
~ nt n+l (n+1)(n+2) 7)’ 
and when zx > 0 this is less than 


x 14 x i" : A _ a" 1 
n! n+1 (n+l)? “") ntl—a/(n+1) 
if ¢ <n+1, on summing the a.P. Thus if x > 0 and n > x—1, the error in the 


approximation is less than 
x" n+1 


nin+l—a2 


The argument just used is essentially that in Proof (a) of d’Alem- 
bert’s ratio test (12.42). 
If |Ups1/u,| < k < 1 for all r > m, the error in taking s = 8, (n 2 m) 
is numerically less than |u,.1|/(1—%). 
33-2 
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For when n > m, [tnie] < & [tesa 


2 
[unt] <b |tnie| < H|tnial, ete. 
The error after n terms is 
Un+t a Un+e zs Un+a Ties 


which is numerically less than or equal to (cf. 12.52, ex. (iv)) 


|etn+a| + |en+2| = \un+s| + eee 


< |Unsi|(L+h+h? +...) 


= [ener x T=2 


on summing the G.P., since 0 < k <1. 

Another useful result is based on Leibniz’s rule (12.51). 

If for all n > m the terms of a series alternate in sign and steadily 
decrease to zero in numerical value, the error in taking s = 8, (n > m) 
cannot exceed the modulus of the first term neglected. 

Let the series be 


Uy — Ug + Ug — 0 +(—1)™ 1 a, + (— 1) tag tees 


where for all n > m, u, > 0 and u,,, < u,. The error after n terms 

Ane (— 1)" {Unga — Unset Unis — +++} 

The argument in the proof of Leibniz’s rule shows that, for n fixed, 
Unti— Unset Unig — ++ 


converges to a limit H,,, where 0 < EH, < u,,,. Hence the numerical 
value of the error does not exceed w,,,,. 


Example 


(iii) Consider ex. (iii) in 12.71: we wish to show that all terms after the 
fourth in the expansion of (1+ 0-02) cannot influence the 6th place of decimals. 
The general term is 
4.-—4.-8... (4-741) 


r! 


(0-02) = - = 0-01) (r > 1). 


(0-02)" (r> 1). 


Urs = 


Urve $—r 
Upsy fot 


Hence for r 2 1 (i.e. from the second term onwards) the signs alternate; 
and since or—1 


r+l1 


3 
0-01) = |2-———_] 0-01 -02 
wan = (2-,2;)o01<oan 


12.82] SERIES 479 


the terms steadily decrease numerically. Hence the error is numerically not 
greater than 


= 8 ns BS A 
ABT E =F (os02y| = Sep (0-02) = 6-25 x 10-* 


12.82 Formal approximations 


The following examples illustrate methods of obtaining approxi- 
mations, but no error estimate is made. 


(i) If x 1s small, find the best approximation for log (1+ 2) which has the form 


ax x(1 + az) 
(4) j + bar’ (2) 1 + ba + cx?" 
(a) By expanding both sides of 
ax 


when z is small, we have 
x—ta*?+4e3—... = ax(1—bx+b*x?—...) 
= ax—abz? + ab*z3—.... 


This will hold approximately for all small x if a = 1 and ab = }, ie. b = 4. 
The expansions differ in their z*-terms since ab? + 4. Hence 


: 2x 2 
log(1+2) = d4a correct to order x*. 


(b) A similar method could be used, but the following is more convenient. 

From a(1+ax) = (14+ b2+ cx?) log(1+72), 
w+ ax® = (1+ ba + cx*) (a— 42" +403 — Jot+...) 
= 2+ (b—4) a2? + (c—464+4) 22+ (—404+4b—-4)at+.... 
We can obtain three equations for a, b, c by equating coefficients of x, x3, x*: 
a=6b-4 O=c—}b+4, 0=—4c+4b-4, 
from which a = 4, b = 1,c = 4. Hence 
(1+ 32) - 

1+ 2+ 42?’ 


and since it can be verified that, for these values, the coefficient of 25 on the 
right is non-zero, this approximation is correct to order x‘. 


. 1\" A odd 1 
(ii) Prove (142) =e(1-5.+555+0(5))- 


If y = (1+1/n)*, then 
logy = nlog (1 +) 


= ie TL 
= Nn Ont” Bn8 n't 


1 1 1 
= 1-5, + 5+ (5) 


log(1+2) = 
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Writing exp (x) = e* for ease of printing, we have 
7 pce eae 
ye Pant ant Nn 
1 1 1 1 1 1 1 \\? 1 
= ueeoae Watcs Bice eRe pene ee By @ 6a ans 
ef 1+ rita t (cs) | +a: ont Bn ()) +0(5) | 
1 11 1 
=e [1-5 +s O() | 


(iii) If p is small, prove that a root of the equation e*+x2 = 1+ p is approxi- 
mately $p — gp. 
For a first approximation we expand the left-hand side as far as terms in =: 


1+27%=1+ 7, . w=. 
For the second approximation, expand as far as a*: 
l+2e+4he%+1l+p, ie. 2x(1+42x) =p. 
Using the first approximation} x + ip, this becomes 
2a(1+ sp) = P, 
80 & = $p(1+ hp)" = 4p — rep". 


12.83 Calculation of certain limits 


Example 
a 
Find ree as 
x» &—log(1+2) 
2 
We have e* = l4+a+5 +ac%, 
h _1 i « # 
where a= git ait Bit” 
1 lel, le? 
els aie 
ed (prided ee 
3! 4 42 -) 
1 1 
=———— if 4. 
311—2 [2 as 
a2 
Similarly log(1+2) = 2 — + bx", 
1 |e, |e? 
S$ -+—+—t1... 
where [b| na rae 5 + 
< $(1+|z| + |2|?+...) 
1 41 
—— if 1. 
31-9] if |z|< 


+ To keep the working linear in =. 


12.83] SERIES 481 


Hence e*—l-x a ales a 
x—log(1+xz) 2! 2 

_ ite 

~ $—be 


The above argument is often given incompletely as follows: 


>1l1 when 2x-0. 


e*—l1—ax - 
—log(1 pie a 
+9 &—log(1+xz) 2-0 e-(2-F+...) 


The result is easily obtained by two applications of ’Hospital’s rules (6.9). 


Exercise 12(7) 


Prove the statements in nos. 1-4. 
1 The error in taking log {(n + 1)/n} = 2/(2n +1) is less than 


1 
6n(n+1)(2n+1)° 
2 The remainder after n terms of 
1 1 1 1 
tiitatgit 
1 1 1 
lies between 1+ ——_]}]— and {1+- a 
n+1] n! ni ni 
3 If |x| < 1, the error in taking 
1l+z2 x gies! 
1 = a 
ge eg te 


is less than the numerical value of 2?"+1/{(2n+1)(1—2?)}. Putting n = 2, 
prove that log 11 = 2log 3 + 0-20067 correct to 5 places of decimals. 
*4 The error in taking 


dq = 1—4+4-—...4+(-—1)" 


2n-—1 
is numerically less than 1/(2n +1). Deduce that the first 50 terms of the series 
give 47 correct to only two places of decimals. 

5 Use the expansion of (1 —-A;)-* to find ./2 correct to 7 places of decimals. 

6 By considering (1+ 73;)*, show 92 = 1-2599211 correct to 7 placea of 
decimals. 
Verify the following formal approximations for small x. 


2n+(n+1)x _n'-1 , 


TNT! eaeaja’ lane 
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8 e*//(1+ 2x”) = 1+2?%— 425. Write down the corresponding approximation 
for 1/{e*,/(1—2m)}. 
9 log {$(1+e")} = 4v+42? correct to order x°. 
10 (1l+2)'+* = 14+a2+2?+ $25. [Take logarithms.] 


x Bg ae 
ni 1 2*1B 720° 
12 Find an approximation of the form a + bz for (8 + 3x)#/{1 + (1—2)®(4+ x) 4}, 

x being small. 


13 Find an approximation of the form a+bx+ cx? for 1/{(l—2)/(1+2)}, 
x being small. 


14 Find approximately the small positive value of x which satisfies 
(1+2)5 = 1-03(1 —2)3. 
15 Neglecting 2‘, prove that e*log(1+2) +—log(1—x). Hence find an 
approximation to the root of e*log (1+) = 4 which lies between 0 and 1. 
16 If p is small, prove that x = p—p? is an approximate solution of xe*= p. 


17 If p is small, prove that a root of zlogx+a2=1+ p is approximately 
1+ 4, and find a closer approximation. [Put # = 1+h, where h is small.] 


[Method of 12.82, ex. (i) (b).] 


Calculate the following linuits. 


= or | 
19 Aim “= EE) 19 lim“— (a> 0). 
Miscellaneous Exercise 12(n) 
n Qn 
1 Prove >) : 


A ri(n—r)! nl 
2 Prove (cote, t+... +n)? = 14270, + 2C gt... +2" an. 
3 Calculate c?+c?+...+c¢®, and prove 
o2 + 2c2+...4+nc2 = 4n(ch+ci+...+c?). 
4 (i) Verify the identity 
(l+2)" = 1+a2{(1+%)*-14+(1+2)"-?+4+...4+(1+2)+]}, 
and use it to prove "C,,, = "10, + "%-20, + "°C, +...+°C, forO0<r<n. 
*(ii) Conversely, assuming this relation, prove the binomial theorem. 


5 For the series (1) + (3+ 5) +(7+94+11)+(134+ 15+17+19)+..., find 
(i) the number of terms in the first 7 — 1 brackets; 
(ii) the first and last terms of the rth bracket; 
(iii) the sum of the terms in the rth bracket. 
(iv) Write down the sum to m terms of 1+3+5+..., and show that the sum 


n 
of the terms in the first n brackets is 72, where ¢, = }) r. 
r=1 


n nr 2 
Deduce from (iii) and (iv) that >) r? = ( > r) : 
r=1 r=1 
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Find the sum to n terms and to infinity of 


ae eee ee ee ae 
1+2 14243" 2.3.4 3.4.5 4.5.6 ~~ 


8 Ifr > 0, prove tan— (1/27?) = tan- (27 + 1) —tan—1(2r—1). Hence find 


>» ae (zs): 

9 Ifn straight lines are drawn in a plane so that no two of them are parallel 
and no three concurrent, the number of regions into which the plane is divided 
is denoted by f(n). Prove f(n+1)—f(n) =n+1, and deduce the expression 
for f(n). 

10 Prove that (1+ 2cos2+2cos2x¢+...+2cosnx) sin $v = sin (n+ 4)”. 


[Ea 


Deducesthatt ane 
0 x 


dx =7 


when n is a positive integer or zero. What is the value when n is a negative 
integer? 
11 (i) Prove 
sin nz 


1 
= 2cos(n—1)x%+2cos(n—3)a+.. +{ 


sin x 2 cos x 


according as n is odd or even. Deduce that 


7 gin nx 
: dx=m or 0 
9 sing 


according as 7 is an odd or even positive integer. 


T [i 2 
(ii) Prove I CG =) dx = nn 
9 \sina 
for all positive integers n. [Square the relation in (i), and use Ex. 4(f), no. 30(i).] 
in 0 0 6 
12 Prove that Pa 2” cos— 5 COs 55+ COB 55+ 
Deduce the values of 
Gee 0 ee | 0 ene | 0 
(i) 2) log cos oa (ii) p>) oF tan a (iii) »»y a tan or 


Use Mathematical Induction to prove the following (nos. 13-16). 
13 14—24+34-... to n terms = (—1)"-? 4n(n3+ 2n?— 1). 


14 = (x™-lelle) = (— 1)" eVa/yntt, 


1 I I 
st te al yas ay 
then n= 1—$4+4-4+4. = cee, Bile. 

2n—1 2n 
Deduce that lim w,, = log 2. 
N->c 


+ In nos. 10, 11 the expression (sin mx)/(sin x) is defined to be m when x =0; 
i.e. the definition is ‘completed by continuity’ (see 2.64). 
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16 If Uyyg— (4+) Uns + eu, = 0 for n > 1, then 
(&—f) Uy = (@"-1— BP) ug — a B(e"-2 — B"-*) w,. 
17 If, denotes the sum of n terms of 
By ce See ke a 
l+a 1+a% 1+a4 1+a8 1436 


prove that 8, = x/(1—x)—ma™/(1—2™) where m = 2" and x + 1. Deduce that 
the series converges when |x| < 1. [Either use Induction, or take logarithms 
and derive the identity obtained from 


1 l+e@ _ (1+a)(1+2%) _ 


l-x 1-2 1—2a* 
: 1 1 _ 7m 
18 Assuming that l+atgat- =| . 


prove that 1 7m 1.1.i m 


(i) ltgtat-. = 3° (ii) I-atmopte = 12 
19 (i) Find the coefficient of x* and of xz’ in the expansion of 
(L4+a+ax? +23 + x4)8, 
(ii) How many solutions in non-negative integers has the equation 
(a) a+b+c=4; (b) a+b4+c=7? 


20 In how many ways can a total of 10 be thrown with three dice of different 
colours, the faces being numbered 1, 2, 3, 4, 5, 6? [We require the number of 
positive integral solutions not greater than 6 of the equation a+b+c = 10. 
This number is the coefficient of x!° in the expansion of 


(a + 2? + 0:5 + ort + 025 + o7®)8,] 
21 Ifz?+pxr+q = 0 has roots &, £, prove that (for a range of x to be stated), 
—log (1+ pa + qu) = (a +f) e+ Ha2-+ B%) 2? + (a8 +f?) ae +... 


22 A circular arc subtends an angle 0 at the centre of the circle, and a, b, c 
are the lengths of the chords of the arc, of 3 of the arc, and of $ of the arc, respec- 
tively. Find numbers 2, y, z independent of 0, a, b, c such that the length of the 
arc is approximately ax + by + cz, correct to order 0°. [Use the series for sin x.] 


Find the sum to infinity of 
3 3.9 3.9.15 r+2 

23 14+-+——+——_ +... —————.. 
; ae 8.16'8.16.24° os r(r+1)3° 

2 4 6 8 2 3 4 
25 RB tort 26 tier st 

r+3 1 9 9.15 9.15.21 

a ae eee 
sa r+1(r—1)! = 16 16.24" 16.24.32" 
7 ace + + 

2.3 ' 2:33.65 3.4.17 459° °°" 

= 22 2yn® «4B 

30 = r—2 31 14 x B%a2® 42 


(r+) (r +3) at ort gr 
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ar 
x2 —————— (-l <2). 
ne eC ( a) 
Pind gi2 +e Wiis 

33 (i) 145 +a+igt: es ji) 5 tht: see 
34 If p> 1, prove 

hee <1 Sioa : 

_ — (@) — 

p spt 8 p—1~ p” dp8 + Sp(p?— 1)" 


Taking p = 26, 31, 49, calculate log 5 to 3 places of decimals. [Choose a, 6, c¢ so 
that alog 23+ blog 32+ clog $2 = log 5.] 


35 Denoting by "P, the number of arrangements of n unlike things taken r 
n 
at a time, prove 1+ >) “P, = the largest integer less than e(n!). [Use Ex. 12(m), 
r=] 
no. 2.] 
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13 


COMPLEX ALGEBRA AND GENERAL 
THEORY OF EQUATIONS 


13.1 Complex numbers 


13.11 Extension of the real number system; ,/(— 1) 


Consider the six equations 


2x = 6, (i) x? = 9, (iv) 
2a== 5, (ii) eS 2, (v) 
2x+3 = 0, (iii) x?2+1=0. (vi) 


If we knew nothing about fractions or negative numbers, we should 
only be able to assert that (i) and (iv) are both satisfied by x = 3, and 
that the others have no solution (i.e. that we could find no natural 
numbers which satisfy these). 

If we are subsequently acquainted with fractions (i.e. if our list 
of numbers is extended by admitting rational numbers), we can say 
that (i) and (iv) are satisfied by 3, while (11) is satisfied by §. The others 
would remain insoluble. 

Not until signed numbers are introduced can we solve (iii) by 
a = —3; and then (iv) is found to have two solutions + 3. We still have 
no solutions for (v), (vi). 

To enable us to say that (v) has a solution (the necessity for doing 
this was indicated in 1.11), we introduce the number ,/2 which can 
be proved (see 1.11) to be non-rational. Even then, (vi) has no solution. 

It will now be clear that what can be said about solutions of equa- 
tions (i)-(vi) depends entirely on what we are prepared to call a 
‘number’. In other words, the possibility of solving a given equation 
depends on how far the concept of ‘number’ has been extended. Fractional 
and negative numbers enable all linear equations with integral 
coefficients to be solved, but not all quadratics. 

If we attempt to solve (vi), written in the form x? = — 1, inthe same 
manner as for (v), we should obtain the formal solution 2 = ,/(— 1); 
that is, ,/(—1) is what we should write for the solution of (vi) if such 
a solution existed. Whether or not (vi) can have a solution depends on 
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the meaning of ‘number’, so that a question like ‘Does ,/(— 1) exist?’ 
is futile until we specify what kind of ‘numbers’ we are going to work 
with. 

Hence we have two alternatives: either (a) we leave ./(—1) as a 
meaningless symbol; or (6) we generalise still further the concept of 
‘number’ to include such expressions as this. It is clear that, unless 
we choose (6), we can never have any complete theory even of quad- 
ratic equations. To arrive at our generalisation we follow the historical 
sequence of development; we use the symbol 7 as an abbreviation 
(introduced by Euler) for ,/(—1) in 13.12, 13.13. 


13.12 First stage: formal development 


At first 7 was regarded as something mathematically disreputablet 
whose use, nevertheless, gave results quickly and simply to problems 
which could be solved more laboriously by other (respectable) means. 
The procedure was formal: 7 was treated like an ordinary algebraic 
symbol (with the peculiarity of satisfying 7? = — 1), and was used in 
the spirit of ‘press on and see where we get’. Cardan (1501-76) was 
probably the first to do this. 

Accordingly we should have (a, b, c, d being ‘ordinary numbers’): 


(a+ bi) +(c+di) = (a+c)+(b+d)i (i) 
by regrouping and taking out the factor 7; 


(a+ bt) (c+dt) = ac+adi+ bei + bdr? 
= (ac — bd) + (bc + ad) (ii) 
by first multiplying out the brackets, and then using 77 = —1 and 
grouping. 

Also, if a+bi =c+di, then a—c = (d—6)%. Squaring both sides 
gives (a—c)? = —(d—6)?, which would assert that a positive number 
is equal to a negative number and is a contradiction unless both are 
zero, i.e. a—c = QDandd—b = 0. Hence 


if at+tbi=c+di, then a=c and b=d., (iii) 


These examples show how expressions involving 1 would behave 
if the rules of ordinary algebra are assumed to apply to them. 

Owing to the mystery associated with it, 1 was named an imaginary 
number, and expressions involving it imaginary expressions; while 


{ Earlier, negative numbers carried a similar stigma. 
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ordinary numbers and expressions were called real when contrast 
was desirable. 

This intuitive approach, however unsystematic it may appear, did 
in fact lead to many advances because it produced results which 
could be verified subsequently by orthodox means. 


13.13 Second stage: geometrical representation 


In the spirit of 13.12 we see that if any real number a is multiplied 
by 1, we obtain an imaginary number ta; multiplying again by 7, we 
get wa = 12a = —la = —a, which is again a real number. Thus two 
successive multiplications by i convert a real number into its negative. 


ee \ 
P’ if \ P 
eg 
-@a Oo a fy) 
Fig. 125 


Consider now the geometrical representation of this result. Suppose 
for definiteness that a is positive, and let OP be the corresponding 
segment of the x-axis. Then two multiplications by 1 have the effect 
of rotating OP, originally along the positive z-axis, through two right- 
angles (say in the counterclockwise sense, to agree with trigonometrical 
conventions) to position OP’. It is therefore reasonable to interpret 
one multiplication by 7 as turning OP counterclockwise through one 
right-angle. Hence the imaginary number ia is represented by a point 
P" at distance a, measured along Oy (fig. 126). Similar considerations 
apply when a is negative. 

This geometrical representation was published in 1806 by Argand, 
although others had the idea a little earlier. In it we are regarding 1 
not as a number at all, but as an operator which rotates lines OP 
counterclockwise about the origin O through a right-angle. (Observe 
. that ordinary numbers can also be interpreted as operators in the 
process of multiplication: the 2 in 2a as the operator which doubles 
the length of OP and preserves the sense; the —2 in —2a as the 
operator which doubles the length of OP and reverses the sense; 
and so on.) 

We can now represent real numbers by points on the (positive or 
negative) x-axis and imaginary numbers of the type ia by points on 
the (positive or negative) y-axis. Can expressions of the form a+ bi 
be represented? If we interpret this as corresponding to a step of 

+ And still are (see 1.11). 
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length a along Ox, followed by a turn counterclockwise through one 
right-angle and a step of length b parallel to Oy, we end up at what 
we should refer to in graphical work as the point (a, b), say Q (fig. 127). 

Although the interpretation of 7 as an operator and Argand’s 
representation of a+6i both have important applications, the signi- 
ficant thing at this stage is that we are led away from the vague 
‘imaginary expression’ a+bt towards the familiar and precise idea 


Fig. 126 Fig. 127 


of the coordinates of a point (a,b) in a plane, i.e. a pair of numbers 
a, b taken in a definite order. It is from this notion that we can re- 
construct the theory of ‘imaginary’ numbers on a logical basis. 


13.14 Third stage: logical development 


(1) Our aim nowis to make a fresh start by setting up and developing 
an algebra of ordered number-pairst. That is, we begin with the definite 
idea of a pair of numbers, and as far as possible try to retrace our 
steps to get at 7 indirectly. This approach is contained in the work of 
Gauss (1777-1855) and others. 

We write our number-pairs, usually called complex numbers, as 
[a, b] where a, b are ordinary (real) numbers. As we are about to invent 
a new kind of algebra, we can make the rules as we please provided 
they do not contradict each other or lead to contradiction. However, 
our purpose is to make the new algebra as much like ordinary algebra 
as possible; and so, with a view to preserving the structure of the formal 
results (i)—(iii) of 13.12, we define the fundamental operations with 
number-pairs as follows: 

(a) Equal number-pairs. 


[a,b] =[c,d] ifandonlyif a=b and c=d. 


+ The reader is in fact already skilled in dealing with ordered number-pairs of 
another kind, viz. ordinary fractions: see Ex. 13(a), no. 26. 
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(b) Addition of number-pairs. 
[a,b]+[c,d] istomean [a+c,b+d]. 
(c) Multiplication of number-pairs. 
[a,b|]x[c,d] isto mean [ac—bd, bc+ad]}. 


Since subtraction is the opposite of addition, we can define 
[a, b]— [c,d] to mean the number-pair [x,y] such that 


[2, y] an Le, d] = [a, b}. 
By (6) this gives [x+c,y+d] = [a, }], 


which by (a) implies 
xte=a and yt+d=b); 


hence x=a-—c, y=b-d, 
so that [a, bj—[c, d] = [a—c, b-d]. 


Similarly, the quotient [a,b]+[c,d] can be defined in terms of 
multiplication to be the number-pair [z, y] such that 


[x,y] x [e,d] = [a, 5]. 
By (c) this gives [xc — yd, yc + xd] = [a, 5], 
and so by (a) xe—yd=a and yce+ad=b. 
If c, d are not both zero, we can solve these simultaneous equations 


Eee: _acthd bead 
~ 24 gq?’ I~ ag 
Hence if [c, d] + [0, 0], 


_ fac+bd be—ad 
[a, b|+[c, d] = Eee ae |: 


(2) By using the above definitions we can show that complex 
numbers obey all the laws of ordinary algebra. For example, 


if [a,b]x[e,d] = [0,0], then [a,b] or [c,d] or both will be [0, 0]. 
For the hypothesis and the definition of ‘multiplication’ show that 
ac—bd=0 and bc+ad=0, 
and so 0 = (ac—bd)?+(bc+ad)? = a’c* + bd? + bc? + a*d? 
= (a? + b?) (c?+d?). 
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Hence at least one of the real numbers a? + 62, c2 +d? must be 0; and 
this implies a = 0 = b, orc = 0 = d, or both. The result follows. 
See also Ex. 13 (a), nos. 19-25. 


(3) Application of definitions (5), (c) to number-pairs of the form 
[2,0], [2,0] gives fg 0} + [c, 0] = [a +e, 0], 
[a, 0] x [c, 0] = [ae, 0]. 


Apart from the presence of the brackets and the second part 0 in 
each pair, these results are exactly like the laws of addition and 
multiplication of the ordinary numbers a, c: the laws of combination 
of complex numbers [a, 0] and real numbers a are structurally the same. 

Owing to this fact, we agree to abbreviate [a, 0] toa, and in particular 
we write 1 for [1, 0]. (There is a precedent for this: we agree to write 
2 for +2, etc., because the (unsigned) natural numbers and the 
positive signed numbers behave exactly the same algebraically.) 

In definition (c) let us now choose a = 0,c = 0,b = 1,d = 1. Then 


[0, 1] x [0,1] =[—1, 0], 
i.e. [0, 1]? = [—1, 0]; 


and according to our agreement about abbreviation of the right-hand 
side, this can be written [0,12 =—1. 


Thus in the algebra of number-pairs there is an element whose square 
is equal to — 1, viz. [0, 1]. Let us abbreviate [0, 1] to 7; then we have 
number-pairs + and —1 for which 2? = —1. 

By definition (5), 


[a, 6] = [a, 0} + [0, 5] 
= [a, 0]+[6, 0][0,1] by definition (c), 
=ath by our abbreviations. 


If we now rewrite definitions (a), (b), (c), replacing [a,b] by a+ 01, 
etc., we recover the results (iii), (i), (ii) respectively in 13.12; but now 
these results are consequences of our definitions and agreement about 
abbreviations, and all numbers in them are actually number-pairs 
although they appear to be ordinary numbers. 


+ We say that there is an isomorphism between the complex numbers of the form 
[a, 0] and the real numbers a. 
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Since [b, 0][0, 1] = [0, 1][b, 0], as is easily verified, we can write 
[a,b] as a+b instead of a+6: when convenient. Our conventions 
amount to writing a for a+ 01, 7 for 0+ 11, and bi for 0+ bi. 


(4) Conclusions. In the algebra of real numbers (‘ordinary algebra’), 
/(—1) does not exist. In complex algebra (the algebra of ordered 
number-pairs) there are pairs abbreviated to 1, — 1 which do satisfy 
2? = —1, so that this pair i has the property which ./(— 1) would have 
(if it existed) in real algebra. 

Correct results in complex algebra are obtained by applying the 
laws of ordinary algebra to the number-pairs in their abbreviated 
form a+bi, with the replacement of 1? by —1 whenever it occurs. 
That is, the intuitive work of 13.12 is correct, provided we realise 
that we are handling abbreviations for pairs. 

Remark. The relations ‘less than’, ‘greater than’ are not defined in 
complex algebra; e.g. it is meaningless to write 3+2i < 4+5i. In 
particular, the terms ‘positive’, ‘negative’ cannot be applied to 
complex numbers. 


13.15 Importance of complex algebra 


Complex algebra provides a method for proving results of real algebra. 
This is so for two reasons. 

(i) A single equation in complex algebra is equivalent to two 
equations in real algebra, by definition (a) in 13.14. Hence pairs of 
results can be obtained from one calculation, thus making for economy. 

(ii) From any general relation between complex numbers there can 
be obtained a special case by taking the second parts of all numbers 
to be zero. Because of the exact correspondence between complex 
numbers [z,0] and real numbers x (13.14 (3)), we deduce a relation 
in real algebra. 

These remarks will be illustrated in this chapter and the next. 

Complex algebra offers generality and completeness. For example, we 
can assert that in complex algebra every quadratic equation has two 
roots (possibly equal). 

Since complex numbers arose from the attempt to solve all quadratic 
equations (and in particular the equation z?+1 = 0), we may wonder 
whether consideration of equations having degree greater than 2 
would lead to some higher form of complex number, say ‘super- 
complex numbers’. The answer is No, because in 13.42 it will be 
proved that in complex algebra every polynomial equation of degree n 
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has 7 roots (i.e. the roots are themselves complex numbers). Thus 
complex algebra has a finality which the real number system lacks, 
and no further generalisations can be obtained in this direction. 


13.16 Further possible generalisations of ‘number’ 


(1) Ordinary algebra is 1-dimensional, i.e. any real number can be repre- 
sented by a point on a line, say the axis of x. 

Complex algebra is 2-dimensional, since a complex number is represented 
by a point in a plane, with reference to two axes. 

Is there a 3-dimensional algebra—an algebra of ordered triplets [a,b,c]? 
Hamilton (1805-65) considered this problem and showed that no genuine 
‘algebra’ could be constructed, although a system of elements (which may be 
called vectors) of the form ai +bj+ck where a, b, c are real numbers and i, fj, k 
denote [1, 0,0], [0, 1,0], [0,0,1] would obey some of the usual laws, and is 
useful in 3-dimensional mechanics, for example. 

However, Hamilton did construct an algebra of ordered quadruplets [a, b, c, d] 
or quaternions, in which all the usual laws are obeyed except that xy + yx. We 
could similarly think of an ‘algebra’ of n-vectors [a,,@,...,@,] or even of 
infinite sequences [a,, G2, As, -.-]. 


(2) Further, we may consider arrays with more than one row, e.g. 


abe 


a b abe 
( ) ’ ( de ? ’ de f » ete., 
g hi 
where the elements are real numbers. With suitable laws of combination, the 
algebra of rectangular arrays or matrices would be obtained. Although such an 
algebra was originally investigated for its own sake, it is now widely used, 
e.g. in theoretical physics and much geometry. Nor is there need to restrict 
the elements to be real. 
The reader must seek elsewhere for development of these suggestions. 


Exercise 13(a) 
Simplify and express in the form X + Yi: 
1 (24+ 7i)+(344i). 2 (24+74)—(34+44). 3 (2+ 61) +(5—3%). 
4 (24+6i)—(—5432). 5 (34+54)(2432). 6 (445%) (4—5%). 
7 (3+51)+(24+3s). 8 (645%) /(3422). 
9 (1+72)?, and hence (1 +7)4, (1+7)®. 
10 (1472) (14+ 22) (1432). 11 (cos8+z2sin 0) (cos$+7sin ¢). 
12 (cos@+7sin 0)/(cos ¢ +7sin ¢g). 


13 Calculate (a+bi)/(c+dt) by the process analogous to ‘rationalising the 
denominator’ with surds: 


a+bi  (a+bt)(c—di) _ (ac+bd)+(be—ad)i 
e+di (c+dt)(e—di) oc? +d? : 
which agrees with 13.14(1). 
Solve nos. 7, 8, 12 by this method. 


34-2 
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14 If Z=X+4+ Vi and Z= (z+1)/(z—1) where z= 2+yi, express X, Y in 
terms of x and y. 
15 Complex numbers z,, z, are given by 


7 
| ee ee | 


and z is defined by pi ae 
1 


Find the values of w for which z is of the form x + 02. 

16 If /(a+bi) =2+yi and x>0, prove z?—y? = a? and 2a2y = b. Hence 
express 4/(3 + 42) in the form x + yi. 

17 Express (x+yi)? in the form X+Y7%. Write down the corresponding 
expression for (#— yi)%. 

18 Prove {4(—1+7./3)} = 1. 


By direct appeal to the definitions (a)-(c) in 13.14(1), verify that complex 
numbers satisfy the following algebraic laws. 
19 [a,b]+[c, d] = [c,d]+[a, 6] (commutative law for addition). 
20 [a,b] x [c,d] = [c, d] x [a, b] (commutative law for multiplication). 
21 ({a,b]+[c, d]) +[e,f] = [a, 6) +([c,d]+[e, f]) (associative law for addition). 
22 ([a, 6] x [c,d]) x [e, f] = [a,b] +([c,d] x [e, f]) (associative law for multi- 
plication). 
23 ([a,b]+[c,d]) x [e, f] = [a,b] x [e, f]+[e, d] x [e, f] (distributive law). 
24 [a,6]+[a,b]+... ton terms = [a,b] x [n, 0], each being equal to [na, nb]. 
25 By using the multiplication rule, verify that —7i=[0,—1] satisfies 
e+1=0. 
26 Consider ordered number-pairs {a,b} of integers (positive, negative or 
zero, but with b + 0) which satisfy the following laws: 
(a) {a,b} = {c,d} ifand only if ad = be; 
(6) {a,b} + {c, d} = {ad + be, bd}; 


(c) {a, b} x {c,d} = {ac, bd}. 


Obtain expressions for {a, b} — {c, d} and {a, b} + {c, d}. Verify that this algebra 
is isomorphic to (i.e. the same in structure as) the algebra of rational numbers 
(fractions). (We could define fractions abstractly in terms of integers in this 
way.) 


13.2 The modulus-argument form of a complex number 


13.21 Modulus and argument 


We saw in 13.13 that the complex number z + yi (or x+7y) can be 
represented uniquely by the point P(x, y) in the zy-plane. If P has 
polar coordinates (r, 0), then (see 1.62, and fig. 25) 


x=rcos#, y=rsin8g, (i) 


and so x+yt = r(cos0+z7sin 6). (ii) 
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When x + yi is so expressed, and r is restricted to be positive (cf. 1.62), 
then r is called the modulus and 0 the argument of x+ yt, respectively 
written |x + yt|, arg (x+y).t We may think of 2+ yi as ‘the number r 
in direction 0’, a generalisation of the idea of ‘directed number’ as 
presented in elementary algebra. 

It is customary to write z for x+ yi, and to write r = |z|, 0 = argz; 
z may be called the number of the point P in Argand’s diagram, and 
sometimes P is called the affix of z. 

Frequently it is necessary to express a complex number, given in 
the form 2+ yi, in terms of its modulus and argument. From equa- 


tions (i), r= +,/(22+y?) (iii) 
since r is restricted to be positive; and 
cos@:sin@:1 = x:y:4+,/(7+y’), (iv) 


which gives a unique value of 9 in the range —7 < 6 < +7. Any value 
differing from this by any positive or negative integral multiple of 
2m would give the same point P and consequently is a possible value 
of argz. Thus argz is a many-valued function, and we define its 
principal value to be that in the range —7 <0 <7. (The single 
equation tan@ = y/x does not determine argz because it gives two 
values for 0 in this range.) 


Examples 
(i) Hapress (5 +4)/(2+ 32) in modulus-argument form. 
B+i  (5+4)(2—3i) | 13-134 

24+3i (24+34)(2-3:) 449 


We require r, 8 such that rcos@ = 1, rsin®0 = —1. Hence r = +./2, and @ is 
given by cos@:sin@:1 = 1:—1:./2; the principal value of the argument is 
therefore — 37. The required result is 


(2 {cos ( — $7) + tin ( — 47)}. 
(ii) Express 1 —cos0—7sin 6 in modulus-argument form. 
1—cos6—‘isin # = 2sin? 40 — 2¢ sin 36 cos 40 
= 2sin 40 (sin $0 —icos $0) 
= 2sin $0 {cos (40 — 47) +7sin (40 —47)}. 


This will be the required result if sin 40 > 0, i.e. if 2na < 40 < (2n+1)7. 
If (2n—1)m < 40 < 2nz, then sin 40 < 0 and we must write 


1—cos 0—isin 9? = — 2sin 40{ —cos ($0 — $7) — isin (40 —47)} 
= — 2sin $0 {cos ($0 + 47) +isin (30 + 47)}. 


+ Sometimes 6 is called the amplitude of x+yi and is written am(r#+yt) or 
amp (2+yt). 


= 1-72. 
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In numerical cases like ex. (i) the modulus and argument can usually 
be written down easily after drawing a sketch. 

We remark here that the complex number z, represented by the 
point P(x, y), can also be associated with the displacement OP in the 
sense from O towards P. Given the axes, there is an exact correspond- 
ence between the complex number x+ yi, the point P(x, y), and the 
vector OP. Also see 13.32. 


13.22 Further definitions, notation, and properties 


(1) We agreed in 13.14 (3) to abbreviate a complex number z of the 
form z+ 01 tox. Itis customary to go further and call z ‘real’, although 
this double use of ‘real’ is most unfortunate. Similarly a number of 
the form 0+ yi is shortened to ty and called purely imaginary. 

If z is ‘real’, then it is represented by a point on the x-axis; and 
arg z = 0 or 7 according as z (i.e. #) is positive or negative. 

If zis purely imaginary, it corresponds to some point on the y-axis; 
and argz = + 47 according as y = 0. 


(2) Real and imaginary parts. In the complex number z = «+ yi, 
xis called the real part (or first part) and is sometimes written x = &(z); 
and y is called the imaginary part (or second part), written y = (2). 
The process of deducing from the relation z, = z, that x, = x, and 
Y1 = Y2 1s called equating real and imaginary parts, respectively, 

If z,, 2, are expressed in modulus-argument form as 


r(cos0+i2sin@), s(cos¢+zsin ¢), 

then from r(cos6+2sin 0) = s(cos¢+7sin ¢) 

it follows by equating real and imaginary parts that 
reos?=scos@ and rsin# = ssing. 


Squaring and adding gives 7? = s, so that r = s since 7, s are positive. 
The two equations now become 


cos = cos¢, sind = sind, 


so that in general 0, d differ by some integral multiple of 27. If 0, d 
denote the principal values of arg z,, arg z,, then 0 = @. 

The process of deducing from z, = 2, that |z,| = |z,| is called taking 
moduli. That of deducing argz, = arg2, is called taking arguments. 
This equation holds for principal values of ‘arg’; but since ‘arg’ is 
many-valued, we may write arg z, ~ arg z, to emphasise that any value 
of the left-hand side is also a value of the right, and conversely. 
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(3) Conjugate complex numbers. Given a complex number z = 2 + yi, 
the number «—yi obtained by changing the sign of ¢ is called the 
conjugate of z and is written Z (or sometimes z* when the previous 
notation is required to denote ‘average value’). Conjugate complex 
numbers have the following properties. 

(i) The product 22 = (u+yi)(a—yt) = 22 +y? = |z|? ts ‘real’. 

(ii) The sum 2+Z = (w+yt)+(a—yt) = 2a = 2B(z) is ‘real’. 

(iii) The difference z—Z = (x+yt) —(a—yi) = 2yi = 2F(z) is purely 
imaginary. 

(iv) |z| = |2|; but (for principal values) argz = —argz, except 
when z is ‘real and negative’, ie. of the form x+0i where x < 0. 
In the xy-plane the points which represent z, Z are images in the z-axis. 

(v) Ifz = 2, then zis ‘real’; if z = —Z, then z is purely imaginary. 

If z, = 2,, then x, = x, and y, = y2; hence 2,—iy, = %_g— tp, ie. 
2, =2,. The process of deducing from z, = z, that 2, = Z, is called 
taking conjugates. 

Finally, the definition of ‘conjugate’ shows that z, +2, = Z,+2Z., 

(2122) = 2122, (2/22) = 2/2, (2) =z. 
(4) Properties of |z|. From the relation |z|? = 22 in (3) it follows that 
|212q|? = 21 2_(212_) = 2121.22. = |2,|*. |z-|?. 
Hence \242,| = |2,|- |2el, 


since both sides are positive by definition. Similarly, if z, + 0, 


cal a =) (2) 441 _ |a? 

Ze al \ on Ze2_ |@q|*” 
so that | _ lal 
@ Z| 


13.23 The cube roots of unityt 
If z is a number whose cube is + 1, then z?— 1 = 0, i.e. 
(2—1) (22+241) =0; 
hence either z—1 = 0 or z22+2+1 = 0 by 13.14(2). From the latter, 
(+4)? =—#, z+4=474,/3 and z=}(-—1+47./3). 


Since cos §7 = —4 and sin 37 = 3,/3, the first of these roots has 
modulus-argument form cos $7 +7 sin 7. We denote this by w. 


+ A-simpler approach will be given in 14.13, ex. (ii). 
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Also, cos$7 = —4 and sin4a = —4,/3, so the second root is 
cos 47 +7 sin 477. It is also @, as is clear from the original formula for z. 
Now 


w* = (cos 37 +78in 377)” 
= cos* 27 — sin? 27 +- 20 sin 277 cos 87 
= cos $7 +18in $7. 


Hence the roots of z2+2-+1 = 0 can be written z = w, w?. There are 
thus three cube roots of +1 in complex algebra, viz. 1, w, w?. The 
Reintions w8=1, w+0+1=0, w=0 


often simplify calculations. 


Example 
Direct expansion shows that 
a be 
c a 6b |=a'+b'+c—3abe. 
boca 


The operation c, > C,+C,+C, reveals the factor a+b+c. 
Since the expression on the right can be written 


a® + (bw)? + (cw*)’ ~ 3a(bw) (cw?), 


similar reasoning reveals the factor a+bw-+cw?. Likewise, since the expression 
is also a* + (bw?)’ + (cw)® — 3a(bw?) (cw), a + bw? + cw is a factor. 

We now have three complex linear factors, so that any further factor must 
be numerical. Comparison of the coefficients of a* shows that it is + 1. Hence 


a3 + 68 + c3 — 3abe = (a+b +c) (a+bw + cw?) (a+bw? + cw). 
By comparing this result with 
a’ + 63+ c3— 3abc = (a +6+¢) (a? +62 +c? — bc —ca—ab) 
(see 10.22 (2), example; or Ex. 11 (a), no. 20), it follows that 
a? + 6? +c? —be—ca—ab = (a+ bw + cw?) (a+ bw? + cw). 


Exercise 13(d) 


Express in modulus-argument form: 


1 1+%./3. 2 1-7,/3. 3 —1+%. 4 1-4. 

; ; B+iV3 244 
S (1+ 3¢,/8)/(./3 + 2%). 6 4-243" 7 (1+1)3—. 
8 1+cosé+7sin6. 9 (cosa+7sin a) +(cos f+ isin f). 


10 If a+7b = (x+%y)" where a, b, x, y are real, express a*+b? in terms of 
x and y. 

11 If the coefficients in the equation 24+ p2*+ gz2+7rz+s = 0 are ‘real’, and 
there is a purely imaginary root, prove r?+ ps = pqr. 
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12 If |(z—1)/(z+1)| = 2, prove that the point P which represents z lies on the 
ee a+y?+Aa+1 = 0. 


13 If w =2z/(z+3) where w = u+w and z = x+iy, and if z lies on the circle 
(a+ 3)?+ y? = 1, find the locus of w. 


14 Prove that] 1 Ww w? 11 1 [2 
ow 1 ow |=90, 1 wo w| =—27. 
wo w 1 1 w ww 


15 Prove w?"+"+1 = 8 or 0 according as n is or is not a multiple of 3. 

16 Express x’ + y° as the product of three linear factors, and deduce the factors 
of a? —axy+y?. [Method of 13.23, ex.] 

17 Prove (a+wb+w%c)3— (a+b +e)? = — 31,./3.(b—c)(c—a)(a—b). [Use 
factors of x3 — y3.] 

18 Prove that (a?+ab+b?) (2?+2y+y?) can be written in the form 

X24 XV+Y%. 

[Use a? +ab+ 6? = (a—wb) (a— wb), etc.] 


#19 Prove that (a?+b% +c? —3abc) (x3 + y° +23 —3xyz) can be written in the 
form X3+ Y%+Z3—3X YZ, where either 


(i) X =ax+by+cz, Y=cat+ayt+bz, Z= br+cy+az, 
or (ii) X =ax+cy+bz, Y=ca+byt+az, Z= br+ay+cz. 
[In (i), (a+ bw + cw?) (2+ yw? +20) = X + Yo? + Zo, ete.] 
*20 If a, (r = 1, 2,3) denote the cube roots of —1, prove 
(1 + 200, + 22202) (1+ a0%q +0202) (14+ wag t+2%a§) = (1 +2). 
[A typical factor is (1 —aa$)/(1—aa) = (1+2%)/(1—22).] 
21 If the equations 2? = 1, ax'+bx+c = 0 have a common root, prove 
a3 + 68 +c — 3abe = 0. 
[One of the three roots 1, w, w® of 23 = 1 satisfies the other equation, so 


(a+b+c) (aw® + bw +c) (aw? + bw? +c) = 0.] 


13.3 Applications of the Argand representation 


13.31 Geometrical interpretation of modulus and argument 


If z is represented by P, then |z| = ./(z?+y*) is represented by OP. 


Also . . 
|21—2| = |(21 + #41) — (22+ tys)| 


= |(x, — 2») + 4(y,—Ys)| 
= /{(%— 22)? + (Y1— Yo)} 
= PP, 


by the ‘distance formula’ of coordinate 
geometry. 
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If 6 is the principal value of arg z, then it is given by 


cos@:sin@:1 = x:y:,/(x?+y?) 

and is the angle of turn from the direction Ox towards the direction 
OP, which can be written Z (Ox, OP). Similarly, arg (z, — 2.) is the angle 
defined by 

cos @:sin 9:1 = © — 22:4, — Yo: a {(t1 — 2)? + (Y1 — Yo)"}s 
and represents the angle of turn from Ox towards P,P,, written 
(Ox, P,P). 
Examples (some loci) 


If P, 1s the fixed point z, and P is the variable point z, then 
(i) the locus |z—2,| = c is the circle with centre P, and radius c ; 
(ii) the locus arg (z—z,) = @ is the half-line P,P for which Z(Ox, P,P) is a. 
(The other half is given by arg (z—z,) = 7+a.) 
(iii) If Py, P, are fixed points 21, 2, the locus |z—z,| = |z—z,| is the perpen- 
dicular bisector of the line P, P,. For PP, = PP,, and the result follows by pure 
geometry. Alternatively, it can be proved algebraically from 


(a — 2)? +(y— 1)? = (©— Hq)? +(Y—Ya)? 
by simplifying. 


(iv) If P, Q are the points z, 22+3— 41 and P moves on a circle of centre O and 
radius r, find the locus of Q. 
Write w = 224+3—4i. Then w—3+ 4i = 2z, so 


|w—(3—4¢)| = |22| = 2r 


since |z| = r. Therefore Q lies on the circle of centre (3, — 4) and radius 2r. 


13.32 Constructions for the sum and difference of z,, z, 


(1) Sum. Let P,, P, correspond to z,, 2, and complete the parallelo- 
gram P,OP,P;. Then 


23 = projection of OP, on Ox 
= projection of OP, + projection of P, P, 
= projection of OP, + projection of OP,t 
= +2, 
Similarly, by projecting on the y-axis we find y, = y, + y,. Hence 
y+ Yg = (%+%_)+UYy+Yo) = (Xy+1y,) + (%_+ yp), 
1.€. 23 = 2,+ 2%, 80 that P, represents the sum z, + 2. 


¢ Since OP, is equal and parallel to P, P;, and in the same sense. 
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Observe that the construction for P, is the familiar parallelogram 
law for compounding (‘adding’) two displacements OP,, OP,. To 
the sum of two complex numbers corresponds the sum of the associated 
vectors. 


(2) Difference. Since z,—z, = z,+(—2.), we first construct the 
image P, of P, in O, which represents —z,. The above sum-construc- 
tion performed with P,, P3 will give P,, corresponding to z, — Zp. 


Fig. 129 


As OP, is equal to, parallel to, and in the same sense as P,P,, we 
can represent 2, —2, by the displacement P, P,. 


13.33 The triangle inequalities 


By applying the theorem that ‘the sum of two sides of a triangle is 
greater than the third side’ to triangle OP, P,, we have 


OP, < OP, + P,P, 
ie.t OP, < OP,+OP, 
and hence [z+ 2%] < |z,]+[z0l. 


From this we deduce the following, exactly as for real numbers 


in 1.14: 
21 —2a| > |lz1|— [zal |, 


lz. +22] > |l21| — lel]. 
These inequalities should also be verified geometrically from fig. 129. 


The results can all be proved algebraically, without appeal to a figure. To 
do so, we first observe that 


R22) = 2 <4f/(x*+y?) = 2, 


+ Equality is included in case O, P,, P, (and hence also P;) are collinear. 
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with equality when and only when z is ‘real and positive’, i.e. of the form «+ % 
where x > 0. (Similarly .4(z) < |z|.) By 13.22 (3), 


|2y +29]? = (2, +22) (2 +2) 
22 $2 2g t2% 2g t%y2%— 
= |z,|? + 22(z,22) + |22]? 
since 2,2, and 2,2, are conjugate complex numbers. As &(z,Z,) < |z,2,|, 
Jz +2]? < |zy|?+ 2 [2129] + [20]? 
= (|2i:|+|2e|)*, since |2,2_| = |z,| - [Ze] = [21] - |2el- 
Therefore Jz, +29| < |z,| + |2|, 


positive signs being chosen because the modulus of a complex number is 
positive by definition. Equality occurs if and only if z,2Z, is ‘real and positive’, 
i.e. 2, = a*z, where a is ‘real’. 

The other results can also be established similarly. 


13.34 Constructions for the product and quotient of z,, z, 
It is convenient to use the modulus-argument form. 
(1) Product. Let z, = r(cos@+18in 8), z, = s(cos¢+78in ¢), so that 
P,, P, have polar coordinates (7,0), (s, 6). Then 
21%, = 1s(cos 0 +78in 8) (cos ¢ +7s8in ¢) 
= rs{(cos 6 cos ¢ —sin 6 sin d) + 2(sin 6 cos ¢ + cos 6 sin ¢)} 
= rs{cos (0+ d) +isin (6+ ¢)}. 
Therefore z,z, is represented by the point which has polar coordinates 
(rs,0+ 9). 
To construct this point, let A be the point whose polar coordinates 


are (1,0). Draw triangle OAP,, and construct triangle OP, P, directly 
similar to OAP, (fig. 130). Then 


OP, _OP, _ 
OP, OA’ so OP, = OP,.OP, =rs. 
Also 2OP, = xOP, + P,OP, = 2OP, + AOP, = P+. 


Hence P, is the required point. 
The above calculation verifies the result |z,z,| = |z,|.|z2|, and also 
shows that (cf. the end of 13.22 (2)) 
arg (2,2) © argz,+ arg 2p. 
Ordinary equality may not hold when all three terms have their 
principal values; e.g. if 


Z, = 2%, = cos§a+isinga, then 2,2, = cos$7+isin 47, 
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and the principal values are 
arg2, = argz, = 37, arg(z,%,) = — 97. 


We observe that multiplication of a complex number z by 
r(cos@+isin 8) turns the corresponding vector OP, through angle 0 
and multiplies its length by r. 


(2) Quotient. If z, = z,/z,, then z, = 242,, and so we can use the 
product-construction in (1), making P, take the role of P, there. 

We therefore construct triangle OP, P,, and then make triangle 
OP, A directly similar to this (fig. 131). 


Fig. 130 Fig. 131 


Alternatively, the construction can be obtained from 


2, rcosé+isind 


Z, 8 cosd+isingd 


_ 7 (cos6 +isin 8) (cos  —7sin ¢) 
~ 8(cos¢+isin d) (cos ¢—isin ¢) 


_ 7 (cos6 cos ¢ +sin 6 sin g) + 7(sin 6 cos  — cos 6 sin ¢) 
8 cos? ¢ + sin? d 


= ; {cos (— ¢) + isin (0— $)}. 
This calculation verifies that |z,/z.| = |z,|/|z_|, and shows that 
arg (=) & arg 2, — alg 2p, 
@2 


with the usual understanding about many-valuedness. 
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Remark. It also follows that 


arg a & arg (21 — 2%) — arg (23 — 2g) 
3% 
= L(Oz, P,P) —L(Ox, PB) 
ad L(PLP;, P,P), 
i.e. the angle PAP, in the sense from P,P, 
towards P, P,. Fig. 132 


13.35 Harder examples on the Argand representation 
*(i) Interpret geometrically the equations 
2-2 


Z =k (k+#1). 


2 24 
=a; (bd 
(a) arg = as (0) | 
(a) By the Remark in 13.34, we have P, PP, =a. Hence the locus of P is an 
arc of a circle through P,, P, and containing angle a. 
(6) We shall prove that the locus of P is a circle (a circle of Apollonius with 
respect to P,, P,). 


Fig. 133 


Geometrical proof. We are given that AP/PB = k + 1, where A, B, represent 
Big Res 
; oe AB internally at H and externally at K in the ratio k:1. (The figure 
is drawn assuming k > 1; the reader should illustrate the case k < 1.) Then 
AP AH AP AK 
PB HB ““ PB™ KB’ 
and by a theorem of pure geometry it follows that PH, PK are the internal and 


external bisectors of APB. Hence HPK is a right-angle. Since H, K are fixed 
points, P lies on the circle having HK for diameter. 
Algebraical proof. From the hypothesis, 


|z—z,|? = H |z—z,]?, 
1.€. (2 — 2)? + (y— yy)? = K(x — a0)? + k(y — ys)5 
and since k + 1, this represents a circle (see 15.61). 


+ The implied change of notation from P,, P, to A, B respectively is made for 
convenience in writing. 
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It is easy to prove that, if the centre is O, the radius OH of the circle is given by 


OH? = OA.OB. 
For since AH/HB = AK/KB, it follows that AH/AK = HB/KB, and so 
OA-—OH OH-—OB . 20A 20H 
OA+0H OH+0B’ ** 20H 20B 


by properties of equal ratios, which gives the result. 


Fig. 134 


We can now show that the circles in (a), (b) cut orthogonally (see 15.66 (1)). 
If T is a common point, then OT? = OA.OB. By the converse of the tangent- 
chord theorem, OT touches the circle (a). Hence the radius CT of (a) is per- 
pendicular to OJ, and so touches (b) at 7’. Thus the tangents to (a), (6) at T 
are perpendicular, i.e. the circles are orthogonal. 


*(ii) Prove that the triangles P,P, P;, P,P;P, are directly similar if and only if 
1% 5 
23 — @g a Zg—25 


(a) If the condition holds, then by taking moduli, P, P,/P,P, = P,P;/P.Ps; 
and by taking arguments and using the Remark in 13.34, 


P, P,P, = P,P, Ps 


and are in the same: sense. Hence by the test ‘common angle and containing 
sides proportional’, triangles P,P, P;, P,P; P, are directly similar. 

(6b) Conversely, if the triangles are directly similar, then the above two 
relations hold, so that (z, —2,)/(23 — 22), (% —2s)/(%g —2;) have the same modulus 
and the same argument. They are therefore equal. 

The condition can be written 
Z—2, O %—Zs 
1 %a 7a) 0, ie. | z—z, 0 Zg—Zs5 | = 0. 


1 1 1 


24 Ss 26 25 


By fr, > 1, +2213 followed by r, > f2+2,1; we obtain 
1 2, % 
Ze 2s 2 | = 0. 


1 1 1 
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Exercise 13(c) 
1 Indicate in a diagram the points representing }(z, +22), 2 + 222, 2 — 22. 


2 If collinear points P,, P,, P; are such that P, P, = 2P,P3, find the relation 
between 2, Za, 23. 


3 Write down the complex number represented by the point dividing P, P, 
in the ratio k:1. 

4 What is the locus of P if 2 < |z+1-—2%| < 3? 

5 Find the greatest and least values of (i) |z—4| if |z| < 1; (ii) |z+1| if 
|jz—3| <5. 

6 Prove that |z,+2,|?+|2,—22|? = 2{|2:|?+ |z2|7} (i) geometrically, (ii) alge- 
braically. [For (i) use the theorem of Apollonius on triangle OP, P, in fig. 129.] 

7 (i) If |z,+2,| = |2z,—z,|, prove that argz, and argz, differ by $7 or $7 
(principal values intended). (ii) If arg {(z, +22)/(z, —2)} = 47, prove |z,| = |z9|. 
[Treat geometrically.] 

8 Verify the following construction for the roots of z?—2az+ 6? = 0, where 
a, bare real and 0 < a < b. With the origin O for centre, draw a circle of radius b. 
From the point A on Oz at distance a from O draw a perpendicular to Ox cutting 
the circle at P, Q. Then P, Q represent the roots. 

9 Verify the following construction for jz. Let A be (1,0); produce PO to B 
so that OB = 1. Through O draw a line parallel to AB to meet the circle PAB 
in Q and R; these are the required points. 

10 Given the points representing z,, 2,, construct those representing the two 
values of 4/(222). 

11 P, is any point, and on the circle on OP, as diameter points P,, P, are 
chosen so that P,OP, = = POP, = = ¢. Prove z2cos 2¢ = zz, cos? d. 

12 If Gis the centroid of triangle P, P,P, and 4z,+2,+2, = 0, prove that O 
bisects P, G. [Use Ex. 15 (a), no. 1.] 

13 If A is real and z = 4A+3%(1—A), prove that P lies on a straight line. 
As A varies, prove that the least value of |z| is 2-4, and interpret geometrically. 

14 If z,—z, = 2,—2Z 3, prove that P| P,P,;P, is a parallelogram and that the 
point #(z,+2,+2;+2,) is its centre. 

15 Show that the point P,, where z, = (1+Az)z, and A is real, lies on the 
perpendicular at P, to OP,. Find A if argz, = argz,+4m, principal values 
being intended. 

16 If z,,2, are the roots of 2? — az +a? = 0, where ais a complex number, prove 
that the points z,, z, are the vertices of the equilateral triangles drawn on 
opposite sides of the line OA. 

17 ABC is equilateral, with sides of length 1 and centroid at O. If A repre- 
sents z, what do B, C represent? Show that the sum of these three numbers is 
always zero. 

18 If A, B, C, D, E are the vertices of a regular pentagon inscribed in a circle 
whose centre is O and radius is 7, and if OA makes angle @ with Ox, write down 
the numbers which these vertices represent. 

19 If 2/z, = 1/2,+1/2,, prove that OP, P,P; is a cyclic quadrilateral. [The 
relation is (2; —2,)/(0—Z,g) = (2, —23)/(23 — 9); take arguments.] 
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20 Interpret geometrically the equation 


R (=) = 0. 
Z_— 2s 
*21 On the sides of triangle ABC are drawn triangles BCX, CAY, ABZ 


directly similar to each other. Prove that the centroids of ABC, X YZ coincide. 
[By 13.35, ex. (ii) and properties of equal ratios, 


w—-c y-a@_2z—-b_ %wx-da 
b-c c-a a-b OO ” 


so La = La.] 


*22 For any complex number z prove that the triangle with vertices 22, 22., 
22, is directly similar to the triangle with vertices 2, 23, 23. 


23 If P,P, and P,P, are equal and perpendicular, the sense of rotation from 
P,P, to P,P, being clockwise, prove z,—%z,—23+%%, = 0, and conversely. 
(l24—2a| = |23 -2,| and arg {(23 —2,)/(z,—22)} = +47. Hence (25 — 2)/(%4—22) = 2] 

24 On the sides of a plane convex quadrilateral, squares are drawn externally. 
Prove that the centres of these squares are the vertices of a quadrilateral whose 
diagonals are equal and perpendicular. [Let the vertices in clockwise order be 
Z1> Zgs Zgy Z4- The centres of the squares are 4(z, +2,) + $4(z2 —2,), ete. Use no. 23.] 

25 By considering the modulus of the left-hand side, prove that all the roots of 

ee lhat+...¢zsina =] 


lie outside the circle |z| = 
[1 = je"sinna+.. ee l2|"+|z|"-1+4...+|z|. If a root z satisfies 
\z| < 4, then for this z, 1 < (4)"+(4)"1+...+4 = 1—(4)*, a contradiction. ] 


13.4 Factorisation in complex algebra 


13.41 ‘The fundamental theorem of algebra’ 


We remarked in 13.15 that complex numbers cannot be generalised 
by attempting to solve equations of degree higher than 2. This is a 
consequence of the following theorem. 

In complex algebra the polynomial equation 

D2) = Do2"+Py2""*+...+Py = 9 (Po + 9) (i) 
has AT LEAST ONE root. 

This result, known also as d’Alembert’s or Gauss’s theorem, has 
not yet been proved by any strictly algebraical argument. We shall 
assume it here; the reader may later study a proof which depends on 
the complex integral calculus. 


13.42 Roots of the general polynomial equation 


Defining ‘repeated root of order r’ as in real algebra (10. 43), and 
reckoning such a root as r roots, it is now easy to prove the following. 


+ This result should be compared with the weaker Theorem I in 10.13. Both the 
Remainder Theorem and Theorem I are valid in complex algebra, their proofs being 
unchanged. 
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In complex algebra the equation (i) has exactly n roots. 
Proof. By the fundamental theorem there is a root z = a), i.e. 
DoW + Py OP +... +Dy = 0. 
The equation (i) is therefore equivalent to 
Po(z” — af) + py(2"* — a) +... + Dn a(@— %) = 05 


i.e. since z— «a, divides each bracket, to 


(z—a,) fi(2) = 9, 


where /,(z) is a polynomial of degree n—1 in z, whose first term is 
Poz"—" (as is clear by starting the division). 

Again by the fundamental theorem, f(z) = 0 has a root z = a, (not 
necessarily distinct from «,), and by similar reasoning 


Fi(2) = (@— oe) fa(2), 


where f,(z) is a polynomial in z of degree n — 2, beginning with p)z”—2. 
Continuing thus, we find 


p(z) = (z <2 1) (z a Xe) a8 (z = bn) fn—r(2); 


where f,,_1(2) is a polynomial of degree 1 in z, and begins with pz; it 
must therefore be of the form p9z +k, or po(z—«a,,) say. Therefore 


P(2) = Do(Z—%) (2— Hq) «.. (@— Hy). (ii) 

This shows that »(z) has n factors linear in z; or equivalently, that 

the equation p(z) = 0 has n roots o,d,...,a@, (which may or may 

not all be distinct). Also, (ii) shows that these are the only values of z 
which make p(z) zero; for if £ is such a value, then 


PoP — %) (2 —%) ...(B—ay) = 9, 


and since p, + 0 by hypothesis, at least one of the factors #—«,, 
B—G,, ..., R—a, must be zero (13.14(2)), ie. 8 coincides with an a. 
Hence p(z) = 0 has exactly n roots. 


If the roots are not all distinct, (ii) takes the form 
p(z) = poz — a1)" (2 — Ay)... (2 — Ay) "*, (iii) 
where ny +N+...+nz, = nand Q, ds, ..., &, are all distinct. This decomposition 
18 unique (apart perhaps from the arrangement of the factors). For if also 
P(2) = poz —fi)™ (2—fy)™ ... (2 —,)™, (iv) 
where f,, A, ..., £; are distinct, then each # must be an @, since otherwise from 
(iii) p(8,) + 0 while from (iv) p(f,) = 0; similarly each a must be a f. Suppose 
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the notation has been chosen so that /, = a, fy = %, ...; then (iv) can be 
“tte 
ees (2) = Po(Z—O%)™ (2 — oq)... (2— Oey) ™™. (v) 
Tt now follows that m, = n, (r = 1, 2,...,k). E.g. if m, < n,, then from (iii) and 
(v) we should obtain, after dividing out p)(z —@,)™: 
(%— 064) ™—-™ (2 — Hg) ™*... (Z— Oy) M* = (Z—Hq)™... (Z— Hy) ™, 


which is impossible since the left-hand side is zero when z = @, but the right- 
hand side is not. 


13.43 Principle of equating coefficients 


We can now deduce results for complex polynomials corresponding 
to Theorem II and its corollaries in 10.13. The enunciations and proofs 
are the same. In particular, the ‘principle of equating coefficients’ is 
valid for polynomials in complex algebra. 


Example 
Solve the following three simultaneous equations in 21, 2, Zs, Where a, Ag, Az are 


all different: a 


Z, 
a, +A, ae tata, 
Consider the expression 


(ay $A) (a+) (0542) | 25 +A ett Seats i}. 


When expanded, it is a polynomial in A of degree 3, with leading term — A’. 
The given equations imply that this expression is zero when A = Aj, Aq, Az. 
Hence it must be identical with 


—(A—Ay)(A=Ag) (A—Asg). 
Putting A = —a, in the identity, we have 
(@_— Ay) (Ag — 2y) 2 = (—1)4 (a, +Aj) (A, + Ag) (4, +s); 
which gives z,. Similarly the substitutions A = —a,, A = — a3 Qive 2g, 25. 


-1=0 (r=1,2,3). 


13.44 Repeated roots and the derived polynomial 

The definitions of ‘repeated factor’, ‘repeated root’ in 10.43 are 
retained for complex polynomials. Continuing to write 

D(z) = Doz” + PZ" +--+ Dns 
we define the derived polynomial of p(z) to be 
p'(z) = pone” +4 p(n —1) 2"? +... + Dnt 

The reader may wonder why we do not give a definition like the following: 

p’(z) denotes Fs ole +h)— ple) 


h->0O 
35-2 
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where h is complex (say h = +7) and h > 0 means that £ and 7 tend to zero 
separately and in any manner.’ There are difficulties underlying this procedure; 
they can only be fully examined in dealing with general functions of a complex 
variable, a subject which may be studied at a later stage. 


From the definition given it is straightforward to verify the usual 
rules of the differential calculus, and in particular the product rule, 
in this ‘differential calculus of complex polynomials’. The theorems 
on repeated roots given in 10.43 remain valid in complex algebra 
since their proofs are exactly as before. 


13.45 Equations with ‘real’ coefficients; conjugate complex roots 
(1) If the coefficients po, p1, ---) Py in the polynomial p(z) are ‘real’, 
and if a+ Bi (where B + 0) ts a root of p(z) = 0, then its conjugate a — Bi 
1s also a root. 
Proof. The condition for « + fi to be a root is p(a + ft) = 0, i.e. 


Polo + Bt)” + py(% + Bi)" +... + Pya(% + ft) + Dy = 9. 
On expanding the binomials and replacing 72 by —1 whenever it 
occurs, this equation can be written 


P+Qi =0, 


where P, Q are real polynomials in (a, £). 

This condition is equivalent to the separate equations P = 0, Q = 0. 
Hence also P — Qi = 0 — 0% = 0, which (because p(z) has REAL coefficients) 
is equivalent to the statement p(«—/7) = 0, i.e. a— fi is a root of 
p(z) = 0. See Ex. 13 (d), no. 7 for an alternative proof. 

If the coefficients in »(z) are not all real, the argument breaks down 
at the last step. For example, if p(z) is the linear polynomial z—(1+7%), 
then clearly z = 1+7 1s a root of p(z) = 0; but 1—7 is not a root since 


p(l—4) = (1-1) -(1+4) = — 26 + 0. 


The correct statement in the general case is that «—/% is a root of 
(z) = 0, where (z) is the polynomial obtained from p(z) by changing 
the sign of 7 in all the coefficients. For if p(«#+ fr) = P+ Qi, then we 
must still get a true result by changing the sign of 7 everywhere on both 
sides} (because the equality was obtained by using only the property 
7 = —1 of 1, and this continues to hold when 7 is replaced by —1); 
this would give p(a— £1) = P—Qz. In the case of entirely real coeffi- 
cients, p(z) = p(z). 
It is also easy to prove the following. 
} In short, by ‘taking conjugates’. 
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Conjugate complex roots occur to the same order. 

For if p(z) = 0 has an r-fold root z = «+ fi (8 + 0), then it also has 
a root «—ft. Remove the factor (zg—a—ft)(z—a+/%) from p(z), 
obtaining f,(z), say. Then f,(z) = 0 has an (r—1)-fold root «+ i, and 
therefore also a root a — fi; and by removing the corresponding factors 
from f,(z) we obtain f,(z), say. Proceeding thus, we arrive at a poly- 
nomial f,(z), where a+ fi is not a root of f,(z) = 0; hence «— ft cannot 
be a root (otherwise its conjugate «+ fi would be a root). Thus « — fi 
is also an r-fold root of p(z) = 0. 


Example 
Prove that the equation 
b? b3 3 
f(z) = —t 4+ — 4 4+... + * +k = 0 
L—-A, L—Ay L—Ay, 
has n roots in real algebra if a1, dg, ..., 4, are all different, the b’s are non-zero, and 
k + 0. 


Consider the corresponding equation in complex algebra, the a’s, b’s and k 
all being real. Denote any root} by «+ fi; then a — 7 is also a root, and hence 


ua 1 1 
x b?|——,—_ --—__,._— ] = 0. 
rai "\a—fi-a at+fi—a, 
$ 2 
i.e. 27, ———_"___. = 0. 
oe (a—a,)? +B? 
Since the sum is non-zero, we have £ = 0. Hence all the roots are of the form 
a+. In real algebra there are thus 7 roots. 


(2) There is a theorem in real algebra on surd roots of an equation 
with rational coefficients which can be proved by an argument like 
that in (1). 

If the polynomial equation p(x) = 0 (in real algebra) has rational 
coefficients and if x = a+b Ac is a root (where fc is a surd), then also 
a—b./c is a root. 

Proof. The condition for a+6./c to be a root of p(x) = 0 is, when 
simplified, of the form P+Q./c = 0, where P, @ are rational numbers 
or zero. This implies that P = 0 and Q = 0, for otherwise if Q + 0 the 
surd fc would be equal to the rational number — P/Q, which is a 
contradiction. Since 

p(a—b,Jc) = P—Q,/c = 0-0,Jc = 0, 
a—b,/c is also a root. Also see Ex. 13(d), no. 8. 
a+b.j/c,a—b.J/e are called conjugate surds. 


{ That is, root of the corresponding polynomial equation 
(2—a,) (2—ay)... (2a) f(z) = 0. 
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13.5 Relations between roots and coefficients 


13.51 Symmetrical relations 
In 13.42 we proved that 
Poe” + Pye" + 0.1 + Dy = Pol% — &y) (@— Hq) ... (@— Ay), 
so that a, &,, ..., a, are the n roots of the equation p(z) = 0. On 
multiplying out the right-hand side, it becomes (cf. the proof in 12.11) 
Pole” — (Xia) 2"-1 + (Lary Hq) 2"-F@ — ... +(— 1)" ay ay... ay}. 


Hence on equating coefficients of z”-1, z”-*, ..., and the constant terms, 


and in general, 
(—1)"p,/p9 = sum of the products of the roots taken r at a time. 


This work generalises the results of 10.3, which are theorems of 
real algebra, and are valid only if the equation under consideration 
has the maximum possible number of roots. The above results in 
complex algebra hold without any such restriction because every 
polynomial equation of degree n has exactly n roots. 


13.52 Unsymmetrical relations 


We remarked in 10.32 that the symmetrical relations do not help 
us to solve the given equation because they are equivalent to the 
information that ‘a,,a5,...,a, are the roots of p(z) = 0’. However, 
if some non-symmetrical relation between some or all of the roots is 
given, then it may be possible to solve the equation. 


Example 
Solve (in complex algebra) the equation 
324 + 1723 — 522+ 82+4+12 = 0, 


given that the product of two roots is 4. 
Let the roots be a, f, y, 6, and suppose af = 4. We have 


atptyt+d=—4t, Pyd+ydatdapt+apy =—§, apyd= 4. 


(There is also the relation Laf = — &, but we shall find that this is not needed.) 
From af = 4 and the third relation, yd = 1. 
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The second relation can be written 
aly +4)+yd(a+ B) = —3, 
so that 4(y+6)+(a+) = —§. 
This together with the first relation can be solved to give 
a+fp=—28, y+d=1. 


Hence a, £ are the roots of z?+227+4 = 0, viz. —%, —6; and y, 6 are the 
roots of z?—2+1 = 0, viz. —w, —w?. 


13.53 Transformation of equations 


Properties of the roots of an equation are often conveniently dis- 
cussed by considering another equation whose roots are related to 
those of the given equation in a known manner. We now show how 
to form the equations whose roots are (i) reciprocals of, (ii) & times, 
(iii) less by & than, (iv) squares of the roots of the polynomial equation} 
p(x) = 0. The process (ii) is known as ‘multiplying the roots by k’, 
(iii) as ‘diminishing the roots by &’, and (iv) as ‘squaring the roots’. 
Applications are given in 13.72, 13.73. 

(i) Write y = 1/x. If « is a root of p(x) = 0, then since x = 1/y, 
the equation p(1/y) = 0 is satisfied by y = 1/a. The required poly- 
nomial equation is therefore 


PnY + Pnry” + +--+ Diy + Po = 9. 


(ii) Write y= kx. When « satisfies p(x) =0, ke will satisfy 
p(y/k) = 0. Hence the required equation reduces to 
Poy" + Pr ky** + py” 2 +... + Dyk” = 0. 

The case k = —1 gives the equation whose roots are the negatives _ 
of those of p(x) = 0 (‘changing the sign of the roots’). 

(iii) Write y = x—k. When « satisfies p(x) = 0, «—k will satisfy 
ply+k) = 0. 

(iv) Write y = x2. When « satisfies p(x) = 0, a? will satisfy p(./y) = 0. 
This can be rationalised (i.e. freed of square roots) as in ex. (ii) below. 


Examples 


(i) Transform the equation 32:4 — 425 + 62+ 5 = 0 so that the coefficient of the 
leading term becomes 1, without introducing fractional coefficients. 
Multiply the roots by &, i.e. put y = ka, so that x = y/k. Then 


3y4 — 4khy? + 6hey + 5k4 = 0, 
i.e. yt — tky® + 2kh®y + 8k4 = 0. 


+ The method is equally applicable to equations other than polynomial ones. 
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By inspection, the coefficients will be integers when k = 3 (this is the smallest 
such value). The new equation is then 


yt — 4y8 + 54y + 135 = 0, 
where y = 32. 


(ii) Fund the equation whose roots are the squares of the roots of 


323 — x7? + 24-3 = 0. (a) 
Write the given equation as 
x(3u? + 2) = 2+ 3, (bd) 
and put y = 2: Jy (8y +2) = y+3. 
Squaring, y(9y? + 12y +4) = y?+ 6y +9, 
i.e. 9y8 + lly? —2y—9 = 0. (c) 


Remark. Strictly, we should show that every root of equation (c) is the square 
of a root of equation (a),t as follows. If y satisfies (c), then (by reversing the 
working) it satisfies one of the equations 


+ J/y.(3y +2) = y4+3. 


Thus either +,/y or —./y satisfies (b), i.e. the given equation (a). In either 
event, y is the square of a root of (a). 

Further examples of the transformation process are given in 10.32, ex. (ii) 
and Ex. 10(c). 


Exercise 13(d) 


The algebra is complex. 
1 Prove that the equation 
Os alg 
It+z+5 ta t+ +o =0 


has no repeated roots. 

2 Solve z24— 422+ 8z—4 = 0, given that 1+7 is a root. 

_ 3 Given that 2+ V3 is a root of 2°—2x7*—7x+4+2 = 0, solve the equation 
completely. 

4 Prove that w is a repeated root of 325+ 2x4+ 2° — 6x?—5a—4= 0, and 
hence solve the equation. 

5 One root of 26+ a5—924— 10a°—9a?+2+1=0 is ./2+4./3. Find all the 
roots. 

6 ‘The linear equation az+b = 0 with real coefficients a, b has a root a + fi, 
and therefore also a root « ~— £7: two roots for an equation of degree 1.’ Explain 
this apparent paradox. 

7 (i) Verify that (z—a — fi) (z—a+ fi) = 2? -— 2az+a%+ 62, where a, f arereal. 

(ii) Let 9(z), az+6 be the quotient and remainder when p(z) is divided by 
22*— 2az+a%+ 8%. If p(z) has real coefficients, explain why a, b must be real. 


+ This may not always be the case; e.g. the square of each root of 22—x=0 
satisfies y? —y = 0, yet the root y = —1 is not the square of a root of the x-equation. 
Indeed, there is not a unique result in this instance: the method of ex. (ii) gives 
y(y—1)? = 0, and clearly y*(y—1) = 0 also satisfies the requirements. Such ambiguity 
can arise whenever the squares of the roots of the given equation are not distinct. 
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(iii) Ifa + fi is a root of p(z) = 0, show by putting z = «+ fi in the identityT 
plz) = (22 —2az+a?+ 6?) g(z)+az+b 
that aa+b = 0 and af = 0. If £ + 0, deduce that a = 0 and b = 0, and hence 
that z = a— 7 is also a root of p(z) = 0. 


*8 Prove the theorem about conjugate surd roots in 13.45(2) by a method 
similar to that of no. 7. Also prove that such roots occur to the same order. 


9 Ifa, £, y, dare the roots of 21+ p2? + gx? +ra+s = 0, find Lefy(a+ f+). 

10 One root of z*+ pa? +qz?+rx+s = 0 is equal to the product of the other 
three. Prove (ps+r)? = s(q+s+1)?. 
*11 Find the sum of the cubes of the roots of z5+2?+a2—1=0. 
Solve the following equations. 

12 x*?—5z?—16x2+ 80 = 0 if the sum of two roots is zero. 

13 21+32°— 52?—6x—8 = 0 if the sum of two roots is — 2. 

14 x!— 22° — 21x? + 222 4+ 40 = 0 if the roots are in A.P. 


15 Increase the roots of 2? + 3ax?2+ 3b2+c = 0 by k, and find for what value 
of k the new equation contains no quadratic term. (This process is called 
‘removing the second term from the given equation’.) 


16 Find two substitutions of the form y = 2 —k which remove the third term 
from x! + 4x3 — 18z2— 100a— 112 = 0, and use one of them to solve the equation. 


17 Find a substitution y = kx which will transform the equation 
824+ 825 — 18x?~— 16x—3 = 0 
into one with integral coefficients of which that of the leading term is +1. 
18 If a, £, y are the roots of 2°+ p2*+qxr+r = 0, find the equation whose 
roots are (i) a(f+y), Bly +a), ya+B)s (ii) (a —1)/a, (8-1/8, (y— l/r. 
19 If the roots of z*°—1 = Oare 1, a, @ ..., &n-y. prove that 


(l—a@,)(1—@,)...(l1—a@,) =n. 
[Construct the equation whose roots are 1—1, 1—q, ....] 
*20 Ifa, £,y are the roots of z?+ px+q = 0, form the equation whose roots are 


[y+2 = (F+y*+ 26y)/py = 0/Py = —a8/q = pa/g+1.] 
13.6 Factorisation in real algebra 
13.61 Roots of the general polynomial equation 


(1) We have proved that complex roots of an equation with real 

coefficients occur in conjugate pairs (13.45 (1)). Since 
(z—a— ft) (z-a+ ft) = (z-—a)? + f, 

the result (ii) of 13.42 shows that any polynomial p(z) of degree n with 
real coefficients can be expressed in the form : 

D(z) = Pol%— 44) (2 — ag) -.. (2 — My) {(2@— By)? + ch}... (2B)? + 7}, (vi) 
where k+2l =n, 

¢ Cf. 10.11, Remark (£). 


516 COMPLEX ALGEBRA {13.62 


and all constants a, b, c are real. The factors shown need not be dis- 
tinct, and may be all linear (the case J = 0) or all quadratic (the case 
k= 0). 


(2) Writing p(x) = pot” + pyu?3 + ae £D as 
there is an identity 


p(x) = pola —a,) (w@—ag) ... (e—a,) {(2 —5,)? + cf ... ((v—b,)? + c7} (vii) 


in real algebra corresponding to (vi), owing to the exact correspond- 
ence between real numbers x and complex numbers of the form z + 04. 

Since k + 21 = n, we see that 

(a) ifn is odd, & must also be odd, so that there is at least one factor 
of the form x—a in (vii), and certainly an odd number of such 
factors; 

(5) if n is even, & must be even, and so either all factors will be 
quadratic or an even number of linear ones will be present. 

Remembering that in real algebra no quadratic factor can be zero, 
we have the following result. 

In real algebra an equation of EVEN degree has either no roots or an 
even number of roots ; and an equation of opD degree has an odd number 
of roots (and therefore at least one). 

Remark. Just as equation (ii) in 13.42 shows that,in complex algebra, 
every polynomial can be resolved into linear factors, so equation (vii) 
above shows that factorisation in real algebra requires no more than 
linear and irreducible quadratic factors. Both results are existence 
theorems, i.e. they tell us that the factorisation can be done in a certain 
manner, but they provide no process for actually doing it. The results 
are of great theoretical importance. 


13.62 Location of roots in real algebra 


(1) Rational roots of an equation with rational coefficients. By the 
method of 13.53, ex. (i), the given polynomial equation can be trans- 
formed into one in which the coefficient of the leading term is + 1 and 
all other coefficients are integers. We suppose that this has been done. . 

If the polynomial p(x) = 2" + p, 2" 1+ pa"? 4+... +p, has INTEGRAL 
coefficients, then every rational root must be an integer which is a factor 
Of Pn: 

This result is well known and is often used (e.g. in 10.12, ex. (i)). 

Proof. Suppose x = h/k is a rational root of p(x) = 0. Without loss 
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of generality we can assume that h, k are integers with no common 
factor and that k > 0. Then 


ae a dogs ity 
i Pilz 6 TPyn =; 


h® 
e FUP h + ah ht... + Dyk) 


= an integer. 


Hence h”/k is an integer, so that k = 1. Thus the rational root is in fact 
an integer h. Since he A WO ep: 
Pr = h(n +p,hr + .+.+Dn-1)s 


and so / is a factor of p,,. 


(2) Change of sign of a polynomial. 
If the polynomial p(x) is non-zero when x = x, and when x = Xp, then 
the number of roots of p(x) = 0 between x, and x, 18 


odd if p(x1), p(%_) have opposite signs, 
and even or zero tf p(X), p(X_) have the same signs. 


These results are ‘intuitively obvious’ properties of all continuous 
functions (cf. 2.65). For a polynomial p(x) they can be proved as 
follows. 

By result (vii) in 13.61, 


P(x) = P(X — a4) (%# — Ag) ... (%— Ax) (2), 


where g(x) is a product of factors of the form (x—6)?+c*, or else (in 
the case when p(x) consists entirely of linear factors) is 1. In either 
event, g(x) is positive for all values of x. 

If p(2,), p(z,) have opposite signs, the linear factors cannot be all 
absent, and (a, —a,) (%— aq) ...(%— ay), (&_—44) (%g—Ag) «-- (%g— Ay) 
must have opposite signs. Now x,—a, x,—a have like signs unless a 
lies between x, and z,. Hence an odd number of aj, dg, ..., a, lie between 
x, and 2p. 

Conversely, if an odd number of roots lie between x, and x, then the 
above products must have opposite signs, so that also p(x,), p(2%2) 
have opposite signs. 

If p(x,), p(x) have like signs, it follows that the number of roots 
between x, and x, cannot be odd, i.e. it must be even or zero. 
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Examples 


(i) Let p, be the numerically greatest coefficient (or one such coefficient if 
two or more are numerically equal) in 


p(x) = x* +p 2" 14+ ...4-py. 
Then |pyeP-2 +... A Dna t+Dnl < |Pi|-|e|"2+...4+] Paarl |e] +] pal 
< ct a 


If |x| > 1 it follows that 


gn 


p(t) _ alee, pol 


Given any positive proper fraction, e.g. 4, we shall have | p,|/{|z| — 1} < 4 if x 
is such that |x| > 2|p,| +1 = K’, say. Hence if K > K’, 


p(z) =2™(1+0) forall |x| >K, where |0| < 3. 


This shows that p(x) has the same sign as x" for all x > K and all x < —K: 
we say that p(x) is dominated by x" for large (positive or negative) x. Thus 
p(K), p(—K) have opposite signs if n is odd, and the same sign if n is even; 
since K can be as large as we please, we have proved the theorem in 13.61 (2). 

The symbols (00), »(— 00) are customarily used to denote ‘p(K), p(—K) 
where K is arbitrarily large’. 


(ii) Solve the example in 13.45 (1) by a ‘change of sign’ argument. 
We may suppose the notation to be chosen so that a, < a, <... < d,. Con- 
sider the polynomial 


P(x) = (w— a) (vw —ag) ... (@— Gy) f(x) 
= b3(a — ag) ... (@ — Gn) + 03(4 —a,) (x —Gg) ... (w@—Gy) +... 
+62(a —a,) ...(&—Gp_4) + k(x — ay) (uw — Gq)... (w@—a,). 
When « takes the values 
—© a, A, see Any Ay, +0, 
p(x) has the same sign as 
k(—1)" (—1) (-1)"2 ... -1 41 «O&. 


In this sequence there are exactly n changes of sign, whether k is positive or 
negative. Hence p(x) = 0 has at least n roots. Since p(x) is of degree n when 
k + 0, it cannot have more than n roots. The number of roots is therefore 
precisely n. 


(3) Rolle’s theorem for polynomials. This is a special case of the 
general theorem in 6.21; see 6.23(1), and also the deductions (2), (3) 
there. An algebraic proof is indicated in Ex. 3 (e), no. 14; also see no. 15. 
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Examples 


(iii) Find the number of roots of a* — 22° + 622 — 10a —8 = 0 in real algebra, and 
locate them between consecutive integers. 


Writing p(x) = xt — 22° + 6x?— 102r—8, 
then p(x) = 408 — 6a? + 124— 10 = 2(x— 1) (2a? 2 +5), 


the factor x— 1 being discovered by trial. 

Hence p’(z) = 0 has one root in real algebra. By 6.23(3), p(z) = 0 cannot 
have more than two roots; and if p(z) = 0 actually has two roots, the root z = 1 
of p’(x) = 0 must lie between them. We therefore consider the sign of p(x) 


for — oo, 1, +00. 
x —o 1 +0 
Sign of p(x) | + —- + 


Thus p(x) = 0 has two roots, one less than 1 and the other greater than 1. 
By trial we find that p(0) < 0, p(— 1) > 0, so there is a root between 0 and — 1. 
Similarly we find p(2) < 0, p(3) > 0, so the other root lies between 2 and 3. 


(iv) Find the range of values of k for which the equation 


p(x) = x — 2627+ 482—k = 0 
has 4 distinct roots. 


p(x) = 4(a> —13¢2+12) = 4(2—1)(x— 3) (+4). 
Possible roots of p(x) = 0 must be separated by roots of p’(x) = 0, viz. — 4, 1, 3. 
x | —o —4 1 3 +00 
Value of p(x) +o —352-k 23-k -9-k +0 


In order that p(x) = 0 shall have 4 distinct roots we require there to be four 
changes of sign in the above sequence; the signs must therefore be 


+ —- + -— +. 
This will be so if and only if —9 < k < 23. 

The reader should sketch the graph of y = x4 — 2627+ 48a, which has a maxi- 
mum atx = 1 anda minimum at z = 3 (and at 2 = — 4). The line y = k cuts the 
curve in four distinct points if and only if this line lies between the levels of these 
two turning points. 


(v) Prove that the equation d4(x*—1)*/dx* = 0 has 4 distinct roots which all 
lie between —1 and +1. 

Putting f(x) = (z*—1)4, then f(z) = 0 has roots +1, —1 each four-fold. 
Hence f’(z) = 0 has roots +1, —1 each three-fold (by 10.43) and a root x = @ 
between + 1, — 1 (by Rolle’s theorem), Then /f”’(x) = 0 has double roots +1, — 1, 
a root f between — 1 and a, and a root y between a and + 1. Similarly, f"(x) = 0 
has simple roots + 1, — 1, and roots between — 1 and f, f andy, and y and +1: 
5 distinct roots altogether. Therefore f(z) = 0 has a root between each of 
these, i.e. it has at least 4 distinct roots all lying between +1 and —1. Since 
f(z) is of degree 4, it can have no other roots. 

The expression {d"(a*—1)"/dx"}/2"n! is denoted by P,(z) and called the 
Legendre polynomial of degree n. An argument similar to the above shows that 
P,,(x) = 0 has exactly n distinct roots, all lying between —1 and +1. These 
polynomials arise in Mathematical Physics. 
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Exercise 13(e) 


The algebra is real. 
Find the rational roots (if any) of the following equations. 
1 3a3—1la?+9r—2=0. 2 204+ 5x? + 140?—- 3~— 54 = 0. 


3 3a4— 4+ 62+5 = 0. 
Determine the number of (real) roots of the following equations, and locate each 
between consecutive integers. 
4 a4+222+37-1=0. 5 w—a3+z7?-2 = 0. 
6 2 —223+27-—10 = 0. 
7 Ifa, <a, < ad, < a < as < a, prove that the equation 


(w—a,) (uw — a) (w— a5) + h(a — ag) (%— a4) (v— ag) = 0 
has 3 distinct roots for any real k. 


8 Ifa>0, 6>0 and p <q, prove that a/(x—p)+b/(x—q) = x has three 
roots @, 6, ysuch thata<p<fP<q<y. 


n 
9 Ifa,, ag, ..., @, are all different, prove that the equation & 


= 0 has 
r=] T— a, 
exactly n — 1 roots (i) by considering changes of sign of 
ee 
P(2e) = (@— a)... (ay) B Ss 


(ii) by applying Rolle’s theorem to f(x) = (w—a,)...(@—a,). 
[We may assume a, < a, < ... < a, without loss of generality.] 


10 (i) If p, < 0 and n is even, prove that the equation 
P(X) = Poe" + PL" +...+p, = 0 


has at least one positive and at least one negative root. 
(ii) Prove that the number of positive roots of p(x) = 0 is odd if and only 
if p, < 0. 


Determine the number of roots of the following equations by first finding the zeros 
of the derived polynomial ; and locate each between consecutive integers. 
11 24+ 4e73-— 82?-1= 0. 12 8a5— 5at— 4025— 50 = 0. 
13 Prove that x* + 32 —3 = 0 has only one root a, and hence that 
x4 + 622— 1274-9 = 0 
has just two roots. 
14 Ifa> 1, prove 25— 5a4x+4 = 0 has 3 roots. What happens when a < 1? 


Find the range of k for which the following equations have 4 distinct roots. Illustrate 
the results by sketches. 


15 vt— 1442+ 247-—k = 0. 16 3a4— 16x°+ 6277+ 72~—k = 0. 
17 If p? > q and a, f are the roots of x? — 2px+q = 0, prove that 
f(x) = v3 — 3px? + 3qrx—r = 0 
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has 3 roots if r lies between pq—2(p*—gq)a and pg—2(p*—gq)f. [By long 
division, f(x) = (x —p) (x*— 2px+q) + 2(q—p*)x+(pq—7), so 


f(a) = 2q—p*)a+(pg—r), ete.] 


18 Prove that z*+az+6 = 0 has 3 distinct roots if and only if 276? + 4a* < 0. 


*19 Use the argument in ex. (i) of 13.62 to prove that p(x) = 0 has every root 
numerically less than 1+ |,|. [If z isa root, —2" = p,2"-!+...+,; by taking 
moduli, |z|" < | p,| {|z|*—1}/{|x| — 1} if |z| + 1. Lf |z| > 1, the right-hand side 
< |p,|-|2|"{|z|—1}, 80 1 < |p,|/{|z|—1}, ie. |x| < 1+ |p,|. Thus any root 
numerically greater than 1 must be numerically less than 1 + | p,|.] 

*20 Replacing ‘numerical value’ by ‘modulus’, verify that the results of 
13.62, ex. (i) and no. 19 hold in complex algebra, even when the coefficients 
p, are not real. é 


13.7 Approximate solution of equations (further methods) 


We have already explained Newton’s method (6.73), which applies to equa- 
tions in general. The following method also has this advantage, although it 
usually does not give an approximation of a required order as quickly as 
Newton’s. 


13.71 The method of proportional parts 


For a straight line, the increment of the ordinate is proportional to the 
increment of the abscissa. For a curve, a small arc will usually not depart far 
from the chord joining its ends, so that over this arc the ratio 


(increment of ordinate) /(increment of abscissa) 


will not differ much from the gradient of the corresponding chord. 

These geometrical considerations lead to the ‘principle of proportional parts’: 
the increment of any continuous function 18s approximately proportional to the 
increment of the variable, the range of this 
variable being small. An analytical formula- 
tion and an estimate of the error are given 
in Ex. 6(e), no. 15. 

Suppose now that numbers a, 6 have been 
found such that f(a) = A > 0, f(b) = B < 0. 
Geometrically, the points (a, A), (6, B) are on 
opposite sides of Ox, and preferably close to 
Ox (a wise choice of a, b will secure this). The 


line joining these points has equation (b, B) 
B- Fig. 135 
y—A = =“ (ea), = 


and cuts Ox at 2 =c where c = a+(b—a)A/(A—8). This expression lies in 
value between a, b and is certainly a closer approximation to the root of f(x) = 0 
than either a or b. 

Newton’s method is equivalent to replacing the arc by the tangent at one 
extremity (6.73 (2)). The present method replaces the arc by its chord. 
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Example 
Find the root of x? — 2a —2 = 0 correct to 3 places of decimals. 
By trial we find f(1) = —3, f(2) = 2, so there is a root between 1 and 2. If 
this root is 1+h, then by ‘proportional parts’ 
f(2)-fQ) . fA+h)-fO), 
2-1 * (1+h)-1’ 
and since f(1+/) = 0, this gives 5 = 3/h, i.e. h = 0-6. 
A better approximation is therefore x = 1-6. Since 
f(1:6) =—1-1, (1-7) = —0-487, (1-8) = +0-232, 
the root actually lies between 1-7 and 1-8. If the root is 1-7 +h, then 


f(1:8)-fLT) , fT +A) -—f(-7) 


1:8—1-7 ~*~ (1:74h)—1-7 ’ 
a 0-719 _ 0-487 
ae 0-1" h ’ 


so that h = 0-0677, and a better approximation is 7 = 1-768. 
Applying the process once again, 
f(1-:8) —f(1-768) | f(1-768 +h) — f(1-768) 
1:8—1-768 ~ h , 
0-241 $ 0-009 
0-032" h 
since f(1-768) = 0-009. Hence h = 0-001195, and x = 1-76919 = 1-769 to three 
places of decimals. (Taking a = 1-768, b = 1-8, c = 1-769 in Ex. 6(e), no. 15, 
shows that the error is less than 0-0002.) 


i.e. 


13.72 Horner’s method 


Suppose that the equation p(x) = 0 has a root 2-76... and has no other root 
whose integral part is 2. Then p(2), p(3) have opposite signs; this fact, discovered 
by trial, gives the first figure of the root. 

The first figure 2 is now removed from subsequent calculations by diminishing 
the roots of p(x) = 0 by 2. The new equation then has a root 0-76.... To avoid 
decimals, we multiply the roots by 10, so that the new equation has a root 7°6.... 

The figure 7 is discovered by showing that the last equation has a root 
between 7 and 8. The roots are then diminished by 7, and next multiplied by 10. 
The figure 6 is then found by trial. The process is repeated until the required 
number of decimal places has been found. 


Example 


Solve x? ~ 2a —2 = 0 correct to 3 places of decimals. 
By trial, there is a root between 1 and 2. Diminish the roots by 1 by putting 
y=«-—l,i. 2 = y+1; we get 
y® + 3y27+y—3 = 0. 
Multiply the roots by 10: 
y® + 30y? + 100y — 3000 = 0. 
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By trial, this has a root between 7 and 8. Diminish the roots by 7 by putting 
z=y-—7, ie. y = 2+7; we get 


23 + 5122+ 667z— 487 = 0. 
Multiply the roots by 10: 


2 + 51028 + 66,700z— 487,000 = 0. 


By trial this has a root between 6 and 7. Diminish the roots by 6, putting 
t= z—6, i.e. z = t+ 6; we obtain 


8 + 528¢ + 72,928¢ — 68,224 = 0. 
Multiply the roots by 10: 
& + 5280¢? + 7,292,800¢ — 68,224,000 = 0. 


The process can be continued; but since the numbers in the last two terms are 
large in comparison with those in the other terms, clearly a good approximation 


is gi b 

ci iaeaaad 7,292,800t— 68,224,000 = 0, 
ie. f= 9. 

Hence the required root is x = 1-769. 


Remarks 


(a) The method used in the last step gives a rough estimate for the trial root 
when applied at the previous stage: 66,700z — 487,000 = 0 gives z = 7. Actually 
this is too large; writing 


$(z) = 22+ 510z? + 66,7002 — 487,000, 


we should find that ¢(7) and ¢(8) have the same sign. This indicates that we 
should calculate ¢(6), which is found to have the opposite sign. Although this 
estimate is rather rough, it is better than none, and often saves much futile 
trial. Estimates thus made increase in accuracy the further we have got in the 
process; in fact we may approximately double the number of significant figures 
already obtained by using this ‘division estimate’. 

(8) Horner’s method will also give rational roots. Since these can always be 
tested for exhaustively (13.62 (1)), they should be removed from the equation 
before applying the method. The same applies to repeated roots: see 10.51, 
ex. (ii). 

(y) To approximate to a negative root, first change the sign of all the roots (by 
putting y = —2), and then approximate to the corresponding positive root of 
the new equation. 

(6) Case of nearly equal roots. If two roots lie between consecutive integers 
n and n-+1, then p(n) and p(n +1) have the same sign, and detection of these 
roots is difficult; more refined methods than ‘change of sign’ are required. 
Assuming that these roots have been approximately located, Horner’s method 
can still be used. 

(€) Although the method applies in principle to equations in general, its 
use is practicable only with polynomial equations. 


13.73 von Graeffe’s method of root-squaring 


This method approximates to all the roots in one process, although the signs 
have to be sorted out at the end. It can also be used to find complex roots, but 
is applicable to polynomial equations only. 
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Given a cubic x? + az? + ba +c = 0, whose roots are a, f, y (say), we construct 
the cubic whose roots are «?, £2, y? by putting y = 2?: the equation becomes 


Vy (y+) = —(ay+e), 
and by squaring, y?+(2b—a*)y?+(b?—2ac)y—c? = 0, 
i.e. y>+Ay?+By+C = 0, 
where A=2b-a*?, B=b*-2ac, C=-c 
If the root- “squaring process is applied n times, we obtain an equation whose 
roots are a2”, £2", y2". Suppose that || > || > |y|; then for n sufficiently large, 
a2” will be very large compared with £2” and y, so that a2” is approximately 
‘minus the coefficient of the qaedratic term’ in this equation. 


Since /2" is large compared with y?’, the coefficient of the linear term will be 
approximately (af)2". Similarly the constant term is approximately —(afy)2". 


Example 


Solve x° — 2a—2 = 0 in complex algebra. 
Here a= 0, b=—2, c=—2. Proceeding step by step, we construct the 
following table. 
A=2b-a@ B=6?-2ac C=-c? 


a —4 4 —4 

at —8 —16 —16 

as — 96 0 — 256 
qs — 9216 — 49,152 — 65,536 


By trial the given equation is found to have a root « near 1-7; and this is the 
only real root (e.g. see Ex. 13(e), no. 18). Since afy = 2, it follows that 
Py = 2+1-7 = 1-2, i.e. r? = 1-2 where f = r(cos6+7sin 0), y = 7(cos 6—‘isin 4); 
hence r = 1:1. Thus a > r = || = |y|- 

From the theory just explained, 

aié=—A = 9216, whence a = 1-7692; 
and a16(72)16 = —C = 65,536, so r = 1-0632. 
Referring now to the given equation and considering the sum of its roots, 


a@+2rcos9=0, from which cos@ + —0-°83215 and 0@= 146°19’. Hence 
r(cos 0 +7sin 0) can be found. The three roots are approximately 


1-7692, —0-8847 + 0-5896. 


Exercise 13(f) 


The algebra is real. 
Solve the following equations approximately, correct to at least 2 places of decimals. 
1 x?-22-5=0. 2 328-974+2=0. 
—2x2+5 = 0 [negative root]. 
x +a2+a”—100 =0 [two places of decimals]. 
—42—2 = 0 [positive root, two places]. 
—6x+1 = 0 [3 roots]. 
—7x+7 = 0 [two roots lie between 1 and 2]. 
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8 x = e-* [three places]. 

9 10% = 202 [2 roots, each to three places]. 
*10 x*= 1-5. [This has a root between 1 and 2; write the equation as 
vlog x = log 1-5.] 
*11 Find the smallest positive root of z = tan-!z, correct to four places of 
decimals, . 
*12 Find the smallest positive root of sinz = tha, correct to two places of 
decimals. 
*13 Ife is small, prove that 0+sin@ cos@ = 2ecos@ has a small root which is 
approximately ¢— 4e%. [Use Newton’s method; assume the series for sin x, cos 2.] 
*14 Show (graphically or otherwise) that f(x) = 1+2-?— tana = 0 has a root 
near x = K, where K = 47+ 7 and n is a large positive integer. Prove that 
a better approximation is K +A where f(K)+Af"(K) = 0, and that A + 1/2K?. 

Find an approximation correct to terms of order 1/K‘. 
*15 Prove that large roots of secx =1+1/x2 are given approximately by 
x = 2nn where n is a large positive integer. Show that a better approximation is 
x = 2nm+1/./(n7). [Assume the series for cos @.] 


Miscellaneous Exercise 13(g) 
1 Ifc is real, and the number (1+7)/(2+cz)+(2+ 32)/(3+7) is represented 
in the xy-plane by a point on the line y = x, prove c = —5+,/21. 


2 If c?+s?=1, prove (1+c+is)/(l+c—7%s) =c+%s, and write down a 
similar result for (1 +8+ ic)/(1+8—ic). 


3 If P+im+n?=1 and m+in=(1+tl)z, 
a t+im _ 1+ 
P l+n 1-%' 


4 Ifz=1r(cos@+7sin@) and a = p(cosa+isina), calculate |z—a/? in terms 
of r, p, 0, a. Deduce that |1—@z|?—|z—a|? = (1-7?) (1—p?). 

5 If |z,—z2,| < 4|z,|, prove (i) |z,| > 4 [els (ii) Jey +z] > # |zel- 

6 The number z is represented by a point on the circle whose centre is 1 + 07 
and radius is 1. 

(i) Represent the number z— 2, and prove (z—2)/z = 7 tan (argz). 

(ii) Construct the point representing 27, and prove that 

(a) |28—z| =|z| and (b) arg(z—1) = arg(z*) = garg (z?—z). 

7 (i) If P,, P, represent z,, z,, and the line P, P, is turned through a positive 
right-angle about P, into the position P,P;, prove that P, represents 
2 +4(%_—2}). 

(ii) Two opposite vertices of a square are 1+ 27, 3— 57. Find the numbers 
of the other vertices. ; 

8 (i) Ifkis a real constant, interpret z, + k(z,—2,) geometrically. 

(ii) The internal and external bisectors of P,OP, meet P,P, at I, EH, 
and M is the mid-point of JH. If z, = cos 47+7sin 47, z, = 2(cos47+7sin 47), 
show that J represents 4(1+./3) (1+), and find the numbers of # and M. 

9 The numbers 2z,, z,, 2, are represented by the vertices P,, P,, P, of an 

isosceles triangle, the angles at P,, P,; each being 4(7—a). Prove that 


(Zg —%q)* = 4(23 —2,) (% — Z_) Sin? ga. 
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10 Interpret the following as loci: 
(i) |z+ 32]? jz— 32]? = 12; (ii) je+ki]?+ |z—kil? = 10k? (k > 0); 


(ili) arg = 47; *(iv) |z—z,|—|z—z,| = 1. 
Z—Zq 


11 The numbers 2,, z, are connected by the equation 2, = z,+ 1/2,. 
(i) If P, describes a circle of radius a + 1 and centre O, show that P, describes 
the ellipse 22 y? 1 
(+a)! (1—aty? oF 
(ii) If z, = r(cos0+isin @), determine the locus of P, when @ = ja and r 
varies. 


12 Ifw+iv = a/z where a is real, show that the curves in the zy-plane which 
correspond to u = constant, v = constant are (in general) orthogonal systems 
of circles. 


13 If {(2+¢)/(z—c)}? = (w+2c)/(w—2c) and c is real, prove that when 
z = c(cos6+7s8in @), then w = 2ccos 0. Hence show that if z describes the circle 
|z| = c, then w describes the segment of the x-axis between + 2c, once in each 
direction. 


14 If z, w are represented by P, Q and zw+w—z+1=0, prove that when 
z= cos0+ isin 0, then |w| = + tan43@ according as 0 <0 <7, —7 <0 < 0. If 
P describes the circle lz] = = 1, prove that Q describes the y-axis, and indicate 
corresponding directions of motion. 


*15 An ellipse has foci ( + ae, 0) and 2,, 2, correspond to the ends of conjugate 

semi-diameters. Prove z?+z2 = a*e*. [Using eccentric angles, if 
z,=acosP+ibsing then 2, = +(asingd—zbcos¢).] 

*16 Ifu = (z2+az+5)/(z2+cz+d) and a, b, c, d are real, prove that the points 


2 for which w is real lie either on the real axis or on a circle whose centre is on the 
real axis. [Clear fractions, equate real and imaginary parts, and eliminate w.] 


In the following, w and w* denote the cube roots of +1, w + 1. 

17 If c=a+b, y=a+bw, z=a+bw*, prove that La = 3a, Lyz = 3a, 
xyz = a+ 6°, ake = 3a’, Xa? = 3(a?+ 5). 

18 (i) If f(x) = Zane, what does f(x) +f(wx) +f(w2x) represent? 


*(ii) Calculate: aireilariy f(x) + of (wx) + w?f(w%x) and f(x) + wf(wx) + wf (wz). 
19 Ifz2"4p,2%14...4+p, = (2—@) (@—Gq) ...(2@—G,), prove that 
(1+?) (1 +08)... (1 +a2) = (1—pyt+Pa—.---)?+(P1—Pst+P5—---)*. 

{l+p,t+pot?+...4+ 9,0" = (l—a,t)...(1—a,t). Put ¢ = +2, then multiply.] 

20 Find conditions for z?+(a+62)z+(c+di) = 0 to have a real root, where 
a, b, c, d are real. 

21 Ifz=a+/% is a root of 22+ pz+q = 0(p, g real), prove & is a real root of 
828 + 2px -q= 0. 

22 Find the equation of lowest degree with rational coefficients which has 
1, 2—./3, ,/2—1 for roots. 

23 Prove 325— 573+ k = 0 has three real roots if —2 < k < 2, and one real 
rootifk > 2ork <—2.° 


24 Find the condition for 324+ 4p23+s = 0 to have no real roots (p, g real). 
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25 Prove that for n odd, a+a”+427+...+a"/n = 0 has one root; and that for 
n even there are 0 or 2 roots according as a = b, where b is a certain number 
which is to be determined. 


By using the substitution y = x+1/x, solve the following equations} in complex 
algebra. 
26 12a*—4x5— 412?— 47412 =0. 
27 25 — Sat + 9a — 922+ 52—1 = 0. [Remove the obvious root x = 1 first.] 
28 2x5 + 5at+ 823 + 829+ 5e4+2 = 0. 
29 Sketch the graph of y = secxz. Deduce that large roots of xcosx = 2 are 


approximately (n+4)7 where n is a large positive integer. Find a closer 
approximation. 


30 Show graphically that sinx = thw has an infinity of roots. If n is a large 
positive integer, show that pairs of roots lie in the neighbourhood of 
x = (2n+4)7, and that a closer approximation to these roots is 


xe = (2n+4) mt Qe-Anth7, 


[Express th x in terms of e.] 


t Since each is unaltered when 2 is replaced by 1/x, they are called reciprocal 
equations. 
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DE MOIVRE’S THEOREM AND 
SOME APPLICATIONS 


14.1 de Moivre’s theorem 
14.11 If n is an integer (positive or negative), then 
(cos6+7sin 0)” = cosnO+78in n6; 
af n vs rational, then cos nO +1 sin n6 is one of the valuest of 
(cos ?+7sin 0)”. 
Proof. (i) Let n be a positive integer. By direct multiplication, 
(cos 9 +¢sin 0) (cos ¢+7sin ¢) 
= (cos 0 cos d—sin @ sin f) + 2(sin 8 cos ¢ + cos @ sin ?) 
= cos (9+ %)+7sin (0+ ¢). 
Similarly, 
(cos 0, +7 sin 0,) (cos #, +7 sin A.) (cos 0; +7 sin 03) 
= {cos (9, + 4.) +7 sin (A, + O2)} (cos Ag +78in O5) 
= c08 (0, + 0.4 63) +7.8in (0, + 024+ 43) 


by two applications of the above result. Proceeding step by step in 
this way, we find 


(cos 0, +¢sin 0,)... (cos@, +78in @,) = cos (XO) +7 sin (26). 
Putting 0, = 0, =... = 0, = 0, this becomes 
(cos0+isin 0)” = cosnO+isin n0. 
(ii) Let n be a negative integer, say n = —m. Then 
(cos@+7sin 0)” = (cos?+isin6)-™ 
gate Saeed ae 
(cos 8+ 128in 0)" 
7 1 
cos m6 +28in mO 


+ See the definition in Case (iii) below. 
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by Case (i), since m is a positive integer. Now 


(cos m6 +7 sin m@) (cosmO —isin m@) = cos? m6 +sin? mé = 1, 


1 _ Aaa 
cosmO-+isinmo “OS™ *sinm 
= cos(—m0)+isin(—m0) by trigonometry, 
= cosnO +isin nO since n = —m. 
Hence again (cos @+728in 0)" = cosné+7sin 00. 


(iti) Let n be rational, say n = p/q where (without loss of generality) 
we can suppose that » and q are integers and q > 0. So far no meaning 
has been assigned to the expression 2”/2 when z is complex. We now 
define the values of 2/2 to be the roots of the equation ¢7 = z?. 

Consider 


(cos® +4 sin Ee 
q q 
=cosp0+isinpO by Case (i), since qg is a positive integer, 
= (cos0+isin0)? by Case (i) or (ii) according as the integer p 
is positive or negative. 


Hence by the definition just given, 


cos +4 sin isa value of (cos#+7sin 6)?/, 


14.12 The values of (cos 9 + isin 6)?/¢ 


Still supposing that p, q are integers and g > 0, let s(cos ¢ +7sin ¢) 
be any one of the values of (cos0+7sin 0)?%. This means that, on 
raising each expression to the gth power, 


8%cos ¢ +7 8in f)? = (cos6+78in 6)?, 
i.e. s%(cos gd +7sin gd) = cos p) +78in p0. 
It now follows as in 13.22 (2) that s? = 1 and g¢ = p0+ 2km, where k 
is an integer or zero. Since s is the modulus of a complex number, it 
is by definition real and positive, so that s% = 1 implies s = +1. 

Taking & = 0,1, 2,...,g—1, we obtain the g expressions 
COS (=) +7s8in (2 =) (i) 
q q q q 

as possible values of (cos @ +7 sin 0)?2, 


These q values are distinct, because angles given by k = k,, k = ke 
differ by 2 |k,—,|7/q, which is less than 27 since |k, — k,| < q. 
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No further values are given by taking other values of k, because any 
other value of k differs from one of the values 0, 1, 2, ....¢g—1 by some 
integral multiple of gq. 

Consequently, (cos 9 +isin 0)”2 has exactly q different values, viz. 
those in (i) given by k = 0, 1, 2, .... g—1. Any other set of g integral 
values of k could be chosen, provided they give q distinct values of (i); 
e.g. we often take k = 0, +1, +2,.... 

The q values (i) are represented. in 
the Argand diagram by points 

Ly ane 


qd 


on the unit circle |z| = 1: 
£(Ox,OP,) = p6/4, 
and arcs P,P, P,P, ..., P,1P, sub- 
tend angles 27:/q at the sentie O. Thus 
PPB... P, is a regular q-sided poly- Fig. 136 
gon inscribed in the unit circle. 
Since every complex number z can be written in the form 


r(cos6+isin@), where —-7<O0<7 


the above shows that the values of 2? are 


ra cos (e e +t) as isin (= z +m) ; 
| q 4 q 4 


where k = 0, 1, 2, ..., g— 1 and (as elsewhere in this book) r?/2 denotes 
the positive qth root of 7”. They are represented by points equally 
spaced around the circle |z| = r?/2. 

Definition. It will often be convenient to abbreviate cos @+7sin6 
to cis 0. 


14.13 Examples 


(i) Solve the equation (2+1)* = 2". 
If the left-hand side were expanded, this would reduce to an equation of 
degree n—1 in z. Hence in complex algebra there will be n — 1 roots. 
Since z = 0 is not a solution, the equation can be written 


(+)"- l (a) 
z 


= cos 0+7s8in 0. 
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By taking nth roots of both sides, and using the general result (i) in 14.12, 


1 2k 2 
aa = 008 (0477) + isin (04 =) (k = 0,1, 2,...,2—1). 


n 


Qkr .. Qkr 
z | cos —— — 1+7¢sin —} = 1, 
n n 


i.e.t <(—2sin* + 2isin cos") a 
n n n 
kn {ke ken 
and iain (cos + isin) af: 
n n n 


Hence by the theorem (with index — 1) 


kr kr kr 
2izsin— = cos——isin— (k=0,1,2,...,n—1). 
n n n 
If k +0, 2 = 5; (cots) 
n 


1 k 
= —5 (1+ seo) (k = 1,2,....n—1). 
2 n 


These are the n — 1 solutions. 
Alternatively, instead of quoting the general theory, we may proceed from 
stage (a) above by writing 


l n 
(= ) = cos 2k7 +7sin 2k7; 


hence by de Moivre’s theorem, 
z+1 2kn . . 2kn 
—— = cos—— +7sin —, 
n n 
which takes distinct values for k = 0,1, 2,...,n—1; ete. 
(ii) Show that the roots of z" = 1 can be written 1, a, a, ..., a"-1, 
From z" = 1 = cos 2k7+7sin 2kz, 
2kn . . 2ka 
z= cos——+27sin-—,, 
n n 


which takes distinct values when k = 0,1, 2,...,n—1. 
The value k = 0 gives z = 1. Write 
27 .. 2 
a = cos — +748in — 
n n 
for the case k = 1; then since 
2kn_ . . 2kn ( 27d, =) 
cos —— +isin —— = |cos— +isin—] = a, 
n n n n 
where k = 2,3,...,n—1, the m roots are 1, a, a, ..., a}. 
Remark. Since the sum of the roots of z"— 1 = 0 is zero (13.51), we have 
l+ata?+...¢a"1 = 0. 


} This step of passing to half-angles is often useful. 
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Compare the brevity of this work with the algebraical treatment of the equation 
23 = 1 in 13.23. Observe also that 


a*-' — cis pa = cis {en -= 
n n 


— 


: orn 2rn , «, rn 
= cis { -——} = cos —-—278smn — = @’, 
n n n 
and hence a"-! = &, a"-? = @?, .... Also see Ex. 14(a), no. 21. 
*(iii) If p, q are coprime integers (i.e. have no common factor other than +1), 
the q values of (cos 0 +7sin 0)?!" can be written 
cos (0-+ 2km) +ésin’ (0-+2k7n), | (ii) 


where k = 0,1, 2,....g—1. 
These gq expressions each satisfy 2“ = cosp0+isin p#, and are therefore 
values of (cos @+isin 0)?, They are all distinct; for if 


cis (0+ 2k, 7m) = cis (0 + 2kem), 
then as in 13.22 (2), 
7 (+ 2kym)— 7 (9+ 2k,7) = 2mrr 


for some integer m, i.e. p(k,—k,) = mg. Since |k,—k,| < g, this shows that q 
has a factor in common with p, which is impossible because p, g are coprime. 


Remarks 


(«) Since the equation z¢ = cis p@ has exactly q roots, the set of values of (ii) 
must be the same as the set of values of (i), in some order. 

(f) If p, g are not coprime, the function (cos@+7sin 0)?" is understood to 
mean {(cos # + isin @)?}/%, and therefore has g distinct values, viz. the values 
(i) of (cos p68 + isin pO)", However, in this case the expression cis {( p/q)(0 + 2k7m)} 
does not take qg distinct values, and consequently. does not represent all the 
values of (cos 9+ sin @)?", See Ex. 14(a), no. 8. 


Exercise 14(a) 


1 If =cis0, y = cis¢, and m, n are integers, prove 


7m n 
sates = 2cos(m0—nd¢). 
Ixetays (1+cos0+7sin 6)5 
Seep Ey. (cos 9 —isin 0)4 
1+sin 0 +7cos6\" eh : ; 
3 Prove LedinG= so080 = Cis (4n7 —n6), n being an integer. 


If x = cis 0, prove (x2"—1)/(z?"+ 1) = itann0, where n is an integer. 
Find the modulus and the principal value of the argument of (— 1+7.,/3)5. 
Find the three cube roots of 27— 2. 

Obtain all the values of {(,/2 + 1+ 4)/(./2+1—7)}* in the form a+ bi. 


NAO 
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8 Write down the six values of (cos@+7isin0)s and the two values of 
(cos 0 +7s8in 0)#. Observe that cis {3(0 + 2k7)} has only two distinct values, and 
therefore cannot completely represent the first function. 


9 Simplify (cos @+7sin 0)? in two ways. By equating real and imaginary 
parts, deduce that 
cos 30 = cos?@—3cos@ sin?@ and sin3@ = 3cos?@ sind—sin 30, 


and express tan 30 in terms of tan 0. 
10 Ifz = cis0, express in terms of 0: 


1 1 1 1 1 
(i) 5s (i) ete; (ill) 2-23 (iv) e+e (v) a8#—F. 


Solve completely the following equations. 
11 27=-1. 12 (2+1)"+(z-1)" =90. 
13 (z—1)* =2". 14 (1+z)" = (1—z)". 
15 22"—2z"cosna+1 = 0. [First solve as a quadratic in 2".] 


16 By expanding (1+2z)", where n is a positive integer, and putting z = cis0, 
prove 


n 
(2. cos 40)" cis 4n0 = & "C, cis70. 
r=0 


nr TN n 
Deduce that x "C,cos ae =o-4 (cos z) : 


r=0 nr 
17 If nis a positive integer, prove (1+7)"+4+(1—12)" = 2"*1 cos nz. Writing 
(l4+2)" = cote, e+cgu? +... 40,2", 
prove Co—CgtC,—... = 24" 08 Jnz 
and C,—Cg+c,—... = 24" gin }nz. 


18 If a = cis37 and f= a+a?+a4, y = a3+a°+25, prove f+y = —1 and 
By = 2. Write down the quadratic having roots £, y, and deduce that 
2 4 
sin tein tin = +4y/7. | 
*19 If cos0+cos¢+cosy =0 and siné+sin¢d+siny=0, prove that 
cos 30 + cos 3¢ + cos 3x" —3cos(6+¢6+Y) = 0 and a similar result for sines. 
[Put « = cis 0, y = cis¢, z = cis and use Ex. 10(/), no. 4 (iii).] 

20 What conditions have to be satisfied by z in order that the points repre- 
senting all integral powers of z should (i) lie on a circle with centre the origin, 
and (ii) be finite in number? Mark in a diagram the points which represent a 
number z such that there are only three distinct points given by the sequence 
Z, 24, 2, eee 
*21 Ifnis any prime number and A denotes any complex root of z* = 1, prove 
that the numbers 1, A, A?, ..., A"-! are some arrangement of the numbers 
1, a, a, ...,a"-l in 14.13, ex. (ii). [Use the argument in 14.13, ex. (iii).] 
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14.2 Use of the binomial theorem 
14.21 cos’ 6 sin”6 in terms of multiple angles (m, n being positive 
integers or zero) . 


This transformation is sometimes needed for the integration of 
circular functions: see 4.82. Writing z = cos 0+isin 0, then 


] se 
a cos 0 —1s8in 0, 
1 nee 1 ; 
80 20080 =z2+-, 2isind =2——. (i) 
Also 2” = cosnO+isin 6 and 1/2” = cosn0 —isinn6, so that 
1 ] ae - 
ae =2cosn0, 2"— oe 2i sin n0. (ii) 


By means of (i) and the binomial theorem, the given function can 
be expanded in powers of z and 1/z. By (ii) the resulting expansion 
can be expressed in multiple angles. 


Examples 
(i) Express cos® 6 in terms of circular functions of multiple angles. 
From (i), 
] 6 
(2.cos @)§ = (:+2) 


15 6 ] 
= 26+ 624+ loz? + 20+ ++ 
2 2 2 


] ] 
= (03) :0(e143) +15 (042) 2 
z z z 
= 2.cos 60 + 6(2 cos 40) + 15(2 cos 20)+20 by (ii). 
cos* 0 = <4,(cos 60 + 6 cos 46 + 15cos 20 + 10). 


(ii) Eapress cos® 6 sin‘ 0 in terms of multiple angles. 


1\5 1\4 
(2. cos )5 (2¢sin 0)* = (-+2) ( -*) 


24g 
] ] 
= ete +{27+—}-4 hue —4[z22+—]+6 Paes 
2 z7 ge 2 z 
= 2cos 90 + 2 cos 70 — 4(2 cos 50) — 4(2 cos 30) + 6(2 cos A). 
cos @ sint 0 = 544(cos 90 + cos 70 — 4cos 50 — 4.cos 30 + 6 cos 8). 
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We observe that cos" 6 can always be expanded in terms of cosines 
because it depends on the expansion of (z+1/z)". Since sin”™@ 
depends on (z—1/z)™, which involves terms like 2*+1/z if m is 
even, and terms like z"—1/z" if m is odd, therefore sin”@ can be 
expressed in terms of cosines or sines according as m is even or odd. 


14.22 cos n6, sin nO, tan 78 as powers of circular functions (nm being 
an integer) 
We now reverse the process in 14.21: 
cosn0+isinnd = (cos0+isin 0)" = (c+1s)", say, 


= c+ (7) c™ lig + (") c”—2(48)? + (3) c®—3(48)3 + (1) e”4(48)* +... 


“fo-(Jeve(ilose foe Geared 


Hence cos nO = c”— (;) e297 + (1) cn—4g4 — .., (ili) 


and sinnd = (7) cn—13 — (3) on 8g8 + (iv) 


Taking the ratio of sinn0 to cosn0, and dividing top and bottom 
of the right-hand side by c”, we obtain 


tanné = diate a (v) 


1-(5) e+ ({)#-— 
where ¢ = tan 0. 


The formulae (iii), (iv) can be transformed by means of the relation 
s?+c2 = 1 to show that cos can be expressed entirely in powers of 
cos 9, and so on; see for example Ex. 14 (b), no. 20, and ex. (iii) below. 


Examples 
(i) Express cos 50 and sin 60/sin 0 in terms of cos 8. 


5 5 
— 75 302 4 
cos 56 = c - (j) + (je 


= c5— 10c8(1 —c?) + 5e(1 —c*)? 
= 16c5— 20c? + Bc. 


wr ()or-(e (os 


= 8{6c5— 20c*s? + 6cs*} 
= s{6c5— 20c3(1 — c) + 6c(1 —c?)*}, 


in 60 
ada = 32c5— 32c? + 6c. 
sin @ 
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(ii) Write down the formula for tan 50. What equation is satisfied by tan0 
af (a) tan 50 = 0; (6) 50 = 47? Solve each of these equations. 


5 5 5 
= 3 ¢5 
(G)e-Gle+(s)* rose 


5 5 ~ 1— 1022+ 5¢4" 
fas: t2 t* 
-(2)¢+(@) 


(a) If tan 50 = 0, then 5¢— 1022+ = 0, so ¢ = tan @ satisfies 
x5 — 102° + 5¢ = 0. 


Now if tan 50 = 0, then 50 = rm and 6 = }7, so that tan 0 = tan }r7, and the 
values r = 0, 1, 2, 3, 4 give distinct values of tan ir7. Therefore the roots of the 
above equation are x = 0 (corresponding to r = 0) and 


tan 50 = 


tania, tan?7, tan37=-—tanin, tan47 = —tanjz, 
i.e. 0, ttanj7, +ttan2z. 
(b) If 50 = iz, then tan 50 = 1 and so 


5t— 10 +05 = 1— 1027+ 5A; 
hence ¢ = tan @ satisfies 
5 — 5a* — 1023 + 102? + 5a—1= 0. 


But if tan 50 = 1, then 50 = 47 +17 and 6 = 47+ 47, so that 


tan 0 = tan (FS). 


20 
and this takes distinct values for r = 0, 1, 2,3, 4. The required roots are therefore 
4r+1 
ee tan ( = n| (r = 0,1, 2,3, 4). 


The equation in (b) could also be solved algebraically by the method in 
Ex. 13 (g), nos. 26-28. 


*(iii) If n is odd, prove that sin nO can be expressed in the form 
sinn? = b,8+6,8?+...+6,8", 


and find b,, b,. Also prove that (r+1)(r+2) 6... = (r?—n?) b,, and hence find bg. 
From formula (iv) and the relation c? = 1 —s?, 


sinn® = (?) (1 —s?2)Hn-D 5 — (3) (1 —s2)Hn—) 3 4. (5) (1 —82)Hn-5) g5_ |, 


Since each of n—1, n—3, ... is even, this can be expanded as a polynomial in s 
involving only odd powers of s and having degree n, for 


b,, = coefficient of s” 


n _a{” nv (7) _ 
= (—1)* »()-(-0 »()+(-Di (7) — 


-c-atea()()+G)- 


= (—1)K"-DQ2-1 by Ex. 12(b), no. 2. 
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Als 
y b, = coefficient of s = (?) =n. 


n 
By deriving the identity sinn@ = >) 6,8" twice wo 0, we obtain first 
r=) 
n 
ncosnO = >) rb, sc 
r=] 


n 
and then —n'®sin nO = >) [r(r — 1) b,8*-2c? — rb, 8°18] 
r=] 


= 2 [r(r—1) bs? — {r(r— 1) b, +76, } 8°] 
= 2 [r(r—1) b, 8-2 — r*b, 8"); 


n n 
hence —n* >) 6,8" = > [r(r— 1) b, 8°? — 7b, 8°]. 
r=1 r=1 
Equating coefficients of s*, 


— nb, = (r+2)(r+1)b,4,—17%,, 
from which the required relation follows. Taking r = 1, we have 


2.3b,=(1—n®)n, io. bs = $n(1—n?). 


14,23 tan (0, +6,+... +6,) 
cos (0, + 4,+...+9,) +28in (0,+6.+...+9,) 
= (cos6, +7sin 0,) (cos 0, +78in 0)... (cos 8, +2 sin @,) 
asin 14.11, proof (i), 
= cos), cos6,... cos 6,,(1+ tt,) (1+7,)...(1+,) where é, = tan6,, 
= cos 0, cos 02... cos 0,,(1 +72, +0772, + 28Lg+...), 


where &, denotes the sum of the products of ¢,, t,, ..., t, taken r at a 
time; this last step follows from the argument used in proving the 
binomial theorem, 12.11. Equating real and imaginary parts, 


cos (9, +0,+...+8,) = cos0,...cosO,(1—X,+2,—...), (vi) 
and 
sin (0,+0,+...+6,) = cos0,...cos6,(X,—%Xg+...). (vii) 
By division, 
tan (9,+0,+..-+6,) = casi ull Se 


1—D,4+2,—LUet.-. (viii) 


The formulae (vi)—(viii) include (iii)-(v) as the special cases when 
6,=6,=...= 90, = 9. All these can be written down easily for any 
particular value of n, the terms continuing until they would cease 
to have a meaning. 
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Exercise 14(b) 
Express the following in terms of multiple angles. 


1 cos’. 2 sin‘ 0. 3 sin @. 
4 cos*@ sin® 6. 5 cos®@ sin? 0. 
Calculate 
tar 
6 fain’ 0dé. 7 feos 6 sin® 0dé. 8 | sin’ 6 cos* dé. 
0 


9 Express cos 60 in terms of (i) cos 9; (ii) sin 8. 
10 Express sin 70 in terms of sin 0. 
11 Express cos 76/cos 0 in terms of sin 0. 
12 Solve completely the equation cos 50+ 5cos 30+ 10 cos 0 = 4. 
13 Solve completely 16sin5 0 = sin 50. 


14 Prove cos 76/cos 6 = 1— 2(2 cos 20) — (2. cos 20)? + (2 cos 20). Hence prove 
that the roots of z3—z?—27+1 = 0 are x = 2cos {4(2k + 1) 7}, k = 0,1, 2. 


15 If x = 2cos8, prove (1+¢o0s76)/(1+cos@) = (28—2*—2¢%—1)%. [Express 
in half-angles.] 


*16 (i) Give the last terms in formulae (ili), (iv) when 7 is (a) even; (b) odd. 
(ii) State the last terms in numerator and denominator of formula (v) when 
n is (a) even; (b) odd. 


17 Write down the expression for tan 30 in terms of t = tan 0. By first solving 
tan 0 = 1, show that the roots of x? — 3”?—32+1 = 0 are tan 47, tan47 and 
tan 377. What are the roots of x?—42+1 = 0? 


18 (i) If6,+6,+0,+6, = nz, where nis an integer, state the relation between 
t1, tg, tg, t4, Where t, = tan 6,. 
(ii) If tan6,, ..., tan@, are the roots of t+ at?+bi+ct+d = 0, express 
tan (0,+0,+6,+9,) in terms of the coefficients. What can be said about the 
angles if c = a? 


19 If tana, tanf, tany are the roots of az?+2?+ba+1=0, prove that 
a+ f+y is an integral multiple of 7. 


*20 (i) Prove that cosn@ can be expressed as a polynomial of degree m in 
c = cos 0 of the form a,6° +Gy_20" 2 +... FOn—opc"*" + ..., the last term being 
Gy Or a,c according as n is even or odd. (ii) Prove that a, = 2"—1, (ii) Ifn is even, 
put 0 = 47 to show that ay = (—1)**; if n is odd, eouside: a (cos n6/cos 8) to 
—>$7 
prove a, = n(—1)**-», (iv) By deriving twice wo 0 and Squaaing coefficients 
of c’, prove (r+1)(r+2)a,,, = (r?—n?)a,. (v) Hence expand cosn@ (a) in 
descending powers of c; (6) in ascending powers of c, first for n even and then 
for n odd. 


14.3 Factorisation 


We now give further applications of the results in 10.12 and of 
Theorem I in 10.13, which remain valid in complex algebra. Just as 
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we have used SH (r) to denote f(1)+f(2)+...+f(), here it is con- 
r=1 


venient to write 


IL f(r) =f(1) f(2) -.. fn). 


As with the 2-notation, the range of values of r can be omitted when 
clear from the context. 


14.31 x"-1 


We have 2*—1 = 0 if 2” = 1 = cis2rm, ie. if x = cis(2rm/n). For 
r= 1,2,..., nit follows that x —cis (2r7/n) are distinct factors of x” — 1. 


Since r = —k and r = n—k give the same value to cis (2rm/n), we 
may use r = 0, —1, —2, ... instead of r = n,n—1.n—2,.... 
Case (i): n even. Take r = 0, +1, +2, ..., +(4n—1), $n. This gives 


4n— 1 pairs of factors, together with the single factors corresponding 
to 0 and 4; in all, there are 2(4n—1)+2 = n factors. 
The factors corresponding to r = +k are 


( Qkhrn_.. =") ( Qhr .. =| 
x— (cos —+isin—-}, w—|cos———?sin——}, 
n n n n 

and their product is 
2Qkrr\? . 2kr\? Qkrr 
x — cos—) +{sin—} = 2?—2xcos— +l. 
n n n 


The factors corresponding to r = 0, 4n are respectively x—1, x+1. 


Hence 
aut 2kr ‘ 
for neven, x”-—1 = (x-1)(¢+]1) II (12-20 e087" +1). (i) 


Case (it): n odd. Take r=0, +1, +2, ..., +3(n—1); this gives 
1+ 2{4(n—1)} = n factors altogether. Arguing as before, we find that 


#(n—1) 2k 
for n odd, x"—-1=(x-1) [I (22-20 e087 +1). (ii) 
k=1 


14.32 x"+1 

2e+1=0 if a =—-1=cis(2r—1)7, ie. if x = cis {(2r—1)7/n}, 
where r is an integer or zero. Distinct values of x are given by any n 
consecutive values of r. 


37 GPMII 
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Case (1): n even. As in 14.31, we wish to pair off conjugate complex 
linear factors so as to get a real quadratic product. Now the factors 


2r—1 , 2r'-—1 
1, x—Ccis 


x—cis nT 


are conjugate if (2r—1)+ (2r’—1) = 0, ie. if r’ = —(r—1); therefore 
with the values pad; 2, See 
we pair r’ = 0, —1, —2,..., —(4n—-1). 


This gives 4n+{1+(4n—1)} = factors altogether. The factors 
corresponding to r = k, r’ = —(k—1) are 


( 2k—-1 5, 2k—-1 ( 2k-1_ =... 2k—-1 
x—|cos 7+78in 1}, x—{cos m—7sin TT), 
n n n n 


and their product is x? — 22 cos {(2k—1)m/n} +1. Hence 


in kb 
for neven, x”™+1= I] (2*— 22-008 A Lge 1) ‘ (iii) 


k=1 
Case (it): n odd. We pair off the values 
r=1, 2, 3,...,$(n—1) 
with r’ = 0, —1, —2,..., —$(n—8). 
The value r = $(n+ 1) gives 2r—1 = n, to which corresponds the real 
factor z+ 1. Then as before we have 
#(n—1) 


for n odd, 2°+1=(%+1) II (2° 22008 
k=1 


1+ 1). (iv) 


14.33 x2*—2x" cos na+1 


The equation 22” — 22” cosna+1 = 0 is quadratic in x”: 
(~” — cos na)? = —1+cos*na = —sin? na, 
x” = cosnat+isin na. 


Hence the 2n values of x which satisfy it are 
( =a a ( =| 
cos (a+ —] +tsin{a+—}, 
n n 


where r = 0,1, 2,...,2—1; these are distinct unless n« is zero or an 
integral multiple of z. 
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The product of the conjugate factors corresponding to r = k is 


2Qkr aed 2Qkr Qkr st Qkr 
x— cos {a +—] —7sin|a+—]}{a—cos{a+——]+7sin|a+— 
n n n n 
Qkhrr\ \2 ; Qkr\ \2 
= {¢—cos |a+—]} +{sin|a+— 
n n 


2k 
= 7 — 270s (+=) +1. 


n—1 Qk7 
J“. ©" — Ie" cosna+1 = T] [22 — 20 008 («+= +1}. (v) 
k=0 


Examples 


Various deductions can be made from the result (v). 
(i) Putting a = 0, we obtain 
n—1 2kar 
(a*—1)? = J] {222008 + i), 
k=0 n 
and if 7 is even this is equal to 
in-1 Qkr 2 
(a—1)?(a+1)? JT] {xt 20 005" + 1 
k=1 n 
because the values k = 0, k = 4m give the factors (2 — 1)*, (+ 1)? respectively, 
while factors corresponding to k and n—k are equal. Taking square roots (in 
which the positive sign is chosen since in real algebra all the quadratic factors 
are positive and z"—1, z?— 1 always have the same sign when n is even), we 
obtain formula (i) of 14.31. If n is odd, we likewise deduce formula (ii). 
Similarly, by putting a = 7/n in (v), we obtain formulae (iii), (iv). 


(ii) Divide both sides of (v) by 2": 
n—-1 9 
Pe eas ee = [[ [+2 — 2008 (x+=)}. 
an x n 


k=0 
Putting x = cis0, 


n—-1 kn 
2cos nO —2cosna = [| {2080-205 («+=I, 
k=0 n 
n—1 Dy) 
1.6. cos nO — cosna = 2"-! J] {cos 8 —cos («+=)I. 
k=0 


(iii) In (v) put = 1 anda = 2/: 
2(1 — cos 2nf) ="T1 2{1—cos (20+=7)I, 
k=0 % 
sin? nf = gn—2'T] sin® (4 +2) , 
0 n 
sinnf = + on-1"T] sin (4+2| : 
0 n 
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To decide the sign of the right-hand side, first suppose 0 < 6 < 7/n; then 
each factor on the right is positive, and so is sinnf. Hence the sign + is appro- 
priate for this range of £. As f increases, sinnf changes sign whenever f passes 
through a value k7/n, and simultaneously one factor on the right changes. 
Hence the sign is always +: 


n—-1 
sinnf = ann at sin (4+ =) : 


(iv) By taking logarithms of the modulus of each side of this last result, 
assuming that # is not zero or an integral multiple of 27, 


sin (2+) ; 


is nai ka 
Deriving wo £, neotnf = >} cot (+=) : 
k=0 n 


n—1 
log |sinnf| = (n—1)log2+ > log 
k=0 


(v) de Mowre’s and Cotes’s propertiest 
of the circle. 

A,A,A,...An, is a regular n-sided 
polygon inscribed in the circle of centre 
O and radius a; P is a point such that 
OP =x and Z(OP,OA,) = @. 

Since sides of the polygon subtend angle 
2m/n at O, we have 


Z(OP, OA,) = 0+ 2rm/n. 


Also, by the cosine rule, 


9 Fig. 137 
PAS = v*-+4a?2— 2ax cos (0+ =) - 
n 


n—1 2 
PA?,PA?...PA?_, = [I] {2 —2ax 008 (042) +a 


r=0 
= 22" — 2a" cos né +a?” 
by a slight extension of formula (v). Hence de Moivre’s property: 
PA,.PA,...PAy_) = (x?"—2a"x" cos n6 +a*"), 
In particular, if P lies on OA,, then 6 = 0 and so 
PAPA... PAG: = |e" —a"|. 
If OP bisects A,,,OA,, then 6 = 7/n, and so 
PA,.PA,...PAg1 = 2"%+a". 


These last two results are known as Cotes’s properties. 


14.34 sin n0, n odd 


By ex. (iii) of 14.22, sinn@ can be expressed as a polynomial in sin @ when n 
is odd; the leading term is b,, sin" 9, where b,, = (— 1)#"-»2"-1, The polynomial 
is zero when sinn@ = 0, i.e. when nO = rm, 6 = rm/n and so sin@ = sin(r7/n). 


+ These illustrate geometrically the results of 14.31-14.33. 
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Hence for r = 0,1, 2,...,n—1, sin@—sin(rm/n) are distinct factors of sinnJ6; 
consequently ee | a 
sinnd = b, >> (sino—sin””).. (vi) 
= r=1 a 


This can be expressed alternatively as follows. The n distinct values of 
sin (r7/n) are given by r = 0, +1, +2, .... + $(m—1). The factors which corre- 


spond tor = k,r = —k are sin 0 — sin (km/n), sin 0 +sin (k7/n), and have product 
sin? 6 —sin? (k7/n). Hence 
i(n—1) kn 
sinn? = b, sind |] (sin 6—sin? =) , (vii) 
k=1 n 
Divide each factor following sin 6 in (vii) by —sin? (k7/n); then 
4(n—1) sin? 0 
innd = Asi 1—--—_}}, 
sinn? = A sind i ( sania) 


where A is independent of @ and can be determined by dividing both sides by 
sin @ and then letting 6 > 0. We obtain 


A =lim aula 9b, 
6->0 sin 0 
; _ an—1) sin? 0 sit 
and so sin n0 = nsind i ( gin? (len = (viii) 


Examples 


(i) Comparison of series and product. 
By identifying the product (viii) with the expansion of sinn@ obtained in 
ex. (iii) of 14.22, we have for n odd: 


#(n—1) kr 
ns |] (1-s#c0seet) = ns +4n(1 —n*) 8? +... 46,8". 
k=1 


Equating coefficients of the various powers of s gives identities involving 
cosec? (k7r/n); e.g. from those of s°, 


i(n-1) oe 
—n > cosec? — = 4n(1—n?), 
k=1 n 
' i(n—1) kn : 
i.e. > cosec?— = 4(n?—1) for n odd. (ix) 
k=1 n 


ao 
(ii) Proof that & = = in, 
r=1T 
If 0 < 6 < 41, then sin 0 < 6 < tan @ and so 


1 1 
— < cosec?# = 1+ cot? 6 < 14+— 


62 g2" 
Put 6 = rm/n where n is odd, and sum for r = 1, 2,...,4(n—1): 
n* {1 1 1 a(n—1) fT 
tatty < a, cosec Pe 


nfl oil 1 
< i(n—I +75 Btatet 
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and using formula (ix), we have 
mMmn?—-l  mn—) 


Syn) <a eS eg ona 


Since the series X(1/r?) is known to converge by 12.41 (3), therefore s,, tends 
to some limit s when m > oo in any manner, and in particular through the 
sequence 3(n—1) for odd n. Letting n + 00, the above inequality gives 


s8<jm<s, 
so that s = 477°. 


Exercise 14(c) 


1 Obtain real quadratic factors of z6—xz*'+1. By equating coefficients of 
x§ and of x’, prove that 
cos 347 -+cos$2+cos$7=0 and cos47 cos $7 cos fm = 3. 
2 Find the real quadratic factors of x§— 4z*+ 16. 
3 Write down real quadratic factors of 2°+a5+at+2°+2%+2+1. [The 
expression is (7? —1)/(z—1).] 
By substituting +1 for x and 28 or 28+ 17/n for a in formula (v) of 14.33, prove 
the following. 
n—1 2 I 
4 cosnf = 2°" JT] sin (p+ "I. 
r=0 2n 


n—1 
5 sinnf = (—1)#"2"-1 TJ cos (a+7| if n is even. 
r=0 


if n is even. 


6 cosnf = (- 1)#*9"-1 T] cos (eo 1) "} 
r=0 


7 Obtain a result by deriving no. 4 logarithmically wo £. 


n—1 
8 Prove >) cosec? (247 +—]} = n*® cosec? nf. 
r=0 
n—1 Orr 
9 Prove chnx—cosna = 2"-1 JJ {ch x—cos («+ =) . [Divide formula (v) 
r=0 


by x" and then put x = e¥.] 

10 Express x"—1/(x2" — 2" cos na+1) as a sum of n partial fractions. [Derive 
(v) logarithmically wo «.] : 

11 Prove that 

A eek ee: art+1 ieexs icecly aeme rm 
2x + — an {v+2—2c0s ( on n)\ > «ea——_= (+-2) Tl (2 +;-20087) ‘ 
[Use formulae (iii), (i) with 2n instead of n.] 

12 By putting z = cis@ in the results of no. 11, prove 


n—1 9 1] 
(i) cosnO = 2"-1 J] (cos cos es n); 


r=0 


n—-1 TT 
(ii) sinn@ = 2*-1sin 0 [T (cos 0—cos a ; 


r=1 
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13 (i) Obtain a result from no. 12(i) by putting 6 = 0. 
(ii) By dividing both sides of no. 12(ii) by sin@ and then letting 0 > 0, 
prove 


n-1 
(n= +2"1 7] sin. 
r=1 n 
14 (i) By deriving no. 12 (i) logarithmically, prove 
ntannO = 1 
sin@ —,y. cos —cos {(2r + 1) 77/2n}" 


(ii) What result is obtainable similarly from no. 12 (ii)? 


15 With the notation of 14.33, ex. (v), prove that if P lies on the circumference, 
then PA,.PA, eee PA, => 2a" |sin $n}. 
16 Show that the solutions of (1+2)?"+(1—2)®" = O are 


i 
z= +7tan 
4n 


7, where r=1,2,...,n. 


is 2r—1 
Deduce that (1+2)?"4+(1—a)* = 2]] (2+ tan oo"), 
r=1 
n or — 
and hence prove that > Pr voli = 2n’. 
r=1 4n 


*17 Prove that 
n—1 2Qrir 
cos nO —cosna = 2"-1 TT] {cos 6—cos (2+=")| 


r=0 


by using Ex. 14(6), no. 20 and arguing as in 14.34. 


14.4 Roots of equations 


14.41 Construction of equations with roots given trigonometrically 


(i) Form the equation whose roots are cos 277, cos $77, cos 87. 


6 = 27, 47, 87 all satisfy cos 36 = —}. Since cos 30 = 4c0s*@—3cos0, the 
equation 47° — 3x = — } is satisfied by x = cos 37, cos 37, cos 87. The required 


equation is therefore 823 —6e+1=0 


(ii) Form the equation whose roots are cos 271, cos 47, cos $77. 
Consider the equation cos 40 = cos 30. It is satisfied by 
40 = 2mr + 36, 


where m is any integer or zero, i.e. by 0 = 2mm (this includes both solutions 
obtained from the double sign + ). 
Writing x = cos 0@, the equation becomes 
824—827?+1 = 42°— 32, 
since cos 460 = 2cos?2@—1 = 2(2%—1)?—1. The roots of this are given by 


m = 0,1,2,3, viz. 4 — e080 = 1, cos 27, cos 47, cos $77. 


Since 824 — 4a5 — 872+ 32+ 1 = (x— 1) (823+ 42?— 42-1), the required equa- 
wone 8a%+ 40 4e—1 = 0. 
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(iii) Form the equation whose roots are tan? 47, tan? 27, tan? $7, tan? $7. 


The equation tan 96 = 0 is satisfied by 6 = inz, where n is any integer or 
zero. Writing ¢ = tan 0, it becomes (see formula (v) of 14.22) 


()-G)eeCh-GlesG)e=o 
Removing the root t = 0, we see that the equation 
& — 36¢6 + 126¢4 — 8477+ 9 = 0 
has roots t = tan (4n7), where n = 1, 2,..., 8, i.e. 
+taniz7, +tan?7, sttan37, +tan47. 
Putting x = 2, it follows that 
xt — 362° + 12627 — 847+9 = 0 


has roots tan? 477, tan? 27, tan? 47, tan? $7. 

N.B.—Since tan?47 = 3, we may remove the root x= 3 from the last 
equation, obtaining x'— 3322+27x—3=0, which consequently has roots 
tan? in, tan? 27, tan? 47. 


14.42 Results obtained by using relations between roots and 
coefficients 


If the results of 13.51 are applied to equations like those found in 
14.41, various trigonometrical relations are obtained. 


Examples 


(iv) Prove sec 27 + sec 47 + sec $7 = 6, and find sec $7 + sec 87 + sec 37. 

The equation whose roots are the reciprocals of the roots of that in ex. (i) 
will have roots sec 27, sec 47, sec 87. This equation is 2*— 6x?+8 = 0, and the 
sum of its roots is 6. 

Since sec437 = —sec87, sec$a =-—sec$7, and sec$7 =-—sec27, hence 
sec 47 + sec $7 + sec j7 = — 6. 


(v) Calculate tan? 27 + tan? 47 + tan? $7. 

From ex. (ii), the equation having roots sec 27, sec 477, sec $7 is 
x + 447—4¢r—8 = 0. 

Putting y = x*, the equation having roots sec? 27, ete. is 
y(y — 4)? = 16(y— 2)?, 

i.e. y® — 24y? + 80y— 64 = 0. 

Writing z = y—l, ie. y = 2+ 1, this becomes (after reduction) 

23 — 2122+ 352—7 = 0, 


which has roots sec? 27 — 1 = tan? 27, etc. The sum of the roots is 21. 
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(vi) Prove that cos 3a = 4cosa@ cos(a-+ 27) cos («+ 47). 
Consider the equation cos 30 = cos3a, which is satisfied by 0 = a+ %km 
where k is any integer or zero. It can be written 
4x3 — 3x —cos 3a = 0, 


where x = cos@, and is satisfied by the distinct values x = cosa, cos (& + 377) 
and cos (a+ $7). By taking the product of the roots, the relation follows. 


Exercise 14(d) 


1 Form the equation whose roots are cos 47, cos $7, cos 437. 


2 Form the equation whose roots are +cos47, +cos27. 
[Consider cos 50 = —1.] 


3 By considering cos 30 = cos 20, construct the equation whose roots are 
cos 47 and cos 47. Hence find cos 36°, cos 72° in surd form. 


2 
4 Show that x2 = 2cos— (r = 1, 2,..., 5) are the roots of 


25+ 4 — 403 — 3224 327+1 = 0. 


[Consider cos 60 = cos 50; remove the root x = 2 at the end.] 


*5 (i) Construct the equation whose roots are + 2sin27, + 2sin 47, + 2sin 87 
by eliminating x from y = 2.,/(1—2?) and the result of ex. (ii) in 14.41. 
(ii) Verify that 2 sin 271, 2sin 47, 2 sin 87 are the roots of x? = +./7 (x?—1). 
[The equation in y obtained in (i) can be written 
y= 7(y2—1)?, ie y®= +/7(y?—1). 


Since 2sin 27 > 1 and 2sin 47 > 1, and also 2sin $7 = — 2sin $7 lies between 
0 and — 1, these values of y give y® and y?— 1 the same sign. ] 


Use the equations obtained in exs. (i)—(ili) of 14.41 to prove the following. 
6 cos 27 cos 47 + cos $7 cos 87 + cos 87 cos 2a = — 3. 
7 tan?47+ tan? 27+ tan?47 = 33 and tan 47 tan 27 tan 47 = +.,/3. 
8 sec?i7-+ sec? 57 + sec? i7 = 36 and sec 47 + sect 877 + sect i7 = 1104. 
9 Calculate sin? 27 + sin? 47 + sin? $7. 
10 Prove sin 3a = —4sina sin (@ + 27) sin (a + 47). [Consider sin 30 = sin 3a.] 


11 Prove tan@ + tan (a + 47) + tan (a +277) = 3 tan 3a. 
[Consider tan 30 = tan 3a.] 


*12 By considering tann@ = tanna, prove that the equation 


(") Bias (;) khan naan — (") Meta. | 


has roots x = cot(#+r7/n), r = 0,1,2,...,.n—1, where & is not zero or an in- 


n—-1 
tegral multiple of 27. Deduce that >) cot (« + = ncotna. 
r=0 n 
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14.5 Finite trigonometric series: summation by C+iS 


_The method of summing certain trigonometric series which is 
illustrated in the following examples gives results in pairs, and is also 
applicable to infinite series (see 14.66, ex. (i)). 


14.51 Cosines and sines of angles in A.P. 
Write 
C = cosa+cos (a+) +cos(«+26)+...+c0s {x +(n—1) B} 


and S =sina+sin(a+/)+sin(«#+2f)+...+sin {a+ (n—1) f}. 
Then 


C+iS = cisa+cis(a+/) +cis(a+26)+...+cis{a+(n—1) f} 
= cisa+cisa cis f + cis a(cis f)?+...+cis a(cis £)"-} 
= cis {1 — (cis £)"}/{1 —cis 6} | 


on summing the @.p., provided cisf + 1, ie. £ is not an integral 
multiple of 27. Nowt 


1—(cis £)” = 1—cisnB 
= 1—cosnf—isinnBp 
= 2sin? 4n8 —2isin $n cos inf 
= — 2isin 4nf(cos nf +isin inf) 


= —2rsin 4nf cis 4nf. 
cg as , —208in gnf cis inf 
Hence C + iS = CISa asaee 


Tay cs (a+ Hn — 1) 


Equating real and imaginary parts, we obtain 


sin 3nf sindnf . 
C= sind cos {a+4(n—1)f}, S= ain t8 sin {« + $(n—1) A}. 


If £ is zero or a multiple of 27, then from the original series clearly 
C =ncosa and S = nsina. Cf. 12.27, exs. (i), (ii). | 


+ The following reduction is shorter than multiplying numerator and denominator 
by the conjugate of 1—cis # to make the denominator real. 
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14.52 Other examples 


(i) Sum 142008042? cos 20+... to n terms, where x is real. 


Write C = 1+2c0s 642% cos 20+...+2"-! cos (n—1)0 


andf = vsin 6 +2? sin 20+...+2"-!sin(n—1)0. 
Then C+itS = 1+acis0+2%cis20+...+2""cis(n—1)0 
= 1+acis6+(acis6)?+...+(xcis @)"-1 
= j n 
= Laie) on summing the G.P., if xcis? + 1, 
1—zcis0 


_ 1-2" cisn8 
~ 1—2xcisd 
_ (l—2" cis n8) {1 —2 cis (—9)} 
~ (l—2cis 4) {1—2cis(—9)} 
to make the denominator real, 

_ 1-2" cisn6—acis(—O)+2"t*cis(n—1)0 

7 1— 2x cos 6+? 
since cis 0, cis (— 9) are conjugate. Taking the real part of this result, 


1—2xcos0—2x" cos nO + 2"+1 cos (n— 1) Z 


as 1— 22 cos9+2? 


N.B.—If |x| < 1, then a" + 0 when n > 00, and the series has a sum to infinity 


given by lim C= 1—xcos4 
nere™ 1— 2x cos 0 +2? 
If |z| > 1, there is no sum to infinity. 


>) sin (a+26)+...+sin(a+nf) 


= (2cos4f)"sin (2+ 4nf). 
Write C =cosa+ (7) cos (a+ 8) + (3) cos (a@+28)+...+cos(a+nf) 


(ii) Prove that sina + (7) sin (a+ /)+ ( 


and S = sina+ (7) sin (+f) + (3) sin (a+2)+...+sin(%+nf). 


;) cis (a+28)+...+cis(a+nf) 


Then C+iS = cisa+ (7) cia a+) + ( 
= cisa+(7 cis & cis +() ) cis a (cis f)?+...+cisa (cis 2)" 


= oisa{1+(7) ein 8+ (2 ) (eis y+. . + (cis £) ‘| 


+ We do not write S= 1+ sin 6+... because at the next step C+7S would start 
with 1+, which does not appear as a factor in succeeding terms. 
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= cisa(1+cisf)" 
= cisa (1+cosf+isin £)" 
= cis a (2 cos? $8 + 2isin $f cos $f)" 

cis a (2 cos $f cis$f)" 

(2cos $f)" cis (a+ 4nf). 

S = (2cos4f)" sin(a+4nf) on equating imaginary parts. 


Il 


Exercise 14(e) 
1 Sum sin a—sin («+ £)+sin («+ 2f)—sin (a+ 3f8)+... to 2n terms. 
2 Prove i eee Sot CaO OO hc Adan HOO 
sin 0 cos" 0 


n(n 
3 Calculate >>) (2) sin 270. 


r=1 
4 Find (2cos6)"— (7) (2.cos 0)"-1 cos 6 + (3) (2. cos @)"-? cos 20 —... to(n +1) 
terms. 


5 Sum to n terms the series whose rth term is (2r—1) 2-1. If a = 27/n and 
n is a positive integer, prove that 


1+3cosa+ 5cos2a+...+(2n—1)cos(n—lha=—n 
and 3sina+5sin 2a+...+(2n—1) sin (n—1)e = —ncot$ea. 


6 Find the sum to n terms of sin A +(b/c) sin 2A + (b?/c?)sin3A+.... If 
b < cin the triangle ABC, deduce that the sum to infinity is (c/a) sin C. 
7 If 6 is not zero or an integral multiple of 7, find the sum to infinity of 


sin @ + cos @ sin (« +0) + cos? @ sin (a + 20) + cos* @ sin (a+ 30)+.... 
8 If nis a positive integer, prove that 


1+nzxcos0+ (;) x* cos 20+ (3) z® cos 30+...+ (") x" cosn0 = r”™ cos na, 


where 7 = +,/(1+2xcos0+27) and cosa:sina:1 = (1+acos@):xsin@:r. 


Further examples appear in Exs. 14 (f), (g). 


14.6 Infinite series of complex terms. Some single-valued func- 
tions of a complex variable 


14.61 Convergence and absolute convergence 


(1) Limit of a complex function of n. If s,, = 0, +17, and if o,, > 0 
and T, -> T when 7 > 00, we say that s,, > 0 +77 when n -> oo and write 
lim s, = 0 +17. 

n->@ 
This definition of ‘limit’ is consistent with that in 2.71 for real functions of n; 


for, given a positive number ¢ however small, there is a number N such that, 


for alln > N, |o,—a|<4e and |r,—7| < fe 
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and so |s,—(7+¢%7)| = |(0,-—0)+4(T,—7)| < |on—O|+|72—7| <. 
Conversely, if this last condition is satisfied for all m > N, then since 

|o,—o| S \(O,—0) +4(7,—7)| <6, 


we have a, > o (and similarly 7, > 7). 


(2) For the series &z,, where z, = 2, +7y, and 2,, y, are real, 


n n n 
8, = 2% = Ye +t Dy, =F, tTn, say. 
r= r=1 r=1 


By (1), s,, tends to a limit if and only if ¢,,, 7,, both tend to limits when 
n -> oo. Accordingly we give the following definitions. 

xz, is convergent if Xx, and Xy, both converge. 

If X2,, Ly, converge to sums X, Y, then Z = X+1Y is the sum to 
infinity of Xz,. 


(3) If the series (of real positive terms) > |z,| converges, we say that 
Xz, is absolutely convergent (A.C.). 

It follows that if Xz, is a.c., then Xz, is also convergent in the sense 
of (2). For since: |x,| < ./(7?+y?) = |z,|, and & |z,| is convergent by 
hypothesis, the comparison test of 12.41 shows that & |z,| converges; 
i.e. La, is A.c. and consequently (by 12.52) also converges. Similarly 
xy, converges, and hence by definition Xz, converges. 


14.62 The infinite G.p. 14+ 7+27+ 234... 
Write S,(Z) = l+z+22+...F2%1. 


If we multiply by z and subtract (just as for a G.P. with a real common 


ratio), we find that, if z + 1, 
1 Ai 
Sn(2) = 12. 123" 


Putting z = r(cos?+7sin 0), where r > 0, we have 
2” = r™(cos nO +i sin n6). 
Ifr < 1, then lim” = 0; and since |r” cos n6| < r” and |r” sin n6| < r”, 
n> 


therefore both 7” cos 7@ and 7” sin n@ tend to zero when 7 —> oo. Hence 


limz”=0 when |z|=r<l. 
n> 


Thus when |z| < 1, lims,(z) = 1/(1—2). 


If r > 1, then 7” -> co when n -> 00, and so s,,(z) has no limit when 
n->o. If r=1 and z+1, then 2” = cosnO+isinnO; but cosné, 
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sin nO oscillate between +1 when »— 00, and again s,(z) does not 
tend to a limit. If z = 1, clearly s,,(z) =n. 

The a.P.1+z+2%+... therefore converges only if |z| < 1, and its sum 
to infinity is then 1/(1—z). We can write 


(l—zyt=14+z2+2+2+4+...  ([z[ < 1). 


The @.P. is absolutely convergent when the series of moduli 
l+r+r?+... converges. This is the case when and only when 
0<r< l,i. |z| < 1. Hence the ranges of convergence and of absolute 
convergence are the same. 


14.63 The exponential series 


1 z 2 2s 
tHtyt gt: 


(1) Write z = r(cos@+7sin 0). Then since the series 


iat rn 
thtatgite: 


converges for all r, the series 
ie ales ; 
ltytatgit (1) 
is a.c. for all complex numbers z, and hence converges for all z. 
Denoting the sum-function of series (i) by expz, or by exp (z) when 
necessary, we have 
; 2 2 ae ss 
expe = lim (145,45) +~--+2)) for all z. (ii) 
Remark. The notation is chosen because of the analogy with the 
real series Hip ea8 
1+ ba + ee ot = +... 
lt 2! 3! 
whose sum-function e# is occasionally written exp for convenience 
in printing. We usually avoid writing e* for the sum to infinity of 
series (i) because later work (not in this book) shows that e’ is a function 
having infinitely many values for each non-real value of z, and it is 
clearly undesirable to use this for the sum of a convergent series, which 
is necessarily unique. However, when the index notation e? is used, 
it is to be interpreted as expz; thus in the symbolic method of 5.43, 
Case (iii), the notation e is more suggestive than exp (zy). 
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(2) By using the definition (ii), it can now be shown that expz 
obeys the functional law 


OXP 2, X OXp 2, = exp (2, +2,), (iii) 
just as exp x does in real algebra. 


Let |z,| = 71, |za| = 12, and write 


PA 
8,(Z) = uta +7. 
a @_ 2 2 
8n(21)- ea(ea) = {147 a... a BaF 
u ise a1 “t 
7. os it a1 7 n!} 
Zy  %y2q , ze Ze 
Sr tat ent tam 
ei zyz8  2ied 2eeze 
tort Tart erent rN) 
Ce ie ee ok 2023 
tart tint int? Ta 
We now add up these terms ‘by diagonals’: the terms of total degree s (s < n) 
oe are, a ee 
(s—1)!1! (s—2)!2! ~ s! 
I a a(s—1) 
=a {atta tagt a tht... tat] 
1 
ay tata) 
and consequently oes 
n(%1) @n(@a)— Sal% +22) = 2 il (iv) 
p,ar°t* 


where the last summation is for all p and g for which p+g>n,p<n,q <n; 

for these are precisely the terms not included in the preceding summation by 
diagonals. 

In exactly the same way we have 

rPrg 

_ r. = _———,. Vv 

8,(71) 8y(72) 8y( 1 +72) Pras ( ) 

We know that, when n > ©, s,(7r,) > e, 8,(72) > e, and 8,(7y +72) —> emt". 


Dl 
Hence the left-hand side of (v) tends to zero, so also >) rat ie 
D,@ 
From (iv), 
cs 
|8n(21) 8n(Zg) — Sn(% +2,)| = Pr 1g! 
a rp rd 
<p Bt [Za| => "3 +0 when n->o. 


pa Pig! p,aP'q! 


But when n -> 00, 8,(2) > eXP21, &(2_,) > expz, and s,(2, +2_) > exp (z, +22)5 
hence the result (iii) follows for any two complex numbers 2Z,, 2. 
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14.64 The modulus-argument form of exp z 


By (i), expz = exp (v+1y) 
= exp x exp (ty). 
Now by putting z = ~ in (i), 
x x 
expz = I+y tot ane 


=e” for all x. 


Also 8,(ty) = 1420 OO 


[14.64 


where the series in the brackets are finite series. Since by 12.61 (2) 


2 4. 
cosy = 1-540... 
3 4p 
and siny =y-S +5 -... 


for all (real) values of y, we have by letting n — oo that 


exp (iy) = him s, (ty) 
n oO 
= cosy+7siny. 


Therefore exp z = e*(cos y+isiny). 


(vi) 


This result shows that exp zs periodic, with period} 2m. For 


exp (2 +271) = exp {a+ (y+ 27) 1} 


= e* {cos (y + 27) +1 sin (y+ 27)} 


= e*(cosy+isiny) = expz. 


14.65 Euler’s exponential forms for sine, cosine 


From (vi), 


exp (ty) = cosy+isiny, exp(—ty) = cosy—vsiny. 


+ Cf. the definition for real functions in 1.52(2). It can be shown from (vi) and 
the fact that cos y and sin y have period 27 that 277 is the number p of smallest 
modulus which satisfies exp (z+ p) = exp z for all z, and that every such number p 


is an integral multiple of 271. 
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First adding, and then subtracting, we find 
: : : i ; : 
cosy = Hexp (iy) +exp(—iy)}, siny = > {exp (iy) exp (—iy)}, 
(vii) 
where we observe the factor 1/27, not 1/2, in the last result. 
These formulae, often written 


: ; ; le . 
cosy = ¢(e%+e-%), siny = ai (ev —e-*v), 


are known as Luler’s exponential forms. However, they are equivalent 
to the infinite series expansions of cosy, sin y stated above. 


14.66 Examples 
(i) Find the sum to infinity of 
1 ] 
1+cos6@ tan += cos 20 tan® 6 += cos 36 tan? 6+.... 
Write ¢ = tan 0, 
t? Pkg 
C= 1+¢c0s6+ = cos 20+ = cos30+..., 


Pa 8 
and S= tsind +> sin20+ sin 30+... 
t2z2 tz 
Then C+ =1tet states where z= cis0, 


= exp(éz) for all z and all real t, 
= exp (sin @+isin 6 tan 6) 
= e81n9 cis (sin 0 tan 6). 
C = e109 cos (sin 8 tan 6). 
(ii) Trial exponentials : the case of failure. In 5.33 (2) we remarked that the 
trial method of solving y”’ + ay’ + by = 0 by the substitution y = e”* will fail 
if the quadratic m?+am+b = 0 has no (real) roots, i.e. if a? < 4b. Putting 


a*+ 4p? = 4b, we find that in complex algebra the roots are m = —34a+%p, so 
that by a formal application of 5.32 (2), II, the general solution would be 


y=A e(-hatine 4 B e(—ta—ip)e 
e—tax (A e?@ 4 Be-tp2) 
= e~taz{ A(cos px +7sin px) + B(cos px — isin pz)} 


= e-te{ 4’ cospx+B’ sin pz}, 


where A’ = A+B, B’ = i(A—B). This solution is identical in form with that 
found in 5.33 (1), Case (iii), so that A’, B’ must be real constants; in fact A, B 
in the above calculation are conjugate complex numbers. 


(iii) Integration by C+7S. From formula (vi) we have (after a slight change of 


notation) ef = cosx+ising. 
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If u, v are derivable functions of x, and we define the derivative of w+ iv to 
be wu’ +7’, then 


d 
dg (CO8e + tain =z) = —sinz+7cosz = i(cosx+7sin 2), 
: d - 
i.e. aa) = ver, 
More generally, by formula (vi) we have (for real constants a, b) 
atthe — ea% (cog ba +isin bx) = e**cosba +e sin ba, 
d 
ae {ela+ib)2} — eat (q,cos bx —bsin bx) +7 e** (asin bx + bcos bz) 
= e% {(a +b) cos bz + 1(a + 2b) sin ba} 


= (a+%b) e@ttde, 


Thus the law d(e™*)/dx = me™*, already known from 4.41 (5) for all real con- 
stants m, also holds for complex ones. Equivalently, we may write 


1 
(a+ib)% Jo — — eatibe 4. ¢ 
| (2 a+ aD +e, 
where c is a complex arbitrary constant. 
This result permits rapid calculation of certain integrals involving com- 
binations of exponential and circular functions. For example, put 


C= [erteos badz, S= feresin bada; 


then C+iS = fe (cos bx +7 sin bx) dx 


= elattd)z fon _ 1 - efatibe Cc 
a+b 


eh 
= 3 Fi e%* (cos bx +78in bx) +c. 
Equating real and imaginary parts, 
acos bx + bsin bx asin ba —bcos ba 
C= a? 4b? e+, se = pasepa oe 8 


Cf. Ex. 4(e), nos. 28, 29. 
A similar method, combined with integration by parts, will apply to 
fe er e : badx; 
sin 


cf. Ex. 4(m), no. 35. 


Exercise 14(f) 
Simplify the following. 
1 exp (7). 2 exp(1+47). 3 exp(logr+70). 
4 exp (z)+exp(-—?). 5 exp {cis 0} + exp {cis (—6)}. 
6 exp {(a+7b) x}—exp {(a—1b) 2}. 


7 Expand e*°%%gsin (~sin a) in ascending powers of x. [Use no. 6.] 
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Find the sum to infinity of the following series. 
8 xsin 6+ (a?/2!) sin 20 + (”3/3!) sin 30+4.... 
9 cosa—cos # cos(a+f)+ (1/2!) cos? 8 cos (a+ 2A) —.... 


S xt é 1 1 
10 & —sec’ f sinrf. 11 cos#+— cos 30+—cos50+.... 


r=] 7! 

13 If w = exp(z/a) where w = u+iv, z = x+1y, and a is real, find the locus 
of w corresponding to each of the lines y = 0, y = 47a in the z-plane. 

14 If u+w = exp(x+7y), find the locus of the point (u,v) in the w-plane 
when (i) « = constant; (ii) y = constant. Verify that these two loci cut ortho- 
gonally. 

15 Criticise the following argument. ‘If y = cosx+7sin2, then 


d: 
= = —sinx+7cosx = i(cosx+i7sin zx) = ty; 
xe 


therefore by 4.41, Remark (a), y = A e*. Since y = 1 when x = 0, therefore 
A= 1. Hence cosx+isinz = e#*,’ 


14.67 Generalised circular and hyperbolic functions 
(1) Consistently with formulae (vii), we define 


cosz = ${exp (iz) + exp (—7z)}, 


l (viii) 
sinz = 3 {exp (iz) —exp (—1z)}, 
and then tanz to be sin z/cosz, etc. 
These definitions are equivalent to 
cosz+isinz = exp(iz), cosz—zsinz = exp (—%z), 
Sa ale 
and also to cosz = l—-ata eit 

(all 2). (ix) 

fel ist A eae 

sinz = li 317 Bl eee 


Directly from these definitions it can now be shown that the 
formulae relating trigonometric functions of a real variable continue 
to hold for a complex variable. (The definitions were chosen with a 
view to making this so.) This can be done as in real trigonometry if 
we first verify the addition theorems together with results concerning 
special angles, e.g. 


cos0=1, sin0=0, cos(—z)=cosz, sin(—z) = —sinz, 


and also periodicity properties. 
38-2 


558 DE MOIVRE’S THEOREM [14.68 

For example, to prove that 

sin (z, +2_) = Sinz, COS 2, + COS 2, SiN 2g, 

we should use the definitions (viii) to translate each term on the right 
into exponential functions and verify that the right-hand side reduces 
to the translation of the left. 

(2) We define 

chz = #{exp (z)+exp(—z)}, shz = ${exp(z)—exp(—z)}, (x) 

and then thz to be sh2z/chz, etc. 


These definitions are consistent with those of hyperbolic functions 
of a real variable (4.44), and are equivalent to 


zz. zt 28 
chz = 14+—+—+4++H... 
Qo! 4! 6! : 
(all z). (xi) 
h z 2g 25 
Ss z= a tartar 


Again it can be verified that all formulae relating hyperbolic 
functions of a real variable continue to hold for a complex one. How- 
ever, in contrast to the real case, definition (x) and the periodicity 
of expz show that chz and shz have period 277; also thz has period m1, 


~ sh (z+ 772) 


ch (2 +772) 
—shz 


—chz 


th (z+77) = 


by using (x) and exp( +77) = —1, so that th (z+ 77) = thz. 


14.68 Relation between circular and hyperbolic functions: Osborn’s 
rule 


We have 
cos (iz) = 4{exp (i.1z)+exp(—7.1z)} by definition (viii), 
= }{exp (—z) + exp (z)} 
= chz by definition (x); 


and sin (iz) = 5 exp (4.12) —exp(—2.iz)} by definition (viii), 


ll 


— hifexp (—z)—exp (z)} 
ishz by definition (x). 


I] 


Hence cos (iz) = chz, sin(iz) = ishz. (xii) 
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In any formula relating circular functions of 2,, 2,, ... we may replace 
Z1, 2g, ... by 121, 1%, ... and then use results (xii) to translate it into 
hyperbolic functions of z,, z,, .... In the course of this translation each 
product of two sines becomes 7? multiplied by a product of two hyper- 
bolic sines. Since the formulae all hold in particular when the variables 
are real, we have the justification of Osborn’s rule stated in 4.44 (4). 

An example of the detailed verification is the following: 


ch(4 +.B) = cos (1d +7B) 
= cos (1A) cos (4B) —sin (7A) sin (7B) 
= chA chB—7#shA shB 


= ch A chB+shA shB. 
Examples 
(i) cos (x+y) = cos cos (ty) —sin x sin (ty) 
= cosx chy—zsinz shy; 
sin (2+ iy) = sin x cos (zy) + cos x sin (zy) 
= sing chy+7cosz shy; 
Per Gaeta __ sin(e +r) __ sin (# +7y) cos (# —2y) 


cos(x#+iy) cos (x+y) cos (x—ty)’ 


where we have multiplied top and bottom by the conjugate of the denominator 
in order to make the new denominator real. Using the formulae for products 


into sums, : ee ' : 
re aeae sin2a+sin2iy sin 2x+7sh 2y 


tan (@ +1) = cos 2e-+cos Diy cos 2e-+ch 2y 
(ii) From ex. (i), 
|cosz|? = cos? ch? y + sin? a sh?y 

= (1—sin? x) ch? y+ sin? a(ch?y — 1) 

= ch? y—sin?z 

<ch?y for all x. 
Similarly |cosz|* = cos*a+sh?y > sh?y for all z. 
Thus |jshy| < |cosz| <chy for all z. 

The reader should verify that the same inequalities hold for |sin z|. 

(iii) Find the equation of the curve described by the point (x.y) when z = x +4y 
varies so that shz—z is real. Sketch the part of the curve which les between the 
lines y = +7. 

sh (z+2y) = : sin (iz—y) = sin (tx) cos y-z cos (tx) siny 
= shz cosy+izchz siny, 
shz—z = (shz cosy—x)+i(chz siny—y), 
which is real if cha siny = y. 
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Clearly y = 0 satisfies this equation which, if y is not an integral multiple 
of 77, can be written 
chz = pn 4 
siny 
The curve is symmetrical about Oz and Oy. When y — 0 (through positive or 
negative values), cha — 1 and so x > 0 (through positive or negative values). 
When y > 7—, cha > +00 and so |z| > 00; when y >(—7)+, |x| > oo. The 
reader should verify that the branches have gradients + ./3 at the origin. 


Fig. 138 


Exercise 14(g) 
1 Prove that ch (7z) = cosz, sh (7z) = isinz. 
2 By using results (xii) in 14.68, prove that 
sh(4+B) =shAchB+chA shB 
and th(4 +B) = (thA+thB)/(1+thA thB) 
follow from the corresponding properties of circular functions. 
3 Use the definitions (viii) in 14.67 to prove that cos?z+sin?z = 1 and 


sin (2, +2) = sin 2, C082, + COSZ, SiN 2,. 


Express the following in the form a+b. 
4 ch(x%+1y). 5 sec(x+7y). 6 th(x+vzy). 
7 Ify > 0, prove that thy < |tan(«+y)| < cothy. 
8 Determine the general forms of z for which (i) e*; (ii) cosz are real. 
9 Find the general solution of sinz = 37 cosz. 
10 Solve completely cosz = {e(1—7)+(14+7)/e}/2./2. 
11 Ifch(x+7y) cos(u+iv) = 1 and cosy cosu + 0, prove 
tanu thy = the tany. 
[Equate imaginary parts.] 
12 If cos(x+ zy) = u+w, prove 
(i) w®sec22—v%cosec?a = 1; (ii) u*sech? y+? cosech?y = 1. 
Interpret these as loci corresponding to the lines z = constant, y = constant 
respectively. 
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13 Expand }(shz—sinz) in ascending powers of z. 


Use C +18 to find the sum to infinity of 


sin2@0 sin4@ sin60 cos 50 cos 90 
—. 15 cos6+ 


14 Ty apa ae ee ee Ge 


Miscellaneous Exercise 14(hA) 
1 If” =cisa and y = cis#, prove that 


2 Y = stenka—f) and (x+y) (zy—1) _ sina+sin f 


aty (x—y)(zy+1)  sina—sin f” 

2 If the real and imaginary parts of (1+ x)" are equal, n being a positive 
integer and x real, prove that x = tan {(4r+1)7/4n} where r is any integer 
or zero. [Put 2 = cotO.] 

3 Prove 


{(cos « +-isin ~) —(cos f + sin f)}" + {(cos a —isin a) — (cos B —isin f)}" 
= A, 2" sin" 4(a — f) cos 4n(a +f), 


where A,, = (— 1)** if n is even, and A,, = (—1)#"+” if n is odd. 

4 (i) Solve 2§+a¢4+a5+2?+2+4+1=0. 

(ii) Find the solutions of 2* = 1 for which 1+2”+7 + 0. 

5 If is a positive integer, show that every root of (z+1)?*+(z—1)9* =0 
is purely imaginary. If the roots are represented by P,, Ps, ..., Pe, and O is the 
origin, prove OP?+OP2+...+O0P2, = 2n(2n—1). 

6 Show that the roots of (z—1)5 = 32(z+1)5 are represented by points on a 
circle of radius $, and that the roots are 


2 2 
(-3+4isin2”) /(5—4008°) (r = 0, 1, 2, 3, 4). 


5 5 2 
Deduce that [[ gaiens aes 5—4e08-27),. 
r=1 5 31pm 5 

7 Ifa = cis(27/n) and n, k are integers, prove that 1+a*+a%*+...4+a(e—Dk 
is equal to n if k is a multiple of n, and is zero otherwise. [Sum the G.P. when 
a® + 1.] 

8 Express (1—*)/{(1—at)(1—5¢)} in partial fractions when the non-zero 
constants a, b are (i) unequal; (ii) equal. Taking a = b-! = cis @ and a suitable 
value of t, deduce that if 0 < ¢ < 4, 


cos ¢ 


co 
—__——*"___ = 1+. 2} tan" 0. 
1—sin¢g cos# 7 at ap coer 


9 Prove that 


d” x 
a =(-1)"n! in"+1 @, 
alsa) (—1)"n!cos (n+ 1) Osin"+! 6 


where x = cot@. [Method of 6.61, (vii).] 
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10 If w* = 1, w + 1, prove 
3 1 i 1 


ol eas 


oz—1 ol" 
By taking x = cis 20, deduce that 
3 cot 36 = cot 0+ cot (0+ 47) + cot (0 + gz). 
11 Express 
cos 60 + 6 cos'40 — 9 cos 30 + 15 cos 20 ~ 27 cos +14 = 0 

as a polynomial equation in cos, and hence find all solutions between 0 and 
27 inclusive. 

12 Ifa,+a,+...+4,, = 27, prove that (with the notation in 14.23) 

SOC SCC He eee SEC Don => 1 —X,+2,-— eee +(- 1)* D6 

13 If 0,, 0,, 6, are roots of tan(@+a) = Atan 20, no two differing by an in- 

tegral multiple of 7, and if A + 1, prove 0,+6,+ 0, = n7—« for some integer n. 


*14 If 0,, 0,, 43, 0, are values of 0 between 0 and 27 which satisfy 
a cos? 6 + 2h cos @ sin 6 + bsin? 6 + 29 cos 6 + 2fsind+c¢ = 0, 
prove tan 3(0,+0,+6,+0,) = 2h/(a—6). [Put ¢ = tan 46 to obtain a quartic 
in ¢.] 
15 Factorise u,, = 2?"—2x"cosna +1 by methods of real algebra as follows. 
(i) Prove uy.1 = 2x, COS — U*Uy_y + (u?" + 1) Uy. 

(ii) Use Mathematical Induction to prove that u, = 2?—2xcosa+1 is a 
factor of u,. 

(iii) Deduce that «?—22cos(a+2rm/n)+1 is also a factor of u,, for any 
integer 7. [w, is unaltered by replacing a by «+ 2r7/n.] 

(iv) Verify that r = 0,1, 2,...,n—1 give distinct factors. 


16 Solve (z+1)§—z§ = 0, and prove that 


3 
(2+1)®—28 = 3,(22+1) J] (422+ 42+ cosec? frm). 
r=1 
Hence show that 
3 
16(cos!* 6 — sin1¢ 8) = cos 20 J (cos? 20 + cot? 477). 
r=1 
17 ABCDEF is a regular hexagon inscribed in the circle |z| = a, A being 

the point (a, 0). If P, representing the number z, is any point on the circle, write 
down the complex numbers represented by the six points obtained by drawing 


lines from the origin equal to, parallel to, and in the same sense as the lines 
AP, BP, ..., FP, and prove that their product is 2*— 4°. Hence prove that 


AP.BP.CP.DP.EP.FP < 2a‘, 
18 Prove 


sin 50 = 16sin@ sin (0 + 37) sin (6 + 27) sin (0 + 37) sin (0 + $7), 
and by considering lim (sin 56/sin 0) deduce that sin $7 sin 7 = + $./5. 
6-0 


19 If w=ut+iv, 2=2+iy, w = (expz—1)/(expz+1), and —47 <y < dz, 
prove that the point (w, v) lies inside the circle |w| = 1. — 
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20 Prove that if a is real, the equation exp z = z+a has no purely imaginary 
root. If ~+¢éy (y + 0) is a solution, prove that x > 0. [Use sin yly < 1.] 

21 If uti = (z—1)exp(—ia)+(z—1)“ exp (ia) where z = x+ty and @ is 
real, find wand v in terms of 2, y, «. Prove that the locus of z when v = 0 consists 
of a circle with centre (1,0) and unit radius, and a straight line through the 
centre of this circle. 


22 If exp(u+iv) =rcis0, prove wt+iv = logr+i(0+2n7), where n is any 
integer or zero. 


*23 Ifa+iy = cos(u+iv), prove 
(1+x)?+y? = (chv+cosu)? and (1—2)?+y? = (chv—cosu)?*. 
If x = cos0, y = sin9 (0 < 6 <7) in the preceding, find cosu and chv in 
terms of cos 49, sin 40, justifying the choice of sign when square roots are taken. 
24 Ifu+iw = coth(x+iy), prove v = —sin 2y/(ch 2x —cos 2y). Show that 


iv = {1—exp (2a — 2zy)} 1 — {1 — exp (2a + 2ty)}* 


£°2) 
and deduce that if x < 0, then v = — 2) e?"*sin 2ry. 
r=1 


25 If w =z, sketch in the Argand diagram the path of w when z describes 
the sides of the rectangle whose vertices are +a, +a+7a (a real), starting at 
O and moving counterclockwise. 

26 (i) Sketch the graph of y = thz. Show that the equation the = Ax has 
two real non-zero roots if 0 < A < 1. 

(ii) Prove that the equation tanz = Az has two purely imaginary roots if 
0 <A <1; but that if A has any other real value, all roots of the equation are 
real. 


Find the sum to infinity of 


1 1 
27 cos? a + cos® 2a+5, cos® 30+... (@ real). 
; ao. ae 
28 esind +. sin3é+— sind0 +... (x, 8 real). 


29 Expand e** cos bz as a power series in x. [Consider e**cis ba = exp (ax +7bx) 
and put a+7%b = rcis@.] 
30 (i) By considering exp (x) + exp (wx) + exp (wr) where w® = 1, w + 1, prove 
Aika x x 
ltteer t= de® + 2e-4* cos (42./3)} for all real x. 


*(ii) What results are obtained by considering 
(a) exp (x) + exp (wx) + w? exp (wx); 
(b) exp (zx) +? exp (wa) + w exp (wx)? 


[Use Ex. 13(g), no. 18.] 


31 By putting z = x+y, show that the two differential equations for the 
functions 2, y of ¢ (arising from the dynamics of Foucault’s pendulum) 


E—Wkyt+n%e=0, G+2ke+n*%y = 0 


are equivalent to 24+ Wwke +n?2z = 0, 
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and solve the latter. Writing 2’ = ze**', prove that x’ = A cost, y’ = Bsin pt, 
where p? = n?+k? and A, B are real arbitrary constants. 


32 8s, ¥ are the intrinsic coordinates of a point on a plane curve, and 2, y are 
the cartesian coordinates. Writing z = x+y, prove that 
d: an: Se 
= = eV, dst = ikel¥, 


[Assume equations (iii) of 8.12.] Deduce that 


«=| Ba: ra d7y\?\t ded’y dydx 
~ \\ds? ds* 7 
(Cf. Ex. 8(d), no. 8.) 


33 Verify that the formulae for rotation of axes through angle @ in 15.73 (3) 
can be written z = 2’ ce, where z = 2+ty and 2’ = x’ +iy’. Deduce from this 
the formulae for the reverse transformation. 
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15 


SURVEY OF ELEMENTARY 
COORDINATE GEOMETRY 


15.1 Oblique axes | 
15.11 Advantage of oblique axes 


Although it is usual to refer cartesian coordinates to two perpen- 
dicular axes Ox, Oy, there are problems in which use of oblique axes 
ismore convenient. For example, in proving properties of the triangle 
by coordinate methods, two of the sides can be chosen for coordinate 
axes. The coordinates (x,y) of a point 
P are then its signed distances from Oy, 
Ox measured parallel to Oz, Oy re- 
spectively. The angle zOy (measured 
counterclockwise from Oz) is denoted 


by w. 
In sections 15.1-15.5 we revise the 
main results about ‘the straight line’, Fig. 139 


and extend them to the case of oblique 
axes when this does not introduce any essential complication. The 
reader should observe which results remain the same in form whether or 
not the axes are oblique; they are marked by the sign {wv}. 

Notation. In Chapters 15-19 we use the convention that P, has 
coordinates (2,, y,), and so on. 


15.12 Cartesian and polar coordinates 


We first obtain the relations analogous to those in 1.62 for rect- 
angular axes, taking O as pole and Oz as initial line (fig. 140). Draw 
PN perpendicular to Oz; then 


rcos0 = ON =OM+MN =2+y cos, 
rsind = NP = ysinw. 


y sin w 


Hence also tan? = —___—_-, 
r+ Y COSW 


r? = 2+ y* + 2xry cosw. 
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Example 
If the line P, P, is of length r and makes angle 0 with Oz (fig. 141), then 
r cos 0 = (%,— 2) + (Yg—Y x) COS MW, 


rsin@ = (yg—Y) sin w. 


P(x, y) 


Fig. 140 


15.13 Distance formula 


From the above example, or directly from the cosine rule applied 
to triangle P, P,Q (fig. 141), 


PPE = 1? = (%g— 2)? + (Ya— Yr)? + 2(ay — 2) (Yo— 4) COS. 


15.14 Section formulae {w} 


These give the coordinates of the point dividing P, P, in the ratio k :1. 
Let P(x, y) be the required point, so that P, P/PP, = k/l. 


(1) Internal division. With the construction shown in fig. 142, 
triangles P, PQ, PP, fF are similar; hence 


FP aw 
PP,” PR 
Since P,Q = x—a, and PR = x,—2, this becomes 
aca 
lL %y—a’ 
‘ _ le, +ka, 
from which = Teh 


Similarly, from 
Bib Ee Svev 
PP, PR yy 


— yt hy 


we find Tok 
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In each expression observe that the number k, which corresponds 


to the segment P, P, is multiplied by the coordinate of P,; while / is 
multiplied by that of B,. 


(2) Haternal division. Lettering fig. 143 (which illustrates the case 
k > 1) as in fig. 142, we still have similar triangles P,PQ, PP,R, 


so that P,P _ PQ 
PP, PR’ 
i.e. x ae me 
lL «4-2, 
from which t= obec? 9 
l—k 
Similarly y= = 


Fig. 142 Fig. 143 


(3) Summary. In both cases above, & and | were understood to be 
positive numbers. However, the result of (2) can be written 


_ ley +(—h) x, 

~  §4(—k) ? | 
which is formally the same as that of (1) for division in the negative 
ratio —k:l. Hence if we agree that P,P: PP, shall be reckoned posi- 
tive when P divides P, P, internally and negative when the division is 
external, both cases are covered by the same formulae, viz. 


etc., 


oie la, + katy _ ly, +kys 


l+k ’ L+k 


15.15 Gradient of a line {w} 


The gradient of a straight line is defined to be the tangent of the 
angle which the line makes with the positive x-axis. Since this 
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definition makes no reference to Oy, we have (as for rectangular axes) 
that if two lines with gradients m,, m, are parallel, then m, = m,; if 
they are perpendicular, then m,m, = — 1; and in the general case an 
angle between them is given by 


tan-! : 
1+m,mM, 


For « = 0,—0,, where 


tan 0, = m,, tan 0, = mz, 


and so 
tan 0, —tan 0 M,—™m™m. 
tang = —_+{___ 2? . 20 
1+tan@,tané, 1+m,m, Fig. 144 
Example 


From the example in 15.12, the gradient of P, P, is 


(Y2—Y;) Sin w 


tan 8 = —<—_————_____., 
(%_— 2%) + (Y2g—Y) COS W 


15.16 Area of a triangle 


(1) One vertex at O. Let the polar coordinates of P,, P, be (rz, 9), 
(75,93); see fig. 145. Then by 15.12, 


1, C08 A, = %2+Y,CO8SW, 1, 8inO, = y,sinw, 
and similarly for P;. 
Area of triangle OP, P, = 40P,.OP,sin ROP, 
= 4r,7r,sin (03 —9,) 
= $721, 8in 0, cos 0, — 41,73 COS 0, sin Oy 
= H(t +Y,008«) (yg sin) 
— (yz Sin w) (25 + Ys COS W) 
= $8in W(%.Y,3—2%3Y.) after reduction 
Le Ye 
v3 Ys 


Remark. According as the vertices O, F,, P; are named in counter- 
clockwise or clockwise order, the angle 0;— 6, is positive or negative 
and hence the expression for the area is positive or negative respec- 
tively. If we consider a signed area which is positive when the vertices 
are named counterclockwise and is negative otherwise, then the above 
result gives the area of OP, P, in magnitude and sign. 


=4 sin w. 
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(2) Triangle P, P,P;. We may choose new axes through one of the 
vertices, say P,, which are parallel to the original axes Ox, Oy. The new 
coordinates of P, are then (fig. 146) 


, , 
Ly = %y—-%, Yo=Yo-Yv 


and of P, are % = %y—Xy, Y3=Y3-Yr- 


Ps (%3; Y3) 


Py (Xq, 2) 


Fig. 146 
By (1), area of P, P,P; is 
ty Ya |_- Ly— 2 _ : 
| 72 8 | sine = 4, 2 J2~ 91 | sin 
Lz Ys Ly—X%y Y3-Y1 


0 0 1 
=4/ %—-2%, Yo—Y¥, 1 |sinw 
%g—-% Y3—-Y, 1 


ty yy, | 
= 4 Xo Yo 1 sin wW 
Zz Ys 1 


by the operation c, > c,+2,C, followed by c, > c,+Yy,C,; the middle 
step is verified by expanding from the first row. 
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Example 


The points P,, P,, P; will be collinear if and only if the area of triangle P, P,P; 
is zero, i.e. if and only if 
% Y% I 
Z Y 1/=90. 


% Y3 | 
15.2 Forms of the equation of a straight line 


15.21 Line with gradient m through (x, y,) 


Assuming the axes are rectangular, let P(x, y) be any point of the 
line. Then the gradient is (y—y,)/(z—2,), and hence 


Path 
L— Hy 
i.e. . Y—Y, = M(x—~xX;). 


This equation, which is satisfied by the coordinates of any point P on 
the required line, is what we mean by ‘the equation of the line’. 

The result has been used in previous chapters when finding equations 
of tangents and normals to a curve. It can be written 


y= mx+c, 


where c = y, —m2,. There is no simple analogue for oblique axes. 


15.22 Gradient form 


(1) Rectangular axes. The above shows that any line with gradient m 
has an equation of the form y = mx+c. Conversely, any equation 
which can be put into the form y = ma-+c (where m, c are constants) 
represents a straight line of gradient m making intercept c on Oy. 
For when x = 0, the equation shows that y = c, so (0,c) lies on the 
locus; also (y—c)/(x—0) = m, so that the gradient is constant and 
equal to m. 


(2) Oblique axes. If the line makes angle 8 with Ox and intercept c on Oy, its 
gradient is tan 0; and if P(z,y) is any point on the line, then by the example in 


15.15 its gradient is (y—e)sinw 
x+(y—c)cosw’ 


(i) 


since (0,c) lies on the line. Hence 
(y—c)sinw 


tan 9 = —~_____—__, 
x+(y—c) cos w 


from which (y—c)sin(w—@) = xsin@ 
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and : 7 sin 0 di 
Y= Sin(w—6)” 


The equation of the line is therefore still of the form y = mx+c, but now m 
no longer represents the gradient of the line. 

If the equation y = mz-+c is given, then m = (y—c)/x, and the expression (i) 
for the gradient of the join of P(x, y) and (0,c) becomes msin w/(1+m cos w), 
which is independent of (xz, y). Hence this equation represents a straight line 
of gradient 


Cc. 


msin w 
1+mcosw’ 
clearly it makes y-intercept c. 


Example 
Find an angle between the lines y= m,x+,, Y = MeX+Cq, the axes being 
inclined at angle w. 
The gradients of the lines are 
mM, 8in mM, Sin W 
~ 14m, cosa’ Pay +m,C08W 


‘4 


By 15.15, an angle between the lines is given by tan-!{(#,—f_)/(1 +41 /2)} 
unless /4;/42 = — 1 (in which case they are perpendicular). After reduction this 


is found to be : 
ee (mM, — Mg) SiN w . 
1+(m,+m,) cos w +m, mM,” 


the lines are perpendicular if 1+(m,+m,)cosw+m,m, = 0, and are parallel 
af M, = Mz. 


15.23 General linear equation Ax+ By+C=0 {cw} 

If B + 0 the equation can be written y = —(A/B)a—C/B, which 
by 15.22 is the equation of a straight line. 

If B = 0 but A + 0, the equation can be written x = —C/A, which 
is the equation of a straight line parallel to Oy. 

Since these are the only possibilities, it follows that every linear 
equation in x, y represents a straight line. 


15.24 Intercept form: line making intercepts a, b on Ox, Oy {w} 


Let the gradient form of the equation of the required line be 
y = mz-+c. Since the line passes through the points (a, 0), (0,6), we 


have O=mat+c and b=c. 
Hence c = b and m = —D/a, and the required equation is 
b 
y= Bt}, 
, ey 
1.6. . + Re 1. 


39 . GPMII 
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Example 


ABC is a triangle with sides CA, CB along given lines, and 1/CA+1/CB 
as constant. Prove that AB passes through a fixed point. 

Choose the lines along which CA, CB lie 
to be Ox, Oy. Let the coordinates of A, B be 
(a, 0), (0,6); then by hypothesis 1/a+1/b = k, 
where k is constant. 

The equation of AB is z/a+y/b = 1. The 
above condition shows that this line passes 
through the point (1/k,1/k), which is inde- C 
pendent of a, 6. 


Fig. 147 


15.25 Line joining P,, P, {} 
(1) For rectangular axes, if P(x, y) is any point on the line, then 
Y~ _ Ws Ye 
L-X, %—Xy 
since each expression is equal to the gradient of the line. 


(2) This result is also true for oblique axes. For if the required line is 
y= mox-+ce, then y, = mx,+c and yz = mxz,+c, so that by subtraction 


YY, = Mx—a,) and Y,—Y_ = M(xX,—2%q); 


and the equation is obtained by division. 


(3) In either case the result can be obtained as follows. Consider 

the equation ay i 

% Y\ Bi, 

Ty Yo | 
It is linear in x and y (as is clear by expanding from the first row), and 
therefore by 15.23 represents a line. It is satisfied by (x,,y,) and by 
(Xe, Yo) (since then two rows become identical). Therefore it represents 
the line P,P,. (This form of the equation , 
could also be seen from the example in 
15.16.) 


15.26 Parametric form for the line through 
(x,, ¥,) in direction 0 


Let P be any point on the line, and let 09 
P,P =r; here r is a signed length, so it will Fig. 148 
be positive for points of the line on one side 
of P, and negative for points on the other. The axes being rectangular, 


x-2,=rceosO and y—y,=rsind. 
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Hence the coordinates of any point on the line are expressible in terms 
of the parameter r as (x, +r cos, y,+7sin 6). 

Later we shall use this form in the treatment of conics. There is 
no simple analogue for oblique axes. 


15.27 General parametric form {w} 


More generally, the equations x = at+b, y = ct+d (where a, b, c, d are con- 
stants of which a, c are not both zero, and ¢ is a variable parameter) always 
represent a straight line. For elimination of ¢ shows that 


c(a—b) = a(y—d), 


which is linear in x, y and therefore represents some line (by 15.23). 


15.28 Perpendicular form 


Let the perpendicular from O to the line have length p (essentially positive) 
and make angle « with Ox. Then the foot N of the perpendicular has polar 


Fig. 149 


coordinates (p, a). Let any other point P of the line have cartesian coordinates 
(x, y) and polar coordinates (7, 0); then 


p = rcos(0—a) = rcos@ cosa+rsin@ sina 


= xcosa+ysina, 
so that the line has equation 
xcosa+ysina = p. 


Alternatively, the intercepts on the axes are OA = pseca, OB = pcoseca, 
and the result follows from 15.24. 


15.3. Further results 


15.31 Sides of aline {w} 
The point P( (le, + ka,)/(l+k), (ly, + kye)/(E+ k)) lies on the line A 
whose equation is az+by+c = Oif 
a(lx, + kx,) + b(ly,+ ky.) +c(l +k) = 0, 
39-2 
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i.e. if k ax,+by,+¢ ; 
eed Y1 (i) 


Lay t+byg+e 


If P,, P, lie on opposite sides of X (fig. 150), then P divides P,P, 
internally and so k/l is positive; hence ax, + by, +¢, ax,+by,+¢ have 
opposite signs. 


Fig. 150 Fig. 151 


Similarly if P,, P, lie on the same side (fig. 151), k/l is negative and 
SO ax, +by,+¢, ax,+by,+c have the same sign. 
It follows that the converses of these statements are also true. 


Examples 
(i) Menelaus’s theorem. Let the line ax+by+c = 0 divide the sides P, P,, 
P;P,, P,P, of the triangle P, P,P, in the ratios k, :1,, ky :1,, kg:l,. Writing 
Un =at,+by,+¢ (n= 1,2,3) 


we have by (i) above: 


ky, uy ke uy ke Uy 
k, ke 
Multiplying, iS — a ‘3 
1 2 "3 1 


(ii) Ceva’s theorem. If lines P,Q), P2Qe, P3@s 
through the vertices of triangle P, P,P; are con- 


current at (h,k) and divide P,P;, P,P, P,P, Q 
in the ratios k,:1,, kg:l,, kg:l,, then since the y 
equation of P,Q, is (see 15.25 (3)) Q2 
x y | 
w yy 1/=090, P, 1 Ps 
Fig. 152 


h k& 1 
with similar equations for P,Q,, P;Q3, we have as in ex. (i) that 


Le Ye | 2 Ys | 
ky:lk=—| a, yy 1):| a Yy, 11], ete. 
h k i h k 1 
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ss 1. 
ig cy ia 


15.32 Perpendicular distance of a point from a line 


Let d denote the length (essentially positive) of the perpendicular 
from P, to ax+by+ce = 0, and let the foot be P,. Then 


d? = (2-24)? +(Ye—Yi)". (Hl) 
Since P, P, is perpendicular to 
ax+by+c = 0, 


Yo-Y1 -$) ty 
%_e—2,\ b ; 


we have 


O 


1.e. . b(%_—%)—A(Yg—Y1) = 9. (iil) 
Because P, lies on ax + by+c = 9, 


Fig. 153 


ax, + by, +c = 9; 
and this can be written (analogously to (iii)) in the form 
A(%_— 24) +B(y2—Yyi) = — (aa, + by, +¢). (iv) 
Square and add (iii) and (iv), using (1): 
d?(a2 + 6?) = (ax, +by,+¢)?. 


ax,+by,+¢ 
(a? + 6?) ? 


where the sign is chosen to make the expression positive: + if 
ax,+by,+c> 0, — ifaxz,+by,+c < 0. Also see Ex. 15 (a), no. 15. 

If c + 0 and the equation of the line is written so that c is positive, 
then a,2+6,y+c will be positive when P, lies on the origin side of 
the line, and negative otherwise, by 15.31. 


d=+ 


Exercise 15(a){ 


1 Prove that the point which divides in the ratio 2:1 the median P,Q, of 
the triangle P, P,P, has coordinates (3(a1+ Lp +%3), (Yi + Ye +Ys)). From the 
symmetry of this result deduce that the medians of a triangle are concurrent. 

2 Show that the equation of the line through (h, k) which is perpendicular 
to Oz is x+ycosw =h+kcosw. 

+ The main purpose of this exercise is to illustrate the use of oblique axes in 
solving locus problems, 
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3 P is the point (h, k) referred to axes at angle w. Prove that the line joining 
the feet of the perpendiculars from P onto the axes is sin » /(h? + k? + 2hk cos w). 


4 Two fixed lines Ox, Oy are cut by a variable line at A, B respectively; 
P,Q are the feet of perpendiculars from A, B onto Oy, Ox. If AB passes through 
a fixed point, prove that PQ will also pass through a fixed point. 


5 Ifthe equal sides AB, AC of an isosceles triangle are produced to E, F' so 
that BE.CF = AB?, prove that EF always passes through a fixed point. 


Perpendiculars PM, PN are drawn from P onto Ox, Oy. Find the locus of P if 
6 PM+PN = 2c. 7 OM+ON = 2c. 8 MN = 2c {use no. 3]. 
9 From a point P on one side of a fixed triangle, perpendiculars PM, PN 


are drawn to the other sides. As P varies on this side, find the locus of the mid- 
point of MN. 


10 Through a fixed point # any two straight lines are drawn to cut one fixed 
line Ox at A, B and another fixed line Oy at C, D. Prove that the locus of the 
meet of BC, AD is a straight line through O. 

11 Ifastraight line passes through a fixed point, find the locus of the mid- 
point of the part intercepted between two fixed intersecting lines. 


*12 A line AB of constant length c slides between two given oblique lines 
which meet at O. Find the locus of the orthocentre of triangle OA B. 


*13 Using similar triangles, give a proof of Menelaus’s theorem (15.31, ex. (i)) 
by the methods of ‘pure’ geometry. 
*14 Using areas, prove Ceva’s theorem (15.31, ex. (ii)) by ‘pure’ methods. 


15 Obtain the result of 15.32 as follows. Let ax+by+c = 0 cut Ox, Oy at 
L, M. Equate 4p.ZM to the area of triangle P, DM. Verify the result when 
the line is parallel to Oz or Oy. (This method could be used when the axes are 
oblique.) 


15.4 Concurrence of straight lines 


15.41 Lines through the meet of two given lines {eo} 
If LZ, ZL’ are linear functions of x, y, then the equation 


L+kL’' =0 


is satisfied by any point which satisfies both L =0 and L’ =0. 
Hence if the lines L = 0, L’ = O intersect, the locus L+ kL’ = 0 passes 
through their common point. 

If & is constant, 2+kL’ is linear in x, y, and so L+kL’ = 0 is then 
the equation of some straight line through the meet of Z = 0, L’ = 0. 

If Z = 0, L’ = O are parallel and k is constant, then L+kL’ = Oisa 
straight line parallel to both (as is clear by expressing each line in 
‘ gradient form’). 

One condition will determine the constant k. For example, the line 
may be required to pass through a given point, or to be parallel to 
a given line. 
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Conversely, if the linear equation ZL = 0 can be written in the form 
L,+kL, = 0, where k is independent of x, y and L,, L, are linear with 
constant coefficients, then L = 0 passes through a fixed point, viz. 
the meet of the lines L, = 0, L, = 0. 


Example 


The mid-points of the diagonals of a complete quadrilateral are collinear. 


If ABCD is any quadrilateral, let 4D, BC be produced to meet at H; and 
BA, CD to meet at O. The resulting figure is called a complete quadrilateral 
and AC, BD, OF are its diagonals. 

Choose OAB for Ox and ODC for Oy. Call A(2a, 0), B(2b, 0), C(0, 2c), D(O, 2d), 
and let M be the mid-point of OZ. Through M draw lines parallel to HA, EB; 


Fig. 154 


by the intercept theorem of elementary geometry these will cut Ox, Oy at the 
points A’(a, 0), B’(b, 0), C’(0,c), D’(0, d), and their equations will be 


x x 
=+2=1, 42 
a 


d hos 


Thus / lies on the Jines 


dx+tay=ad and cx+by = be, 
and therefore also on 
(da +ay —ad) —(cx+by—bce) = 0, 


i.e. (d—c)x+(a—b)y = ad—be. 


The mid-points of BD, AC are (b,d), (a,c), and these clearly lie on this last 
line. 


15.42 Condition for concurrence of three given lines {w} 
Let the lines be 


a,e+byt+e,=90, a.xt+beyte,=0, agxt+bey+c, = 0. 
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If two of these intersect, say the second and third, the common 
point (obtained by solving for z, y) is 


byC3 — bgcg cae ate (i) 
d,b3—3b,” agb3—Agbo) 


This lies on the first line if 


G1 (b5,C3 — bg Cg) + by (C243 — Cg%q) + C1(A2b3 — gb.) = 0, 


i.e. if a, 0, cy 
az bs Cg 


If no two of the lines intersect, then they are all parallel; this means ° 
that (with the notation of 11.31) C, = C, = C, = 0, and so 


A= ¢,C,+¢,0,+¢,C, = 0. 


Hence if the lines are concurrent or parallel, then A = 0. 
Conversely, if A = 0, the point (i) lies on the first line because then 


oo oO 


= —_—__-— = 0, 
Ayb3 — aD, ; ane?) he yb; —agb, 


This converse argument fails if a,b, —a,b, = 0; but a similar argument 
applies to the lines taken in a different order unless also 


a3b,—a,b,=0 and a,b,—a,6, = 0, 


in which case the three lines are parallel. Hence when A = 0 the lines 
are either concurrent or else all parallel. 

Thus the condition A = 0 is necessary and sufficient for concurrence 
or parallelism; see also 11.43, Corollaries I (5), (c). 


Exercise 15(b) 


1 Find the equation of the line concurrent with 2%—3y—3=0 and 
x+3y—15 = 0 and passing through (— 2, —1); verify that it passes through 
the origin. 


2 Find the equation of the line of gradient 2 which is concurrent with 
5a—2y = 4, 8a@-—Ty+5=0. 

3 Find the equation of the perpendicular from the meet of the lines 
3x —Ty = 2, 4¢+ 5y = 1 to the line 97+ 10y+15 = 0. 


4 Find the equations of the lines which make numerically equal intercepts 
on the axes and which are concurrent with 3x+ 2y—1 = 0, 2w7—y4+3=0. 
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5 (i) Show that for all numbers k the equation 
2a + 3y—1+k(3a—y+4) = 0 
represents a line passing through a fixed point. 
(ii) Find the point of intersection of the lines 
Qe + 8y—1+a(8e—y+4) = 0, 
b(2a + 8y — 1) —c(8a—y+4) = 0. 
6 Find the equation of the line joining the meet of 
382+4y—7T=0, 2e-—3y+1=0 
to the meet of 8a—5y+37=0, 5e—2y—8=0. 


Test the following sets of lines for concurrence. 
7 82—2y+4= 0, 2x—y—1=0, Tr—5y+13 = 0. 
8 52+2y—4= 0, x—3y+2 = 0, 32+ 8y—6 = 0. 
9 (p+1)a+(p—l)yt+p =0, (Q—-lI)e+(qtlyt+q=90,2=y (p +4). 
10 x—t,y+at? = 0, v—tpy +at2 = 0, (t, +t.) a+(1—tyt,) y = a(t +45) (t, + ta). 
11 If the lines x—2y+3 = 0, 24—3y = 0, axn+y+1 = 0 are concurrent, find 
the value of a. 
12 If the lines az +2y+1 = 0, bv+3y+1 = 0, cx+4y+1 = 0 are concurrent, 
prove that a, b, c are in arithmetical progression. 
13 Find the condition for concurrence of the distinct lines 3ax+2y = a?, 
3bx + 2y = 68, 3cx+2y = c®. [Use theory of equations.] 
*14 Find the condition for concurrence of the distinct lines 
esin3a+ysina=a, xsin3f+ysnf=a, xsin3y+ysiny =a. 
[If (h, k) is the common point, then 0 = a, £, y must satisfy hsin 36 +ksin 6 = a, 
ie. 4h sin? 0—(k+3h)sin@+4+a = 0. Since the term in sin? @ is absent, the roots 
sin a, sin f, sin y of this cubic in sin 0 satisfy Xsina = 0.] 
15 (i) If ayz+b,y+c, = 0, agx+b,y+c, = 0, dgxat+bgy+cs, = 0 are distinct 
lines, and numbers 1, m, n none of which is zero can be found such that 
U(ayx+b,y +c.) + m(ayx + bey +C2) + n(agx + by +Cs) = 0, (A) 


prove the lines are concurrent or else all parallel. 
*(ii) If A = 0, use 11.438, Theorem II to show that numbers l, m, n not all 
zero exist such that 


a,l+a,m+a,n=0, 6,1+b6,.m+b,n=0, cl+e.m+esn = 0 
and hence that (A) holds. Deduce the converse of (i). 


15.5 Line-pairs 
15.51 Equations which factorise linearly 


A single equation in x, y may represent two or more lines. 


(i) y2—22 = 0 can be written y = +a and therefore represents the pair 
of lines y = +2, y = —2. 

(ii) 22+ 3ay + 2y? = 0 can be factorised as (w+ y) (“+ 2y) = 0, and so repre- 
sents the line-pair x+y = 0, 7+ 2y = 0. 
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(ili) 2+ 3xy+ 2y?+ 32+ 5y+2 = 0 can be written (x+y+2)(x+2y+1) =0, 
and therefore represents the pair r+y+2=0,2+2y+1=0. 

(iv) 2°+32*y + 2ry? = 0, ie. x(a7+y)(x+2y) = 0, represents the three lines 
x=0,%+y=0,%+2y= 0. 


In general, the equation 
(a0 + by + C1) (d2%+ bay +C,) = 0 


represents the pair of lines a,x +6,y+¢, = 0, a,u+b,y+¢, = 0. For 
if (%q, Yo) Satisfies either of these equations, then it satisfies the original 
one; and conversely, if (2, yo) satisfies the given equation, then either 
Ay %y tb Yo +c, = 0 or Ag%y + by Yy+C. = 0 or both. | 


15.52 The locus ax? + 2hxy + by? =0 

(1) If 6 =0, the equation is x(ax+2hy) = 0, representing a line- 
pair. 

If 6 + 0, the equation can be written 


y\? h{y\ a 
(!) +23(4) ne = 0, 

When (h/b)? > a/b, ie. h? > ab, this quadratic has distinct roots 
y/% = m4, mz, and then y = m,x or y=m,x. Hence if h? > ab, the 
equation represents two distinct lines through O. 

When /? = ab, the equation is (y/x+h/b)? = 0 and therefore repre- 
sents the single line hr+by = 0. We say conventionally that the 
equation represents two coincident lines, or a repeated line. 

When A? < ab, the quadratic for y/x has no roots. The original 
equation is satisfied solely by the values x= 0, y= 0. Hence if 
h? < ab, the equation represents the origin only. 

The three general results just given include the case b = 0 disposed 
of at the start. 

The work of 15.5 so far is valid for oblique axes; in the following we 
shall suppose the axes to be rectangular. 


(2) Angle between the lines ax? + 2hay + by? = 0. If the separate lines 
have equations y = m,x, y = m,2, then the above quadratic for y/x 
has roots m,, m,. Hence 


M,+Ms, = — M1M,=7, (i) 


h 
$? 


~~ HR 


and so (m,—mMz,)? = (m,+m,)?— 4mm, = = (h?—ab). 


b? 
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The required angle is given by 
M1—™Mz 2.,/(h? — ab) 


ete gam, ULea Lb) 
2,/(h? — ab) 
= + SS eg 
a+b 


provided a+b + 0. 
If a+b = 0, then m,m, = —1 and the lines are perpendicular; and 
conversely. 


(3) Bisectors of the angles between these lines. By expressing equality 
of the perpendiculars from (x, y) to the lines y—m,x = 0, y— mx = 0, 
the equations of the angle-bisectors are 


Y-MeC — | Y7-Met 
f(L+m?) ~~ ./(1+m})’ 


Hence the two bisectors have equation 


(y—m,2)* _(y—max)" _ 9 
1+ m2 1+mj3 


1.e, (1+ m§) (y—m, x)? — (1+ mi) (y—m,x)’ = 0, 
ie. (m?-— m3) a? — 2(m,—m,) (1 —m,m,) cy — (mi —m}) y*® = 0. 
If m, + m,, this reduces to 
(m, +m) (4? —y") = 2(1 —m, ma) ay, 
i.e. by (i), h(x? —y?) = (a—b) zy. 


This equation satisfies the perpendicularity condition at the end 
of (2), as of course it should from elementary geometrical considera- 
tions. It can be written 


a xy y? 
a h b6b|=0 
1 0 1 


15.53 The general line-pair s=0 
(1) Parallel line-pair through the origin. Write 
s = ax? + 2hry + by? + 2gx4+ 2fyte = 0. (i) 


This is the standard form of the general equation of the second degree 
in x,y. 
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If s can be factorisedt in the form 
8 = (A,7+ Byy+C) (A,7+B,y+C,), (ii) 
then (i) represents a line-pair. By equating coefficients of the second- 
degree terms in (ii), 
a=A,A,, 2h=A,B,+A,B,, 6= B,B,; 
so we also have 
ax* + 2hay + by? = (A,7+B,y)(A,v+ Boy). 
Therefore if (i) represents a line-pair, then the equation 
ax* + 2hay + by? = 0 (iii) 


represents the parallel line-pair through O. 
This fact can be used to calculate the angle between the lines (i), 
which is the same as the angle between (iii), found in 15.52 (2). 
When h? = ab, the lines (i) may be coincident or parallel; for although 
this condition implies A,:A, = B,: Ba, these ratios may or may not 
be equal to C,:C,. 


(2) Necessary condition for s = 0 to represent a line-pair. 

If (i) represents a line-pair, s can be written in the form (ii); and if 
A, + Oand A, + 0 (ie. if a + 0, since a = A,A,), this means that (i), 
regarded as a quadratic in x, can be solved in the form 


B, OG, B, G 


ee aE ene aay i (iv) 
Now (i), written as a quadratic in , is 
ax? + 2(hy +g) x + (by* + 2fy +c) = 0, (v) 
80 w= -[ — (hy +9) + {hy +9)? — aby? + 2fy +0)}}]. 


Hence (i) can be solved in the form (iv) if and only if the quadratic 
in y under the square-root sign is a perfect square, i.e. if 


(1? — ab) y? + 2(gh — af) y + (9° — ac) 
is a perfect square. This is so if and only if 

(gh — af)? — (h? — ab) (9° — ac) = 0, 
(which holds even when h?—ab = 0, for the condition then implies 
gh —af = 0 also), i.e. if 

a(abe + 2fgh —af* — bg? —ch?) = 0. 


{+ This will not be the case in general: see 15.74. 
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Since we are assuming a + 0, the condition is 
abc + 2fgh — af* — bg? —ch? = 0. (vi) 


If a = 0 but b + 0, then equation (i) can similarly be solved as a 
quadratic in y, and the same condition (vi) is obtained. 
Ifa = 0, b = 0, but h + 0, equation (1) is 


2hry + 2gz+ 2fyt+c = 0, 


i.e. wy + tasty +S =0 
which, if factorisable, is 
‘) 9\ _ 
(«+ AVY ta) = 0, 
f9 _ 6 
so that 72 = Oh? 
1.€. 2fgh —ch? = 0, 


and this is what condition (vi) becomes when a = 6 = 0. 
These are the only cases that need be considered, since if 


a=b=h=0 


then (i) would not be of second degree. We have therefore shown that 
the necessary condition for (i) to represent a pair of straight lines is (vi). 
By ex. (ii) in 11.22, (vi) can be written 


ah g 
A=|h b f\=0. (vii) 
g f ¢ 


The determinant A is called the discriminant of s, or of equation (i). 
Remark (a). The necessary condition A = 0 is not sufficient for (i) 
to represent a line-pair. For A is zero when 


a=b=1, c=f=g=h=0, 


whereas x?+y? has no linear factors. (A sufficient condition is in- 
dicated in Ex. 1(f), no. 19. Other ways of obtaining the necessary 
condition A = 0 appear in Ex. 9(f), no. 25 (ii); (3) below; and 15.73, 
ex. (ii).) 


(3) Point of intersection of the line-pair. In a numerical case we 
should resolve the second-degree equation into linear factors (e.g. as 
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in 10.21, ex. (ii)). For the general case (i), equations giving the point 
of intersection (sometimes called the centre or vertex of the line-pair) 
can be found as follows. 

Writing (i) in the form (v), we see that to a given value of y there 
correspond in general two values of x; but if y is the ordinate of the 
meet P, then (v) will give only one 
value of x, viz. the abscissa of P. 

Now when (v) has equal roots, that 
root is (see 1.31 (6)) 

Mag. 


t= ee 


so the coordinates of P satisfy 
ax+hy+g = 0. (vill) 
Similarly, writing (i) as a quadratic in y, viz. 


by? + 2ha+f)y + (aa®+ 29x +c) = 0, 


at P we have y= =H, 
i.e. ha+by+f = 0. (ix) 


Equations (viii), (ix) suffice to determine P as the point (G/C, F'/C); 
see ex. (i) in 11.32 for the notation. 
Remark (f). Since (i) can also be written 


(ax+hy+g)a+(hatbytf)y+(gxt+fytc) = 0, 
it follows that the coordinates of P must also satisfy 
get+fyte = 0. (x) 


Equations (viii)-(x) are therefore consistent, and Corollary I (b) 
of 11.43 gives (vii) as a necessary condition for s = 0 to represent an 
intersecting line-pair. Compare (2) above, where (vii) was shown to be 
necessary for any type of line-pair, not necessarily intersecting. Also 
see 15.73, ex. (ii). 


15.54 Line-pair joining O to the meets of the line 1x + my=1 and 
the locus s=0 

In general the equation s = 0 represents a curve, but the following 

argument holds in particular when the equation represents a line-pair.. 
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Consider the homogeneous equation in x, y: 
ax? + 2hay + by? + 2(gu + fy) (la+my) +c(la+my) = 0. 


It is satisfied by the points which satisfy both the equation of the line 
and of the locus, and hence it represents some other locus through these 
points. Since the equation is homogeneous in 2, y, it represents two 
lines through O. Hence it must be the equation of the required line- 
pair. 


Exercise 15(c) 
[Rectangular axes.] 


1 Find the area enclosed by the lines 2? + 4ay + 2y? = Oand thelinex+y = 1. 
2 Show that the area enclosed by the lines 


az*+2hayt+by?=0 and lx+my=1 


is ./(h? — ab) /(am? — 2hlm + bl*). 
3 Prove that the product of the lengths of the perpendiculars from (2, y;) 
to the lines 


aa2+2hryt+by2=0 is + (ax*+ 2ha,y, +by2)/-/{(a—b)? + 4h}. 


4 Find the equation of the lines through O which are perpendicular to the 
lines ax? + 2hay+by? = 0. [If (x,y) lies on either of the required lines, then 
(—y, x) lies on one of the given lines. ] 


5 Find (i) the angle between, (ii) the equation of the bisectors of the angles 
between, the lines 52? + 2ay — 4y? = 0. 

6 If the lines az?+ 2hay+by? = 0, a’x*+2h’zy+b’y? = 0 have the same 
angle-bisectors, prove that h(a’ — b’) = h’(a—b). 

7 Show that any pair of lines which has the same angle-bisectors as the pair 
ax? + 2hay + by? = 0 can be written az? + Qhay + by? + A(z? + y*) = 0. [Use no. 6.] 

Find the equation of the pair of lines, one of which passes through (7, q), 
and whose angle-bisectors are 2? —y? = 0. 

8 Show that the following equations each represent pairs of straight lines; 
find the angle between them, and their point of intersection. 

(i) 207+ Txy + 3y?—4x—Ty+2 = 0; 
(ii) 15a?+ ay —2y?+ 3x—y = 0; 
(iii) cy—3x+2y—6 = 0; 
*(iv) 22+ 4ay— Qy?+ 6x—12y—15 = 0. 

9 Write down the equations of those line-pairs through the origin which are 

perpendicular to the line-pairs in no. 8. [Use no. 4.] 
10 Find the equation of the lines joining O to the meet of x+ 2y = 3 with the 

lines 427+ l6xy — 12y?— 8x+12y—3 = 0. 
*11 Show that the line 2(g—g’)x+ 2(f—f’) y+ (c—c’) = 0 is a diagonal of the 
parallelogram formed by the line-pairs s = ax? + 2hay + by? + 29a+ 2fyt+e = 0, 
8’ = ax*+ 2hay + by? + 29’24+ 2f’y+c’ = 0. [Consider s—s’ = 0, which is linear 
and is satisfied by the points common to s = 0, s’ = 0.] 
*12 If the line-pairs s = 0, s’ = 0 in no. 11 possess a line in common, find its 
equation. 
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15.6 The circle 


15.61 General equation of a circle; centre and radius 
Referred to rectangular axes, the equation of the circle with centre 
C(h, k) and radius r is (x—h)?+ (y—ky? =P. (i) 


When simplified, this equation is of the form 
u2+y*+ 29% + 2fyt+c = 0, (ii) 


in which the coefficients of x? and y? are equal, and there is no xy-term. 
Conversely, by completing the square for the terms involving x and 
for those involving y, equation (ii) can be written 


(x+g9P?+(y+fP = 9 +f?—-c. 
If 92+ f?—c > 0, this represents the circle with centre (—g, —f) and 
radius ,/(g?+f%—c). If g?+f2—c = 0, it represents the single point 


(—g, —f); and if g?+f?-c < 0, the equation does not represent any 
locus. 


Example* 


Referred to oblique axes at angle w, the circle with centre O(h, k) and radius r 
has equation 
(w—h)? + (y—k)?+2(a—h) (y—k) cosw = 7?, 


which is of the form 
x* + y* + 2xy cos w+ 2gx+ 2fyte = 0. 


15.62 Circle on diameter P, P, 


Let P(x,y) be any point on the required circle; then P,P 1 P,P, 
by ‘angle in a semicircle’. Since 


gradient of P, P = Hh, and gradient of P,P = as 
rtd | 


> 


hence es AG as 1, 
L—-X, L—NXy 
i.e. (% — 2) (w@— 22) + (Y—Y1) (Y— Yo) = 9. (iii) 


This equation, which is satisfied by the coordinates of any point P on 
the circle, is therefore the equation required. (See also Ex. 15(/f), 
no. 15.) 
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15.63 Tangent at P, 


Let P,(x,,y,) be a given point on the circle (ii) in 15.61. Then since 
the tangent at P, is perpendicular to the radius CP,, and CP, has 
gradient (y,+/f)/(%, +g), the equation of the tangent is 


%4+9 
—Y,=- xX—2X;), 
YY at: 1) 


i.e. yY(Yitf) —yi-fyr+ u(2 +9) —x{—gx, = 0, 
i.e. any + yy, +ge+fy = vit yitge+fy. 
Since P, lies on the circle, 
2+ y2 + 29x, + 2fy, +c = 0, 
and so the equation of the tangent at P, can be written 
an, +yy,+grt+fy = —9%,—fy,—¢, 
i.e. tty + yy, tg(e+%,)+fly+y,) +e = 0. (iv) 


Remark. This result can be remembered by the following rule of 

alternate suffixes. ‘Write xx for x?, x +2 for 22, etc., in the equation of 
he circle: 

Saeee ant yy+g(et+a)+fiyty)+e = 90; 
and attach the suffix 1 to alternate variables.’ 

It should be emphasised that this rule is only an aid to memory, 
and certainly does not constitute a proof that (iv) is the equation of 
the tangent at P,. Other applications will appear in later chapters. 


Example 


Find the condition for the line la +my = n to touch the circle (ii). 
The line will be a tangent if and only if the perpendicular from the centre 
(—g, —f) to it is equal to the radius ,/(g?+f?—c): 
—lg—mf—n 
+ — 2 2 ; 
tat mi) V(9? +f?—¢) 
i.e., on squaring, (lg+mf +n)? = (g2 +f?—c) (2+m?). 


15.64 Chord of contact from P, 

If P, is outside the circle, two tangents can be drawn from P,; if 
their points of contact are F,, P,, then the whole line P,P, is called the 
chord of contact of tangents from P,. We now find the equation of this 
chord. 


40 GPMII 
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For simplicity we consider the circle 2?+ y? = a*, whose centre is 
the origin. The tangent P,P, at P, has equation 


Ly + YYo = a. 
Since P, lies on this line, 
Hy L_+ Yi Yo = a? 


which shows that the coordinates x = 25, y = y, satisfy the equation 
e+ yy =a, 


i.e. that P, lies on the line zz, + yy, = @?. 


Py 


P, 


P; 
Fig. 156 


Similarly, P, lies on this same line, which must therefore be the 

chord P, P,. Hence the chord of contact from P, to x?+ 4? = a? is 
ex, + YY, = a?. 
The same argument applied to the general circle 
x2 + y2+ 29x + 2fyt+ec=0 
shows that the chord of contact from P, has equation 
way + YY, + G(u+%)+flyt+yi) +e = 0, 

i.e. (4 +9)e+(yitf)yt (9% +fyitc) = 9. 

Remark. The equation xz,+yy, =a? has two quite distinct 
meanings according to whether P, lies on the circle 2?+y? = a? or 
outside it. When P, lies on the circle, it represents the tangent at P,; 


when P, lies outside, it represents the chord of contact from P,. Similar 
remarks apply to the general case. See also (1), (2) in 15.65. 


Examples 
(i) Find the equation of the tangents from O to x? + y? + 29x+ 2fy+ec = 0. 
The chord of contact from O (fig. 157) has equation 
gxt+fyte = 0. 
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As in 15.54, consider the equation: 


2+ y? + 2(gxe+fy) (-==*) tof 2 fe)" 6; 


which reduces to C(x? + y?) = (gx +fy)?. 


It is satisfied by the points common to the circle and line, i.e. by the points 
of contact of the tangents from O. It is homogeneous of degree 2 in x,y, and 
therefore represents a line-pair. Hence it represents the pair of tangents from O. 


y 


B P; 


Fig. 157 Fig. 158 


(ii) Pair of tangents from P, to x? +y? = a’. 
When P, is given, let P, be any other point in the plane. Any point on P, P, 
will divide it in some ratio k:1, and hence will have coordinates 


(= +ha, ly,+ 7) 


l+k ° 1+k 
This point will lie on the circle if 


(= Ls =) ( ot 7) = Q?, 


l+k I+k 

ie. (02 + y2 —a®) k® + 2(0, 22+ Y1 Yo — a?) kl + (x3 + y?— a?) [2 = 0. (v) 
This quadratic gives two values for the ratio & : 1, which correspond to the points 
A, B where the line P,P, cuts the circle; the two values are P, A: AP, and 
P,B:BP, (fig. 158). Equation (v) is known as Joachimsthal’s ratio quadratic 
for the circle v?+y? = a?. 

If P, lies on either tangent from P,, then the points A, B will coincide, and 
hence (v) will have equal roots k:1, so that 

(xi +yj— a?) (wp+y3—2*) = (2, %_+WY2— a?) 
This equation shows that the point P,(22, y,) lies on the locus 
(ai+y{—*) (2? +y?—a?) = (ax, +yy,—2?)?, 


which must therefore be the combined equation of the tangents from P,, 
i.e. of the pair of tangents. See also 15.73, ex. (i). 


15.65 Examples; polar 


(1) Tangents at the intersections of the circle x? +y? = a® with variable chords 
through P, meet on the line xa, + yy, = a*. 


40-2 
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Let the tangents at the extremities A, B of the chord AB through P, meet 
at P,. Then by 15.64, AB has equation 


Let YYg = a. 
Since P, lies on this line, 
Ly Let YiY2 = a; 


and this shows that P, lies on the line 27,7+y,y = a’. 


Fig. 159 Fig. 160 


If P, lies inside the circle, the locus of P, is the complete line, which lies 
entirely outside the circle. If P, lies outside, the locus of P, is that part of the 
line which is outside the circle. 


(2) A variable chord through P, meets the circle x?+y? = a? at A, B; P, is 
chosen so that P,, P, divide AB in the same ratio (one internally, the other extern- 
ally).| Show that P, les on the line xx, + yy, = a. 

Since by hypothesis AP,:P,B = AP,:P,B,hencealsoP,A:AP,=P,B:BP, 
so that A, B divide the line P, P, internally and externally in the same ratio, 
say tk’: 


Fig. 161 Fig. 162 


Either point A, B dividing P,P, in the ratio k:1 has coordinates of the form 


lac, + kat, es) 
l+k ]}’ l+k ]’ 


+ P, and P, are said to divide AB harmonically. 
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and lies on 27+ y? = a*; hence equation (v) of 15.64, ex. (ii) holds, and its roots 
are +k’:l’. Since their sum is zero, 

XX, +Y Yo —a’= 0. 


Hence P, lies on the line x, 2+ y,y = a?. 

If P, lies inside the circle, the locus of P, is the whole line, which lies com- 
pletely outside the circle. If P, lies outside, the locus of P, is that part of the 
line which lies within the circle. 


(3) Definitions. We now unify the complementary results in (1), (2). 

The whole line xz, + yy, = a? is called the polar of P, wo 27+ y? = a?. 

P, is called the pole of the line rz, + yy, = a2 wo2z?+y? = a’. 
Remarks 


(a) If P, lies outside the circle, the polar coincides with the chord of contact 
from P,. 

(f) If P, lies on the circle, the polar coincides with the tangent at P,. 

(y) The polar exists for every point except the centre (0, 0). 

(6) Rectprocal property. If the polar of P, passes through P, then the polar 
of P, passes through P,. (For if vz,+yy, = a? passes through (22, y¥_), then 
L_%+Yey, = a*, which shows that P, lies on rx, + yy, = a’, the polar of P,.) 


15.66 Orthogonal circles 


(1) The angle between two intersecting circlest is the angle between 
their tangents at a common point. (It is easy to prove geometrically 
that the angles at the two intersections are equal.) 

If these tangents are perpendicular, the circles are orthogonal. In 
this case the tangent to one circle is a radius of the other. 


(2) Condition for P 
x+y? + 29x + 2fy+e = 0, 
xi+y?+ 29’x+ 2f’yte’ =0 c 

to be orthogonal. GC 

The centres are C(—g, —f) and C’(—g’, —f’), Fig. 163 
and the radii are ./(g?+f?—c), /(9+f’-c’). 

If the circles cut orthogonally at P, the triangle CPC’ is right- 
angled at i gs and so C'C? = CP2 ma C' P2, 
ie. (g—9'P+(f-S' = G2 +f2-0) + (92+ fc’), 
i.e. 2g¢' +2ff’ =c+c’. 

Conversely, when this condition is satisfied, then by adding 

ac a is 


{ The general definition was given in 5.72. 
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to both sides the previous equation is obtained; hence by the converse 
of the theorem of Pythagoras, triangle C’PC is right-angled at P. 

The condition is therefore both necessary and sufficient for ortho- 
gonality. 


Example 
Prove that in general there is only one circle orthogonal to three given circles. 
If the given circles are 
xi+y*?+29,07+2f,ytc =O (r= 1, 2,3), 
we require to find g, f, c for which 
2991 + 2ffi-—¢ = 1, 
2992+ 2ff2—¢ = Ca, 


and 2993 + 2ffs—¢ = Cg. 
If the determinant 


"n fi 1 
A=! 92 fe 1 
9s Js 1 


is non-zero, then this system of three equations for the three unknowns g, /, c 
can be solved uniquely by Cramer’s rule (11.41). The condition A + 0 means 
that the three centres are not collinear (15.16, ex.) and that no two centres 
coincide; this is the situation ‘in general’. 


Exercise 15(d) 


1 Write down the equation of the circle through O whose centre is (p,q). 
Prove that the tangent at O is pr+qy = 0. [Use ‘tangent | radius’.] 

2 Show that the chord of x? + y? = a* whose mid-point is (#,, y,) has equation 
vay + yy, = x +y?. [If P is any point of the required chord, OP, | PP,.] 

3 Prove that the mid-points of those chords of 2?+y?+ 297+ 2fy+c=0 
which pass through P, lie on the circle (x—2,)(x+g)+(y—y,) (y+/f) = 0. 
[CM 1 CP,.] 

4 (i) Find the equation of the chord P,P, of z?+y?=a*. Deduce the 
equation of the tangent at P,. (ii) Also find the tangent at P, by using Calculus. 

5 Ifle+my = n touches x? + y? = a?, find its point of contact. [xa + yy, = a? 
and le+my = n are the same line if z,/1 = y,/m = a?/n.] 

6 Find the condition for y = mx+c to touch z?+y? = a*, and deduce that 
the lines y = ma +a./(1+m?*) touch the circle for all values of m. 

7 (i) Find the condition for the chord of contact of tangents from P, to 
x?+y? = a? to subtend a right-angle at O. (ii) What is the locus of the meet of 
perpendicular tangents to 2?+y? = a?? 

8 (i) Show geometrically that, when they exist, the direct common tangents 
of two circles divide the line of centres externally in the ratio of the radii. What 
is the corresponding result for the transverse common tangents? 

(ii) Use (i) to find the equations of the direct and transverse common 
tangents to (w— 15)?+y? = 64, (~—2)?+y? = 9. [If a tangent meets the line of 
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centres at (A,0), its equation is y = m(a—A) where m is chosen so that the 
perpendicular to this line from either centre is equal to the corresponding 
radius. | 


Prove that the direct common tangents to 
(o—a,P+y? = 13, (v—a,)+y? = 73 
have equation = {(r, — 73) &— (4, 7, —Aq71)}? = {(4, — Gq)? — (71 — 172)" 3”. 


Find the equation of the transverse common tangents. 
10 If the line of centres of 


xi+y?+29x+2fyte=0, w2%+y?+29’x+2f'yte’ =0 
cuts the axes at A, B, show that the circle on diameter AB is 
(9-9) (f—-f’) (z*+y*) = (gf —9'f) {(g—9') = —-(f-f’) y}- 
*11 A variable circle passes through the meet O of two given lines, and makes 


intercepts OP, OQ such that m.OP+7.0Q = 1. Prove that this circle passes 
through another fixed point. [Use oblique axes.] 


12 A circle passes through (h, k) and cuts orthogonally the circle 
x®+y*+ 29x + 2fy+c = 0. 
Prove that its centre lies on the line 
Wh+g)xt+ak+f)y =V+k*—c. 
13 Find the equation of the circle orthogonal to x? + y? + 2% —2y+1 = 0 and 
xv*+y2+44¢—4y+43 = 0 and whose centre lies on the line 3a —y—2 = 0. 
14 Find the equation of the circle orthogonal to 


e+y2=5, w+y?+62+1=0 and x*+y?—4e—4y+7=0. 
15 Prove that an angle between the circles 
s=aity?+2r+2fyteo=0, 8 HS ax*+y?+29'a+2fyt+e =0 
(supposed to intersect) is given by 
299° + 2ff' —¢—e' 
2/(g2+f2—c) (g?+f2—c')" 


16 If s=0, 8’ = 0 are the circles in no. 15, prove that s+ As’ = 0 is also the 
equation of a circle for any constant A except A = — 1. What is the interpretation 
when A = — 1? If s, s’ intersect, explain why s+ As’ = 0 passes through their 
common points for all A. (As A varies we obtain a system or family of circles.) 

17 If a circle o = 0 cuts s = 0, s’ = 0 orthogonally, prove that it also cuts 
orthogonally each member of the system s+ As’ = 0. Interpret the case A= — 1 
by first showing that the centre of o lies on the line s—s’ = 0. 

18 Prove that the length of a tangent from P, to 2?+y?+ 29v+ 2fy+ce=0 
is /(a? + y? + 2gx, + 2fy, +c). 

19 (i) Prove that a point P such that the tangents from it to the circles s, s’ 
are equal (notation of no. 15) lies on the line 2(g—g’)a + 2(f—f’)y+(c—c’) = 0, 
ice. s—8’ = 0. 

(ii) Show that the locus of P is the whole line if s, s’ do not intersect. When 
they do intersect, show that s—s’ = 0 is their common chord and that the 
locus of P is only that part of this line which is outside both circles. 


cos 09 = 
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20 Find the equation of the circle which passes through (—3,2) and the 
points of intersection of the circles 32? + 3y?+ 2a—Ty—6 = 0, z?7+y?+y—2 = 0. 
[Use no. 16.] 

21 Find the equation of the circle whose diameter is the common chord of 
the circles x? + y? — 27+ 2y+3 = 0, 5a7+ 5y*-2+7Ty—12 = 0. 


15.7 Conics 


15.71 Definitions 


The locus of a point P in a plane such that the ratio of its distance 
from a given point S to its distance from a given line d is constant is 
called a conic. 

The point S is called the focus, the line d the directrix, and the con- 
stant (denoted by e) the eccentricity of the conic. According as e = 1, 
the conic is called an ellipse, parabola, or hyperbola; e is essentially 
positive. 

If MU is the foot of the perpendicular from P to the line d, the 
definition is equivalent to the relation 


SP =e.PM. 


The name ‘conic’ is an abbreviation for ‘conic section’. Originally 
the ellipse, parabola and hyperbola were obtained as the sections made 
by a plane drawn perpendicular to any one generator of right circular 
cones with acute, right and obtuse vertical angles respectively. Later 
they were defined by different sections of the same right circular cone, 
the ellipse, parabola and hyperbola being respectively the curves of 
section by a plane making an angle with the base less than, equal to, 
or greater than that made by the generators. If the cone is a double 
one, the hyperbola will consist of two separate parts or branches. 
A plane parallel to the base will give a circular section; one through 
the axis of the cone will give two intersecting lines (the generators in 
that plane); one touching the cone along a generator will give a single 
line; while a plane through the vertex but not cutting the cone else- 
where will give a single point. Hence with this approach, a circle, 
a line-pair, a single line, and a single point are all conic sections. 

It can be proved} that, for each plane which gives an elliptic, para- 
bolic, or hyperbolic section, there exists in that plane a fixed point S 
and a fixed line d such that any point P on the curve satisfies the law 
SP =e.PM; i.e. these ‘conic sections’ have the focus-directrix 
properly and are therefore ‘conics’ in the sense of our definition. 


t We shall not do so in this book. 
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15.72 The equation of every conic is of the second degree 


If the fixed point S is (p,q) and the fixed line d is l~v+my+n = 0, 
the definition SP? = e?. PM? becomes 
o (la + my + n)? 
€ — 


—m)2 7? = 
(%—p)? + (y—q) P+ mi 


When simplified, this is clearly of second degree in z, y. 

In our definition we made no reference 
to the relative positions of S and d. In 
particular, if we suppose S lies on d, we 
may choose d for y-axis and the perpen- 
dicular at S for x-axis. Then, if P(z, y) is 
any point on the locus, the definition 
SP? = e*. PM? is expressed by 


Fig. 164 


x+y = ex, Le. y? = (e?—1)27. 


According as e 21, this equation represents a line-pair through 8, 
the (repeated) line y = 0, or the single point S(0, 0). 

Hence, consistently with our definitions, we must regard an inter- 
secting line-pair as a degenerate hyperbola (since e > 1 for both), a 
single line as a degenerate parabola (e = 1 for both), and a single point 
as a degenerate ellipse (e < 1 for both). These conclusions agree with 
our remarks in 15.71 about particular ‘conic sections’. The classifica- 
tion of a pair of parallel lines will be mentioned in Ex. 16 (e), no. 26 (ii); 
for the circle, see 17.17. 


We now turn to the more difficult converse problem of interpreting 
the general second-degree equation 


ax? + Zhay + by? + 292+ 2fy+c=0 


by showing that this equation can be reduced to certain standard 
forms. We shall eventually prove that every equation of the second 
degree represents a conic (including the degenerate cases just men- 
tioned), a parallel line-pair, a circle, or nothing. 


15.73 Change of coordinate axes 


(1) When a locusis specified by some property (suchasSP = e.PM), 
we express this as an equation between the coordinates of any point 
(2, y) on the locus, referred to a pair of coordinate axes. Some choices 
of axes (e.g. those having regard to symmetry of the locus) will lead 
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to a simpler equation than others. Hence, when an equation wo one 
set of axes is given, it is often desirable to change the axes in order to 
simplify the equation. This can be done by 

(a) changing the origin, leaving the directions of the axes unaltered 
(a translation of axes); 

(6) changing the direction of the axes, leaving the origin unaltered 
(a rotation of axes); 

(c) both together. 

Remark. When a problem involves equations of two or more loci, 
in general it is possible to simplify only one of the equations in this 
way; e.g. see 16.12, ex. (ii). 


Fig. 165 


(2) Change of origin. If the new origin O’ is taken at the point (h, k), 
then the point P whose coordinates were (x,y) now has coordinates 
@',y') given by v=x-h, y =y-k. 

Thus, to change the origin to the point (h,k) we substitute x’ +h for x 
and y' +k for y: the locus whose equation wo axes Oz, Oy is f(x, y) = 0 
becomes f(a’ +h, y’ +k) = 0 wo axes O'x’, O'y’. 

We usually omit the dashes in the new equation, and say that 
f(x,y) = 0 becomes f(x +h, y+k) = 0. 

The above work remains valid for oblique axes; an example occurred 
in 15.16 (2). 


Examples 
(i) Pair of tangents from P, to x?+y? = a*. (Cf. 15.64, ex. (ii).) 
Changing the origin to P,(2z,,y,), the equation of the circle becomes 
(c+a,)P?+(yty)? = a, 
i.e. erty? + 2e,e+ Wy yt (z2+y?—a?*) = 0. 
The equation of the pair of tangents from the new origin is (see 15.64, ex. (i)) 
(xi + yj— a?) (w+ y") = (te+y,y)*. 


15.73] ELEMENTARY COORDINATE GEOMETRY 8 597 
Referred to the original axes, this equation becomes 


(ai + y} —a*) {((@— 24)? +(y—Y,)*} = {ay(e@— 2%) +o (y—-Y%)}, 


i.e. (ai + yf — a?) {(2* + y® — a?) + (xt + yj — a?) — 2(xa, + yy, —a°)} 
= {(xa, + yy, —a*) — (ai + y?—a*)}, 
i.e. (xi +y}—a*) (22 +y?—a?) = (4a, +yy,—a*)*. 


(ii) Point of intersection of the line-pair ax? + 2hay + by? + 2gu + 2fy+e = 0. 


Suppose the lines meet at P(x, y,). Changing the origin to P,, the equation 
becomes 


Ae +2)? + 2h(x +24) (y+ 41) + O(y+y)? + 29(e +2) + 2f(y+y) +e = 0, 
i.e. ax® + 2hay + by? + 2(ax, +hy, +9) x+2(ha,+by,+f)y 
+ (aati + 2ha,y, + by} + 29x, + 2fy, +c) = 0. 


Since the new origin is the meet of the lines, this equation must involve only 
terms in x’, xy and y? (15.52(1)). Hence we must have 


axm+hy+g=0, ha, +by,+f=0, 
and ax? + 2ha, y, + by? + 2ga, + 2fy, +e = 0. 


The first two equations determine P,. As in Remark (f) in 15.53 (3), the third 
is equivalent to gz, +fy,+c = 0. 


Fig. 166 


(3) Rotation of axes through angle 0. Let the point P, whose co- 
ordinates wo Ox, Oy are (x,y), have coordinates (z’,y’) referred to 
the new axes Ox’, Oy’, where 


20x’ =0 and xOP = p. 
If OP =r, then from triangle OPN, 


x = rcos(0+¢) =rcosé cos¢—rsin#@ sing 


= x’ cos0—y' sind 
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since from triangle OPN’, x' = rcos¢ and y’ = rsing. Similarly, 


y =rsin(9+¢) = rsind cosd+rcos6 sing 
=z’ sinO+y’ cosé. 


Thus, to rotate the axes through angle 0 we substitute x’ cos 0 — y’ sin 6 
for x and x' sin 0+ y' cos 6 for y: the locus f(z, y) = 0 becomes 


f(xcos0—ysin 0, xsin6 + ycos@) = 0. 


The reverse transformation can be obtained 
either by solving the above two equations for x’, y’, in terms of x, y; 
or by writing —@ for 6 and interchanging (zx’,y’), (x, y) in the 
above equations; 
or by considering 
a’ =rcos{(0+¢)-O}=..., y’ =rsin{(O+d)—-O=.... 
Both transformations can be read off from the scheme 


, , 


x y 
x |cos0 —sin@ 
y | sind cosé 


(4) Change of both origin and direction of axes. By combining the 
substitutions found in (2), (3) we see that, under the most general 
change of rectangular axes, the locus whose equation is f(x,y) = 0 
Revie f(xcos6—ysinOd+h, xsind+ycosé+k) = 0. 

It follows that such a change of axes leaves the degree of any poly- 
nomial equation unaltered. For, instead of the linear function x, we have 
substituted the linear function 2 cos 6 —ysin 6 +h, and similarly for y; 
to powers and products of linear functions correspond powers and 
products of the same degree. 


15.74 Reduction of s=0 to standard forms 
By rotating the axes through angle 0, the equation 
8 = ax? + 2hay + by* + 2gx+ 2fy+c=0 (i) 
becomes | 
a(x cos 0 — ysin 0)? + 2h(xcos 6 — y sin 8) (xsin 0 + y cos 0) 
+ b(x sin 0+ y cos 0)? + 29(% cos 0 — ysin 0) 
+2f(xsind+ycos@)+c = 0, (ii) 
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in which the coefficient of zy is 


— 2a.cos 6 sin 6 + 2h(cos? 6 — sin? 0) + 26 cos 6 sin 0 
= 2(b—a)sin@ cos 0 + 2h cos 26 
= (b—a)sin 20 + 2hcos 20. 
If b—a + 0, this will be zero when 0 satisfies 
tan 20 = um (iii) 
if b—a = 0, it will be zero when cos 20 = 0; i.e. 0 = 47. Giving 0 the 
value between + 47 satisfying the appropriate condition, equation (ii) 
BaK oS uneTOr Az? + By? + 2G2+2Fy+C = 0, (iv) 


where A, B,C, F, Gareknownintermsof a, b,c, f, g, hsince 0 isso known. 
The following cases now arise. 
(a) If A + 0 and B + 0, then by completing the square, (iv) can 


be written a(e+S)'+B(y43)* = a a = 
By changing the origin to the point (—G/A, — F/B), (v) becomes 
Az? + By* =A, (vi) 
where A = G?/A + F?/B—C. 
If X + 0, this can be written in one of the fart 
2 2 2 2 2 2 


according as A/A, B/A are both positive, of opposite sign,t or both 
negative. 
If A = 0, (vi) can be put into one of the forms 


ata? — By? = 0, ata*+ fy? = 0 
according as A, B have opposite or the same signs. 
(6) If A = 0, B + 0 and G + 0, equation (iv) can be written 


By+5) +26(2+54 Ae sa) 256: (vii) 
B 2G 2BG 
Changing the origin to the point 
CF 
(-s0* ane -3)- 


+ The case —2?/a?+y3/f2=1 can be brought to the second form shown by 
rotating the axes through angle 37. 
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(vii) reduces to By? + 2Gz = 0, 
i.e. y= Be. (viii) 


(c) If A = G = 0and B + 0, equation (iv) becomes 
By? +2Fy+C = 0, 


which represents two parallel lines, a repeated line, or nothing, 
according as Ff? = BC. 

(q) IfB=0,A+0,F +0, orifB=F =0, A + 0, then by trans- 
forming equation (iv) by rotating the axes through 47, we obtain 
the cases considered in (5), (c). 

We cannot have A = B = 0, for then (iv) would not be of second 
degree, and hence (see 15.73 (4)) neither would (i). Thus all admissible 
possibilities have been considered. 

It has now been shown that, by a suitable change of axes, the 
general equation (i) of second degree can be reduced to one of the 
following standard forms: 


y* = 4ax, oa Be ’ a2 ft 1, 
x? 4 
at gaa ax? + By? = 0, 
y=atJf(a?—£). 


Clearly the fourth equation represents nothing; the fifth represents 
an intersecting line-pair, a repeated line, or a single point; and the 
sixth represents a pair of parallel lines, a repeated line, or nothing. 
The following three chapters are respectively concerned with the 
first three loci, which will be proved to be ‘conics’ in the sense of the 
definition given in 15.71: see 16.11, 17.12 and 17.13. 


Exercise 15(e) 


1 By a change of origin, the points (—1,3), (4, —2) become (a, 5), (3, 8); 
find a, ~. 

2 Find the new equation of the locus x?—xy— 6y?—3x+14y—4 = 0 when 
the origin is changed to (2, 1). 

3 Find the new equation of the locus z? — y? = a* when the axes are rotated 
through angle 47. 

4 By rotating the axes through angle a, show that p in the equation 
xcosa%+ysina = p is the length of the perpendicular from O to this line. 

5 Find through what angle the axes must be rotated so that the equation 
Tax? + 4ay—y? = 1 becomes of the form az? + by? = 1. 
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6 Change the origin to (1,0) and then rotate the axes through the acute 
angle whose tangent is }, for the equation 
43x? — 48ay + 57y? + 86a — 48y+18 = 0. 
7 Show that the centroid of a lamina, as defined in 7.81, does not depend on 
the choice of coordinate axes. [Wo the new axes the centroid is given by 


1 1 
a = rae = Z| (eo +ysind +h) a4 = Zcos0+ysin0+h, 


and similarly for y’. Thus (2’ ,y’) is the point (2, y) referred to the new axes. ] 


Miscellaneous Exercise 15(/) 


1 If the pomts (aé?,at’), (aé2,aé8), (ai?,at3) are collinear, prove that 
tats tigt; +t,¢, = 0. Conversely, show that when this condition is satisfied the 
three points are collinear. [Use theory of equations. ] 

2 Find the condition that the four distinct points (kié,, k/t,), r = 1, 2,3, 4, 
shall be concyclic. Show also that no three of these points can be collinear. 

3 Show that a necessary condition for concurrence of the lines 
xcos3a+y—acosa=0, xcos3f+y—acosf=0, xcos3y+y—acosy = 0 
is cosa@+cos £+cosy = 0, and prove that this condition is also sufficient. 

4 If the line-pairs ax* + 2hay + by? = 0, a’x? + 2h’xy + b’y? = 0 have a line in 
common, prove (ab’ —a’b)? + 4(ah’ —a’h) (bh’ — b’h) = 0. [Use 10.42 (1).] 

5 If one of the lines ax? + 2hay + by? = 0 is perpendicular to one of the lines 
a’x* + 2h’xy + b’y* = 0, prove (aa’ — bb’)? + 4(ah’ + b’h) (a’h+bh’) = 0. 

6 If the lines 2?—2pary—y? = 0 and x?+ 2qry—y* = 0 are such that one 
pair bisects the angles between the other pair, prove pg = 1. 

7 If la+my+n=0 and ax*?+2hxy+by? = 0 form an isosceles triangle, 
prove that h(/? —m*) = (a—b) lm. Find also the further condition if this triangle 
is equilateral. [The line is parallel to an angle-bisector of the pair, so its gradient 
—l/m roust satisfy {1 —(y/x)"}/(a—b) = (y/x)/h.] 

8 If az?+ 2hay + by? + 292+ 2fy+c = 0 represents a pair of lines meeting at 
A, and parallel lines are drawn through O to meet these at B, C, find the equa- 
tions of thediagonalsOA, BC of the parallelogramso formed. Ifthe parallelogram 
is a square, prove a+b = 0 and A(g?—f?) = fg(a—b). [OB | OC and OA | BC.] 

9 Prove that the equation m(2*— 3zy?)+y*?—3x*y = 0 represents three 
straight lines equally inclined to one another. [In polar coordinates the equation 
is m = tan 30. Writing m = tan 3a, the three lines are 0 = a+4r7,r = 0,1, 2.] 

10 If A, B, C are fixed and PA? + PB*+ PC? is constant, prove that the locus 
of P is a circle whose centre is the centroid of triangle ABC. [Choose O at this 
centroid; then Xx, = 0 = Ly,.] 

11 Find the centre and radius of the incircle of the triangle whose sides are 

4x—3y+2a=0, 3¢%—4y+12a=0, 34+4y—12a = 0. 
12 Prove that for all constants A and y, the circle 


(x—a) (w—a+A)+(y—f)(y—f+p) = 7? 
bisects the circumference of (x— a)?+(y—f)? = 77. 
Find the equation of the circle which bisects the circumference of 
x+y?+2y—3=0 
and touches the line x—y = 0 at the origin. 
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13 Show that the line (x—a)cos9+ysin@ = r touches the circle 
(x-aP+y = 7°, 


and state the coordinates of the point of contact. 

A pair of parallel tangents is drawn to a given circle, and another pair per- 
pendicular to these is drawn to a second circle of equal radius. Prove that each 
diagonal of the square formed by the four tangents passes through a fixed point. 


14 All members of a family of circles pass through two given points. Prove 
that the common chords of these circles and a fixed circle not belonging to the 
family are concurrent. 

15 Write down the equation of the line-pair through P, and P, which is 
parallel to (i) Oy; (ii) Ox. Explain why the locus 


(w—21)(%@— 22) + (y-41) (Y¥—Ya) = 0 
passes through the vertices of the rectangle formed by these line-pairs, and 
deduce that this locus is the circle on diameter P, P,. 
16 If the orthogonal circles 
wt+y?+2q,e+2fiy+o =0, 2+y?+ 29.04 2foy +c. = 0 
have centres A, B and cut at C, D, prove that the circle through A, B, C, Dis 
2(u? + y?) + 2(91 +92) 2+ Afi +fe)y t+ (C1 +C) = 0. 
If the equation of the circle on diameter CD is written in the form 
a+ y?+ 29, 0+ fry +0, + A{2(9, — G92) v + 2(fi —fe) y+ (C, — Cg)} = 0, 

prove A = —r?/AB? where 71, is the radius of the first circle. 

17 Find the equation of the line-pair joining O to the meets of the lines 
4x? — l5xy — 4y? + 392+ 65y—169 = 0 and x+ 2y = 5. Show that the quadri- 
lateral having the first pair and also the second pair as adjacent sides is cyclic, 
and find the equation of its circumcircle. 

18 Show that the line-pair joining O to the meets A, B of the line lx+my = 1 
with the conic az? + by? = 1 has equation 

| (a — 1?) x? — 2may + (6 —m?) y? = 0. 
If AOB is a right-angle, deduce that AB touches the circle (a + 6) (x?+y?) = 1, 


19 Find the equation of the line-pair joining O to the meets of lxe+my = 1 
and the circle x?+y?+ 297+ 2fy+c=0. Hence find the coordinates of the 
circumcentre of the triangle formed by lx +my = 1 and the lines 


ax* + 2hry + by? = 0. 
If the lines az? + 2hxry+ by? = 0 vary, but remain equally inclined to the 
axes, show that the circumcentre varies on a fixed line through O. 
20 Explain why the equation 
(2+ 2hay + y?)+ (Avt+ py) (et+y+1) =0 


represents a locus passing through the vertices of the triangle formed by the 
lines x? + 2hay+y? = 0, x+y+1= 0. Deduce the equation of the circumcircle 
of this triangle, and show that this circle is orthogonal to the circumcircle of 
the triangle formed by the lines ax? + 2kxy+ay? = 0,2-—y+1=0. 

21 Obtain the equation of the lines joining O to the points of intersection of 
x—y = b with the curve z?+¥4° = 3azy. 
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16 


THE PARABOLA 


16.1 The locus y*=4ax 
16.11 Focus-directrix property 


Since the equation y? = 4az can be written in the form 
(z—aP+y? = («+a)?, 


any point P(x, y) on the locus is such that SP? = PM, where S is the 
point (a, 0) and PM is the perpendicular from P to the line x+a = 0. 
Hence by the definition in 15.71, the locus y? = 4ax is a parabola with 
focus (a, 0) and directrix x+a = 0. 

It is symmetrical about Ox because 
the equation is unaltered by replacing 
y by —y; Ox is called the axis of the 
parabola, and O is the vertex. Without 
loss of generality we may always 
suppose a > 0; x is then positive for 
all points on the curve. The parabola 
meets Oy where x = 0 and hence y = 0; 
it therefore touches Oy at O, and Oy is 
called the tangent at the vertex. Fig. 167 

The chord LL’ through S at right- 
angles to the axis is called the latus rectum; its equation is 2 = a, and 
it cuts the curve at the points (a, + 2a), so that its length is 4a. 

Remark. The equation y? = 4az also shows that the square of the 
distance of P(x, y) from Ox is proportional to its distance from the per- 
pendicular line Oy. The locus of a point satisfying this condition is 
therefore a parabola. 


16.12 Parametric representation 
For any point (x, y) of y? = 4az other than (0, 0), 


so that y = 2at and x = aé?; (0,0) is also given thus when ¢ = 0. 
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Hence each point on y? = 4az has coordinates of the form (aé?, 2at), 
for just one value of ¢. Also each value of ¢ determines exactly one 
point of the curve. The equations 


z=at?, y= 2at (i) 


therefore give a proper parametric representation (see 1.61); they 
can also be written giv = HO0 I, (ii) 

The point P(at?, 2at) is briefly referred to as the point t of the curve; 
tis the parameter of P. By using these coordinates, the condition that 
P lies on the curve is automatically satisfied without reference to the 
cartesian equation; cf. the Remark in 16.21. 


Examples 


(i) Fund the condition for the chord joining the points t,, t, to be a focal chord 
(i.e. to pass through the focus). 
Any line through the focus (a, 0) has an equation of the form 


Ux—a)+my = 0. 

This cuts the curve at points ¢ for which 
lat? —a)+m.2at = 0. 
It will be the chord ¢,¢, if the roots of this quadratic in ¢ are ¢, and ¢,. Since the 
product of the roots is — 1, the required condition is t,t, = —1. 
This necessary condition for a focal chord is also sufficient. For if t,t, = —1, 

then ¢, and #, are the roots of a quadratic equation of the form 

pt? + 2qt—p = 0, 
which shows that the points 4,, t, lie on the line px+qy—ap = 0, and this 
clearly goes through the focus (a, 0). 


(ii) Concyclic points on the parabola. A circle 
x? +y? + 29gx+ 2fy+c=0 
cuts the parabola at points ¢ which satisfy { 
at! + 4074? + 2agt? + 4aft+e = 0, 
i.e. at! + 2a(2a+g) 2+ 4aft+c = 0. 


Since this equation is quartic in t, a circle and parabola can intersect in at 
most four points. In real algebra a quartic equation has four, two, or no roots 
(some or all of which may coincide); hence (ignoring possible coincidences) the 
number of intersections is four, two, or none. 


t¢ Since we are already taking the equation of the parabola in the simple standard 
form y? = 4az, we are not entitled to choose axes so that the equation of the circle 
also takes a simple form (such as «?+y? =r"). Simplification of the equation of the 
circle would complicate that of the parabola. 

t When discussing the intersections of two loci it is usually most convenient to 
employ the cartesian equation of one and the parametric equations of the other, 
as here. 
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Suppose there are four intersections, given by ¢ = t,t, ts,t,. Then these 
numbers are the roots of the above quartic; and since the term in # is absent, 
we have ty ttytt,+t, = 0. 


This necessary condition for concyclic points on the parabola is also sufficient. 
In a general way this can be seen because three points of the curve determine 
a unique circle, and one condition is required for this circle to pass through a 
fourth point of the curve. In detail, given the four numbers 4, é,, ts, 44, where 
xt, = 0, consider the circle through ¢,, é,, ¢,: it cuts the curve again at a point 
i, (since a quartic with three distinct roots must have a fourth), and so by the 
above, iy tty tig +t, = 0. 


Hence é, = t, and so 4, ty, ts, t, give concyclic points. 


Exercise 16(a) 
‘The parabola’ in this exercise means the curve y* = 4ax. 


1 Find the gradient of the chord 4, 4,. 

2 Ifthe point ¢ is one extremity of a focal chord PQ, find the length of PQ. 

3 If M is the mid-point of a focal chord PQ, prove that the distance of 
from the directrix is equal to 4PQ. 

4 P,Q, RF are points on the parabola such that PQ passes through the focus 
and PR is perpendicular to the axis. When P varies on the parabola, prove that 
the mid-point of QR lies on the parabola y? = 2a(7 +a). 

5 The chord PQ subtends a right-angle at the vertex O. Prove that the mid- 
point of PQ lies on the parabola y? = 2a(x— 4a). 

6 A circle is drawn on a focal chord as diameter, and cuts the axes at 
(21,0), (%2,0), (0,43), (0, yg). Prove that 2,2, = yy, = —3a*. 

7 (i) Prove that the line la+my+n = 0 cuts the parabola in at most two 
points when / + 0. 

(ii) If there are two common points ¢, and ¢,, prove that 


htt, =—2m/l, tt, =n/al. 


(iii) If there is only one common point, prove that am? = In, and conversely. 
8 A circle cuts the parabola at A, B, C, D. Show that the chords AB, CD 
are equally inclined to the axis. [Use no. 1 and ex. (ii) in 16.12.] 


9 Prove that the locus of the centre of a circle touching Oy and the circle 
x*+y?—2ax = 0 is the parabola y? = 4axv. [If P is the centre, show that 
SP = PM for a suitable S and d.] 


10 A variable circle passes through a given point A and touches a given line l. 
Prove that the locus of its centre is a parabola, and identify the focus and 
directrix. 


16.2 Chord and tangent 
16.21 Chord P, P, 
The gradient of the chord is 
Yi-Yo _ 40(Yy— Yo) a 


y—-%, 3-8 HY” 
41-2 
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since yj = 4ax, and y3 = 4ax,. The equation of the chord is therefore 


: (%— 2). (i) 


This equation is not symmetrical in the pair of coordinates (x,, y,), 
(%_, ¥,). To make it so, first clear of fractions: 
YY + Yo) —Yi-Y1Yo = 40x —4aa,. 
By using the condition y? = 4az, again, this simplifies to 
40x —(Yit+Yo)Y¥+Y1Ye = 0. (ii) 


Remark. To obtain (ii) we have appealed once to the condition 
y3 = 4ax, that F, lies on the curve, and twice to y? = 4ax,. Contrast 
the directness of the work in 16.22, where the use of parameters 
automatically ensures that P,, P, lie on the curve. 

For another way of proving (ii), see Ex. 16 (6), no. 1. 


16.22 Chord t,t, 
(1) Since the gradient of the chord is 


2at,—2at, = 2 
at?—at2 ~—t, +t,” 


the chord has equation 


2 
—2at, = (a — at#), 
y 1 i +t, 1 


(2) Alternately (using the theory of quadratics) let the required. 
chord bet lx+ my +a = 0. This line cuts the curve at points ¢ for which 


li? + 2mt+1 = 0. 


Since the line is the chord t,é,, this quadratic in ¢ must have roots t, 
and t,, so t, +t, = —2m/l and t,t, = 1/l. Hence 


1 Lt, +t, 


| = — m 
t,t, De 


and the required chord is 


which is equivalent to (iii). 


+ There is no loss of generality in taking the last term to be a, since the equation 
of a line contains only two independent constants. 
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(3) Alternatively, since the numbers t,, f, are the roots of 
#2 —(t,+t.)t+t,t, = 0, (iv) 
we may use the parametric equations x:y:a = #7: 2¢: 1 to substitute 
for #2, t and thereby construct the linear equation 
a— F(t +t.) y+ att, = 0. 


This represents the required chord t,¢, because it cuts the curve at 
the points ¢ given by (iv), i.e. = t, and t = fy. 


16.23 Tangent at P, 


For curves other than the circle, the tangent is defined as a limit: 
the tangent at P, is the limit of the chord P,P, when the point P, tends 
to P, along the curve; but see 16.25. 


(1) The tangent at P, to y? = 4az is therefore obtainable from 
equation (ii) by letting y, > y,, and is 
4ax—2y,y+yi = 0. 
Since y? = 4az,, this can be written 


YY, = 2a(x +2). (v) 


Observe that this can be written down from the equation y? = 4az 
by applying the ‘rule of alternate suffixes’ (see 15.63, Remark). 


(2) Alternatively, the gradient of the tangent at P, can be found by 
calculating dy/dz when x = x,, y = y,. Thus from y? = 4az, 
dy _ dy 2a 
2y7 = 4a and ay 
and the tangent at P, has equation 
2a 
Y-W= ram 


1 
which is equivalent to the limit of (i) when y, > y,, and reduces to 
(v) above. 


16.24 Tangent at the point ¢ 
(1) Letting ¢,->¢, in equation (iii), we obtain z—t,y+al? = 0. 
Omitting the suffix, the tangent at the point ¢ is 


x—ty+at* = 0. (vi) 
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(2) Alternatively, the gradient can be obtained by calculus: 


dy _dy|dx 2a 1 


dz dt| dt 2at f° 


and then the equation written down as 
] 
y—2at = ; (x — al?). 


Geometrically, the parameter ¢ is the cotangent of the angle y 
made by the tangent-line at the point ¢ with the x-axis; for tan y = 1/t. 


16.25 Tangency and repeated roots 


For a curve whose equation is a polynomial in (x,y), the simul- 
taneous solution of this equation and that of the chord P,P, leads to 
equations for x and y containing the factors 


(u—21)(%—%_), (Y—-Y1) (Y—Ys) 


respectively, or to an equation in a parameter ¢ containing 


(¢—t) (¢- 4). 


Since the equation of the tangent at P, is the limit of the equation of 
the chord P,P, when P, tends to P, along the curve, hence if the 
equation of the tangent is solved with the equation of the curve, it 
will give equations for x, y containing the factors cae (y—y,)", 
or an equation for ¢ containing (¢—?,)?. 

Thus tangency corresponds to repeated roots, and is often dealt with 
thus rather than by direct appeal to the limit definition. For example, 
the line lx +my-+n = 0 meets the parabola where all? + 2amt+n = 0, 
and will be a tangent if and only if this quadratic has equal roots, 
i.e. if am? = In; cf. Ex. 16 (a), no. 7. 

More generally, if two loci cut at P, and P,, and P, is made to 
approach P, along one of them, then the limit of the other will touch 
the first at P, because they have a common tangent there. For example, 
if t, > t, in ex. (ii) of 16.12, the limiting circle will touch the parabola 
at the point ¢, and cut it again at points ¢,, ¢,; other limiting cases can 
be considered similarly (see Ex. 16 (5), nos. 16-18). See also Remark () 
in 6.72. 

+ This is not the case unless the equation of the curve is algebraic; e.g. the chord 


of the curve y = e® joining (0, 1) and (1,e) isy—1 = (e— 1), and leads toe*— 1 = (e— 1) 
which has no polynomial factors. 


16.26] THE PARABOLA 609 


16.26 Examples 
(i) The tangents at t,, t, meet at the point (at, t,, a(t, + t,)). 
This result can be verified by direct solution of the equations 
x—tytai=0, x—tgytat}=0. 


Alternatively, these two equations express that t, and ¢, are the roots of the 


tg 
quadratic in gaa ae = 0. 


y x 
so that ~=#,4+24, and -=42,4, 
a - itl a 1% 


giving the required intersection (2, y). 
The coordinates can be remembered by an ‘extension’ of the rule of alternate 
suffixes applied at az*, 2at. 


(ii) The orthocentret of the triangle formed by three tangents to a parabola lies 
on the directrix. 

The tangents at ¢,, 4, meet at (at, te, a(t, +t,)). The perpendicular from this 
point to the tangent at ¢, has equation 


tauty = At, +t,+t lets), 


and this line meets the directrix « = —a where y = a(t, +tg+ts+t,tgt,). The 
symmetry of this result shows that the other two perpendiculars meet the 
directrix at this same point, which must therefore be the orthocentre of the 
triangle of tangents. 


(iii) (a) Find the condition for y = mx +c to touch the parabola y®? = 4ax. 
(b) If this line also touches the circle x? +y? = r*, prove that 
2 


m* +m? — =“ = 0, 
r 
and hence find the equations of the common tangents to the parabola and the circle 
xi+y? = $a*. 
(a) The line y = ma+c cuts the curve y? = 4az at points for which 

(ma+c)? = 4az, 
i.e. mz3 + 2(me—2a)x+c? = 0. 
The line will touch the curve if and only if this quadratic in x has equal roots, i.e. 


(mc — 2a)? = m*c?, 


i.e. c=-—. 
m 
Hence for all m + 0, the line y = mx +a/m touches y* = 4ax. 
Alternatively, mz—y+c = 0 will be the same line as x—ty+aé? = 0 (the 
tangent at some point ¢) if 
m_1 c 
1 ¢ af?’ 
ie. if m = 1/t and c = at = a/m. 
+ The orthocentre of a triangle is the point of intersection of the perpendiculars 
drawn. from the vertices to the opposite sides. 
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(6) Similar methods will give the contact condition for the line and circle, 
but it is simpler to equate the radius 7 and the perpendicular from the centre 
(0, 0) to the line maz —y+a/m = 0: 

pasa 
i (m?+ 1)’ 
from which the equation for m follows. 
Taking r? = 4a”, the equation becomes 
m+m—2=0, i. (m?—1)(m?+2) = 0, 
so that m = +1. The common tangents are thus 


y=ut+a, y=—-“—a. 


(iv) Tangents from P, ; the chord of contact. 
From a given point P, at most two tangents can be drawn to the parabola. 
For the tangent at the point t will pass through (2%, y,) if 
X, — ty, + at? = 0, 


and if yi > 4a, this gives two values ¢ = t,,t,; i.e. there are then two points 
the tangents at which pass through P,.t 

The argument used in 15.64 will show that the chord of contact of tangents 
from P, 1s YY1 _ 2a(a+2,). 

(v) Pair of tangents from P,. 
The condition for the point 
la, +ka, ly,+ | 
l+k * I+k 
to lie on y? = 4ax reduces to 
(yg — Actatg) k? + yy Yo — 2a(ay +Xq)} kl + (yj — 4aa,) PF = 0 


(Joachimsthal’s ratio equation for the parabola). 
The argument in 15.64, ex. (ii) shows that the pair of tangents from P, has 


eduetion {yyy — Lala, +2)}? = (y2— 4am,) (y®— dae). 


Exercise 16(b) 
1 Verify that, when simplified, the equation 


(y— Yr) (Y—Ya) = y? — dae 

is linear in x and y; and that it 1s satisfied by the points P,, P, on the parabola. 
Deduce the equation of the chord P, P,. 

2 Deduce from equation (iii) in 16.22 that ¢,¢, is a focal chord if and only 
if tf, = —1. 

3 Obtain the equation of the tangent at the point ¢ by using the theory of 
quadratic equations. 

4 Prove that the chord whose extremities are given by the roots of 
ut? + 2vt + w = 0 has equation ux+vy+aw = 0. 


t The set of points (z,,y,) for which yj > 4az, may therefore be called the outside 
of the parabola. 
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5 Find the equation of each of the tangents from (— 2a, — a) to y? = 4ax. 


6 The ordinate of the point P on the parabola is PN, and the tangent at P 
meets the axis at 7’. Prove that the vertex O bisects T'N. 

7 If the tangent at P meets the axis at T, prove SP = ST. 

8 (i) If PM is the perpendicular from a point P of the parabola to the 
directrix, prove that the tangent at P bisects angle SPM. [Use no. 7 and pure 
geometry.] 

(ii) Deduce the property of the parabolic reflector: rays from a source of 
lignt at S leave the surface in a beam parallel to the axis. [Angle of incidence 
= angle of reflection.] 

9 If the tangent at P meets the directrix at Z, prove SZ | SP. 

10 PQ is a variable focal chord; UP is the tangent at P, and QU is parallel 
to the axis. Find the locus of the mid-point of PU. 
11 Show that any one of the following statements implies the other two. 
(i) PQ is a focal chord; 
(ii) tangents at P and Q are perpendicular; 

(iii) tangents at P and Q meet on the directrix. 

12 If P, Q are the points ¢,, ¢,, and tangents at P, Q meet at 7’, prove that 
triangle T’PQ has area 4a°(t,—1,)°. If this area is always 4a?, and the locus of 7’. 


13 (i) If the chord ¢,t, subtends a right-angle at the point ¢, prove that 


(ii) If the circle on chord PQ as diameter cuts the parabola again at H 
and K, prove that the chords PQ, HK make equal angles with the axis. 

14 Acircle cuts the parabola at A, B, C, D; tangents at A, B meet at 7’, and 
tangents at C, Dmeet at T’. Prove that the axis bisects T'T’. [Use 16.12, ex. (ii).] 

15 A circle passes through the vertex of the parabola and cuts the curve 
again at A, B, C. The tangents at B,C meet at 7’. Find the ratio in which AT 
is divided by the axis. 

16 (i) If acircle touches the parabola at A and cuts it again at C, D, prove that 
the tangent at A and the chord CD are equally inclined to the axis. 

(ii) If circles touch a parabola at a fixed point, prove that the common 

chords not through this point are parallel. 
*17 (i) If C>A in no. 16(i), then by 8.42 (2) the limiting circle is the circle 
of curvature of the parabola at A. If A is the point ¢,, prove that the remaining 
intersection D has parameter — 3¢,. What can be said about the inclination of 
the tangent at A and the chord AD? 

(ii) A circle cuts the parabola at A, B, C, D. If the circles of curvature at 
these points cut the curve again at A’, B’, C’, D’ respectively, prove the latter 
points are also concyclic. 

*18 If ¢, +7, in ex. (ii) of 16.12, and ¢, > 4, and ¢, >¢,, the hmiting circle 
touches the parabola at ¢, and at t, (double contact). Prove that the chord of 
contact t,¢, is perpendicular to the axis, and that the centre of the circle lies 
on the axis and has abscissa > 2a. 

19 Sketch the parabolas y? = 4ax, 2? = 4by (b > 0), and find the equation of 
their common tangent. 

20 Write down the equation of the chord of contact from P($, %) to y? = 4a. 
By finding its intersections with the curve, deduce the equations of the tangents 
from P. 
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21 Prove that the pair of tangents from 7(%,, y,) cuts Oy at points A, B such 
that the mid-point of AB is M(0, $y,). [Use ex. (v) of 16.26.] If P, Q are the 
points of contact of these tangents, prove SM | PQ. [Use the chord of contact 
from T.] 


22 If tangents are drawn to the parabola from points of a given line, prove 
that the corresponding chords of contact are concurrent. 
*23 Prove that tangents at the extremities of a variable chord through P, 
meet on the line yy, = 2a(a+2,). [Method of 15.65 (1).] 


*24 A variable chord through P, meets the parabola at A, B; P, is chosen on 
it so that P, and P, divide AB (one internally and the other externally) in the 
same ratio. Prove that P, lies on the line yy, = 2a(%+2,). [Method of 15.65 (2); 
use the ratio quadratic in 16.26, ex. (v).] 


*25 Defining the polar of P, wo y* = 4azx to be the line yy, = 2a(%+4%,), prove 
that if the polar of P, passes through P,, then the polar of P, passes through P,. 
What is the polar of the focus? 


*26 Use the ratio quadratic (16.26, ex. (v)) to obtain the equation of the 
tangent at P,. [Since P, lies on y? = 4az, the ratio quadratic has one root k = 0; 
the other root gives the remaining intersection of P, P, with the curve. If P, P, 
is the tangent at P,, this intersection must coincide with P,, and k = 0 is a 
repeated root. Hence y, y,— 2a(x,+2,) = 0, which gives the locus of P3,.] 


16.3 Normal 


16.31 Normal at the point ¢ 


Since the tangent at the point ¢ has gradient 1/t, the normal there 
has gradient —t. Hence the equation of the normal at ¢ is 


y — 2at = —t(x—at?), 
Le. tety = 2at+al*. (i) 


Example 


Prove that the normal at t meets the curve again at the point —t— 2/t. 


If the other intersection is the point s, then the normal at ¢ is also the chord 
ts, so that gradient of normal at ¢ = gradient of chord ts, 
2 
pa? 
from which s = —i—2/t. Also see Ex. 16(c), no. 4. 


i.e. -t= 


16.32 Conormal points 


Given a point (2%, ¥9), we may enquire how many normals can be 
drawn from it to the parabola. The normal at ¢ will pass through 


(%o, Yo) if tay t+Yo = 2at+#. 


Since this equation is cubic in t, there are at most three points on the 
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curve such that the normals from them pass through (9, yy). Ignoring 
coincidences, a cubic has either one or three roots; therefore either 
one or three normals can be drawn from a given point. Also see 
Ex. 16(c), no. 15. 

Suppose that the normals at the points ¢,, t,, fg are concurrent at 
(9, Yo). Then these numbers are the roots of the cubic 


aB+ (2a—x)t—yYy = 9. . (ii) 
Since the term in #? is absent, 


Three points on the curve which are such that the normals at them 
are concurrent are called conormal points. Hence (iii) is a necessary 
condition for the points ¢,, f,, ¢; to be conormal. The point of con- 
currence is given by 


The necessary condition Xt, = 0 for conormal points is also sufficient. 
In a general way this is clear because only one condition is needed for 
concurrence of three lines. In detail, given ¢,, t,, f,, we can define 
numbers x, and y, by equations (iv) above; then, provided 


we see that ¢,, f,, f, are the roots of the cubic (ii), which expresses that 
the normal at each of the corresponding points passes through (29, Yo). 


If two roots of the cubic (ii) are equal, then two of the three normals from 
(Xo> Yo) coincide. If t, = ts, then t, = — 2é,, and (2p, Yq) 18 given by (iv) as 


Ly = 2a+3az, y = — aij. é 


By 8.53, ex. (i), these equations show that (Xp, Yo) lies on the envelope of the 
normals (i.e. the evolute) of the parabola. From any point on this locus only two 
distinct normals can be drawn. 

Three normals from a point can coincide only when t, = ¢, = ¢, i.e. when each 
is zero (since Xt, = 0); and then (iv) shows that (2p, yo) is the point (2a, 0). 


Examples 


(i) The circle through the feet of three concurrent normals also passes through 
the vertex. 
If t,, tg, t3 are the feet, then ¢,+¢,+¢, = 0. If the circle through these points 
cuts the curve again at ¢,, then by ex. (ii) of 16.12 we have ¢, +4,+%,+%, = 0. 
Hence t, = 0, which gives the vertex (0, 0). 


614 THE PARABOLA [16.32 
(ii) Find the equation of the circle through the feet of normals which are con- 
current at (h,k). (See also 19.7, ex. (i).) 
The feet of the three normals are the roots of the cubic 


ati +(2a—h)t—k= 0. (v) 
If the required circle is 2? + y?+ 29x +2fy+c = 0, its meets with the curve 
satisfy (cf. 16.12, ex. (ii)) 
a*t! + (4a? + 2ag) t+ 4aft+c= 0. 
Since by ex. (i) ¢ = 0 is one such meet, therefore c = 0, and the other three are 
grven by at®+(4a+2g)t+4f = 0. (vi) 
The cubics (v), (vi) now have the same roots, and so 
4a+29=2a-h, 4f=-—k. 
The required circle is therefore 
xv? +y*—(h+2a)x—sky = 0. 


(ili) (a) Prove that the normal at P, has equation 2a(y—y,)+y,(x—2,) = 0. 
(6) Hence prove that the feet of the normals from (h, k) to the parabola lie 
on the curve xy +(2a—h) y—2ak = 0. 
(a) By 16.23 the tangent at P, has gradient 2a/y,, so the normal at P, has 
gradient — y,/2a, and its equation is 


y 
Y-— = — 5 (e@—m). 


(6) Let P, be the foot of a normal drawn from (h, k) to the curve. Then since 
(h, k) lies on the normal at P,, 


2a(k—y,) +y,(h— 2) = 0, 
which shows that P, lies on the locus 
2a(k—y)+y(h—x) = 0. 


Exercise 16(c) 


1 PN is the ordinate of a point P on the parabola, and the normal at P cuts 
the axis at G. Prove that NG = 2a. 

2 The tangent and normal at P meet the axis at 7’, G respectively. Prove 
TS = SG. 

3 The line through the mid-point M of a focal chord PQ and parallel to the 
axis meets the normal at P in V. Find the locus of V. 

4 If the normal at ¢ meets the curve again at s, find s in terms of t by sub- 
stituting v = as*, y = 2as in the equation of the normal and ether (a) factorising 
the cubic in ¢, or (6) observing that the resulting quadratic in s necessarily has 
a root s = t, and that the sum of the roots is — 2/t. 

5 (i) Prove that the feet of normals which meet at the point s of the curve 
satisfy the quadratic ¢?+s¢+2 = 0. [Use 16.31, ex.] 

(ii) If the normals at ¢,, ¢, meet on the curve, prove that ¢,¢, = 2. 

(iii) Conversely, if t,t, = 2, prove that the normals at t, ¢, meet on the 
curve. [Let the normals meet the curve again at s,, 8, respectively; use 16.31, 
ex. and the condition to show 8, = 8,.] 
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(iv) Show that normals at the extremities of a focal chord can never meet on 
the curve. 


6 Prove that the normals at the extremities of all chords of the form 
x +ky+2a = 0 meet on the curve. Show that all such chords pass through a 
fixed point, and give its coordinates. [This line cuts the curve where 
at? + 2akt + 2a = 0, so that t,t, = 2.] 

7 Find the equations of the three normals from (15a, 12a) to y? = 4az. 

8 Show that two of the three normals from (5a, 2a) to y? = 4ax coincide. 


9 Prove that the centroid of the triangle formed by conormal points lies 
on the axis. 


10 PQ isachord of a parabola drawn in a fixed direction. Prove that the locus 
of the meet of the normals at P and Q is a line which is itself normal to the 
parabola. [If ¢,, ¢, are the extremities, then 

24ht+t,) =m, ie. t,+t,+(—2/m) = 0; 
hence the normals at t,, ¢, meet on the normal at the (fixed) point — 2/m.] 


11 If normals at P, Q, R are concurrent, and the chords PP’, QQ’, RR’ are 
parallel to QR, RP, PQ respectively, prove that the normals at P’, Q’, R’ are 
also concurrent. 


12 Prove that the normals at ¢,, ¢, intersect at the point (2, y), where 
g=a(@+tt,+8+2), y= —at,t,(t,+¢,). 
[Solve directly; or eliminate ¢, from Xt, = 0 and equations (iv) in 16.32.] 


13 A variable chord PQ subtends a right-angle at the vertex. Tangents at 
P, Q meet at T, and the normals at P, Q meet at N; M is the mid-point of PQ. 
Find the loci of T, N, M. 


*14 If C, is the centre of the circle through the feet of normals from P,, prove 
that when P,, P,, P, are collinear, then so are C,, Cz, Cs, and conversely. 
[Use ex. (11) of 16.32.] 


*15 Show that y? = 4az meets the locus in 16.32, ex. (ili) (b) at points P(x, y) 
for which y? + 4a(2a —h) y—8a*k = 0. Deduce that at most three normals can 
be drawn to the parabola from a given point (h, k). 


16.4 Diameters 
16.41 General definition 


The locus of the mid-points of a system of parallel chords of a conic 
is called a diameter of the conic. 

The parallel chords are sometimes called ordinates to the diameter. 
In 17.63 the above definition will be reconciled with the usual meaning 
of ‘diameter’. 


16.42 Diameters of a parabola 


The chord t,t, has gradient m, where m = 2/(t,++¢,). The mid-point 
of this chord has y-coordinate a(t,+1,), ice. 2a/m. Hence the mid- 
points of all chords of given gradient m satisfy y = 2a/m, which is 
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therefore the equation of the diameter bisecting chords of gradient m. 
Thus the diameters of a parabola are straight lines parallel to the axis. 
Also see Ex. 16 (d), no. 6. 


Example 
Prove that the tangent at the extremity P of a diameter 
18 parallel to the chords which the diameter bisects. 


The diameter y= 2a/m meets y? = 4az where 
x = a/m’, i.e. at the point P(a/m?, 2a/m). The tangent 
at P (which is the point 1/m) has gradient 


1/(1/m) = m, 


P 


and is therefore parallel to the chords of gradient m. Fig. 168 


Exercise 16(d) 


1 Write down the equation of the diameter of y? = x which bisects chords 
parallel to 2x—3y+1 = 0. 

2 Write down the gradient of the chords of y? = 2x which are bisected by 
the diameter 2y+3 = 0. 

3 Prove that tangents at the extremities of any chord of a parabola meet on 
the diameter which bisects this chord. 

4 V isthe mid-point of a chord QQ’ of a parabola, and 7'Q, TQ’ are tangents. 
Prove that the parabola bisects T'V. 

*5 Prove that the circle drawn on a focal chord as diameter touches the 

directrix. [Use no. 3.] 

6 By considering the y-coordinate of the mid-point of the chord y = mz-+c 
of y? = 4ax, show that the locus of the mid-points of chords of gradient m is 
the line y = 2a/m. 


Miscellaneous Exercise 16(e) 


1 A point is such that its distance from a fixed line is equal to the length of 
the tangent from it to a fixed circle. Prove that its locus is a parabola. Locate 
the focus and directrix when the given line touches the circle. 

2 Obtain the equation of the circle through the points (p, 0), (¢g, 0), (0,7). 

A circle passes through a fixed point, and the chord cut off by it from a given 
line is of constant length. Prove that the locus of its centre is a parabola. 

3 Two parabolas have a common axis and their concavities are in opposite 
senses. If any line parallel to the common axis meetsthe parabolas at P,Q, prove 
that (provided the latera recta are unequal) the locus of the mid-point of PQ 
is another parabola. 

4 Prove that y = ax*+ba+c represents a parabola, and find its vertex and the 
length of the latus rectum. 

5 Prove that the common chord of circles drawn on any two focal chords 
as diameters passes through the vertex. 

6 A circle touches the parabola at A and cuts it again at C and D. Prove 
that the axis bisects the line joining A to the mid-point of CD. 
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7 Gis the centroid of a triangle inscribed in a parabola; G’ is the centroid of 
the corresponding triangle of tangents. Prove that GG’ is parallel to the axis, 
and that the parabola divides GG’ in the ratio 2:1. 

8 The normal at P meets the parabola again at Q, and the axis divides PQ 
in the ratio k: 1. Prove that the z-coordinate of P is 2ka/(1—k). For what value 
of k is P an extremity of the latus rectum? 

9 Normals at the ends of a focal chord PQ cut the curve again at P’, Q’. 
Prove that P’Q’ is parallel to QP and that P’Q’ = 3QP. 

10 If normals at P, Q meet on the curve, prove that the meet of tangents at 
P, Q lies either on a line parallel to Oy, or on the locus y*(x + 2a) + 4a° = 0. 

11 A,B, C, D are concyclic points on the parabola; AB is a focal chord; AC is 
the normal at A. Show that the axis divides BD in the ratio 1:3. 

12 Find the locus of a point P(h, k) such that two of the normals drawn from 
it to the parabola y? = 4aa are perpendicular. 

13 Prove that three normals cannot be drawn from (h, k) to y* = 4a” unless 
h > 2a. [Prove f(t) = at? + (2a—h)t—k is steadily increasing for all ¢ if h < 2a, 
so that f(¢) = 0 has just one root.] 

14 Prove that chords of y? = 4ax which subtend a right-angle at the point é, 
of the curve all pass through the point (a(#2+ 4), — 2at,). (Cf. Ex. 19 (c), no. 2.) 
*15 A variable triangle is inscribed in y? = 4az so that two of its sides touch 
y? = 4bx2. Prove that the third side touches y? = 4cz, where (2a —b)*c = ab?. 
[Use the condition km? = In for tangency of la+my+n = 0 and y? = 4kz.] 

16 Given a line / and a point S not on it, a variable line is drawn through S 
to meet J at V. A line p is drawn through V perpendicular to SV. Prove that 
p touches a parabola having S for focus and / for its tangent at the vertex. 
[Choose | for y-axis, and the perpendicular to it through S for x-axis; let these 
meet at O and p meet SO at T. If p has equation l~+my+n= 0, then 
OV =—n/m and OT = n/l. By geometry OV? = TO.OS, so am* = nl where 
a = OS.) 

17 Show that the line through P, in direction 0 (15.26) cuts y? = 4am at 
points for which r is given by 


r2 gin? 9 + 2(y, sin 0 — 2a cos 0) r + (y?— 4ax,) = 0. 


(This is called the distance quadratic for y* = 4ax because it gives the distances r 
from P, of the points of the parabola on the line through P, in direction 0.) 

18 Prove that the chord of y? = 4az whose mid-point is (2, y,) has equation 
YY, — 2ax = y?— 2ax,. [For the required chord the roots of the distance quadratic 
are equal and opposite, so y, sin 0 — 2a.cos@ = 0, which determines cos @:sin 0. 
The equation x—2,:cos 0 = y—y,:8in 0 of the chord becomes 


(@—2)/41 = (y—4,)/24.] 

19 Deduce from no. 18 that (i) the locus of the mid-points of chords through 
P, is y? — 2ax = yy, — 2ax,; (ii) the locus of the mid-points of chords of gradient 
m is the line y = 2a/m. 

20 Find the locus of the mid-points of chords of y? = 4axz which touch 
y? = 4bx. 

21 If parallel chords are divided so that the product of their segments is 


constant, prove that the point of division lies on a parabola congruent to the 
given one. 
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22 Using no. 17, obtain the equation of the tangent at P,. [Two roots r = 0.] 
23 Obtain the equation of the pair of tangents from P,. [Equal roots r.] 
*24 Show that (327+ 4y)? = 542 — 53y + 29 represents a parabola as follows. 

(i) Verify that the equation can be written 
(3a+4y+k)? = (6k+ 54) x+(8k— 53) y+ (k? + 29). 
(ii) By choosing & so that the lines 
3xr+4yt+k=0, (64454)x+(8k— 53) y+ (k?+29) = 0 
are perpendicular, express the equation in the form 
3a + 4y + “)' = 4a —3y+2 
5 5 ; 

(iii) If PM, PN are the perpendiculars from P(x, y) to the (perpendicular) 
lines 3a+4y+1 = 0, 4a—3y+2 = 0, (a) shows PM? = 2PN. By the Remark 
in 16.11, the curve is a parabola of latus rectum 2, having axis 32+ 4y+1=0 
and 4%—3y+2 = 0 for tangent at the vertex. 

(iv) For points on the curve, (a) shows that 42 —3y +2 > 0; hence the curve 
is on the origin side of 4x —3y+ 2 = 0, i.e. lies below this line. Sketch the curve. 
*25 Sketch the parabola (x+2y)? = 56x+ 12y—184, giving the equation of 
the axis and the coordinates of the vertex. 

*26 (i) If ab = h?, then the terms of second degree in 


aa? + 2hay + by? + 292+ 2fyt+e = 0 


form a perfect square, say (px+qy)*. Prove by the method of no. 24 that, unless 
g9:f = p:4q, the equation represents a parabola whose axis is parallel to pz + qy = 0. 

(ii) In the exceptional case show that the equation can be written 
(px+qy +A)? = A2—c where g = Apand/ = Aq. This represents a pair of parallel 
lines, a repeated line, or nothing according as A? S c. (Algebraically, a parallel 
line-pair is thus a degenerate parabola.) 


*27 Show that the curve whose parametric equations are 
x= at?42bt, y=ct?+2dt (ad + be) 
is a parabola. [Eliminate ¢, and use the result of no. 26 (i).] 


28 A curve is given parametrically by x = f(t)/h(t), y = g(t)/h(t). Prove that 
the chord joining the points ¢, ¢+¢ has equation 


(2) 


z y 1 
f(t) g(t) h(t) | =0. 
F(é+e) g(éte) h(t+e) 
Deduce that the tangent at the point ¢ has equation 
x y 1 
f(t) g(t) ht) |= 0. 
f(t) g(t) h(t) 


(rs > (fs3—12)/é, and let ¢ > 0.] 
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THE ELLIPSE 


17.1 The loci —=+t5=1, =-Z 
a 


17.11 SP=e.PM 


We now consider the locus defined by SP = e.PM (e > 0, e + 1), 
where 8 is a given point and J is the foot of the perpendicular from 
P to a given line d (15.71). Choose 8 for origin, and let the given line 
then have equation z = k (k > 0). The equation of the locus referred 
to this set of axes is therefore 


x+y? = e? (a—k)?, 
i.e. 2(1 — e?) + 2e%ka + y* = e*k*. 


Fig. 169 


On ‘completing the square’ with the terms involving x, this becomes 


ezk 2 y? e442 e2h:2 
(x : i=) [2 (ef 18 
e2k? 
~ (=e) 


Change the origin to the point 


by the formulae 


42 GPMII 
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Omitting dashes, the equation of the locus becomes 
na 

— ee" 


(l—e*) a? +y? = (i) 


17.12 Focus-directrix property of 215 1 
2 2 
In the equation aa (ii) 


+5, 


we can assume that a > 0 and b > 0, and also that a + 6 (otherwise it 

would be the equation of the circle with centre O and radius a). 

Without loss of generality we can therefore always assume a > b > 0. 
Equation (ii) will be the same as equation (i) if 


erk? e*k? 
ye en ee 2— 
aa = (ie) and 6b? = —_ 
On dividing these we get 
2 6? 2 6? 
a a i a <)3 


hence 0 <e <1. 
Wo the new (dashed) axes, S has coordinates 


erk ek 
(Se 0) = (= a” 0) = (ae, 0); 


and the equation x = k becomes 


~ 1-3 i @ 


1—e e° 

Hence (ii) is the locus of a point whose distance from S(ae, 0) is 
e times its distance from the line x = a/e, where b? = a?(1—e?) and so 
0 <e < 1. Therefore (ii) 1s the equation of an ellipse whose eccentricity 
is e, whose focus is S(ae, 0), and whose directrix is the line x = aje. 


x 
17.13 Focus-directrix property of — 2 Bo 1 


The algebra of 17.12, with b? replaced by — b?, shows that 


x2 4? ne 
iB =1 (iii) 


is the locus of a point whose distance from S(ae, 0) is e times its distance 
from the line x = a/e, where b? = a?(e?—1) and so e > 1. Therefore 
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(iii) is the equation of a hyperbola of eccentricity e, focus S(ae, 0), and 
directrix x = ale. 

In equation (iii) we may assume a > 0 and 6 > 0; but we must 
allow a 2 b, because (iii) is not symmetrical in x and y like (ii). 


17.14 Second focus and directrix 
For both curves the condition SP = e. PM is expressed by 


a 2 
weep tytae(t-a)' 
i.e. 2? — 2aex + ae? + y? = a? — 2aex + e723, 


By adding 4aez to both sides, this becomes 
a 2 
(x+ae)?+y? = a(S+2) : 


which shows that the distance of P(x, y) from the point S’(—ae,0) 
is e times its distance from the line x = —a/e: S’P =e. PM’. 

Hence both curves have a second focus S’(—ae,0) and a corre- 
sponding directrix x = —a/e. 


17.15 Further definitions 


From the equations, both curves are clearly symmetrical about the 
z-axis and about the y-axis. The origin O is the centre of each. 

The ellipse meets Ox at the points A(a, 0) and A’(—a, 0), and meets 
Oy at B(0, 6) and B’(0, —b). AA’, BB’ are called the major and minor 
axes of the ellipse; their lengths are 2a, 2b respectively. The points 
A, A’ are called the vertices of the ellipse. 

The hyperbola cuts Oz at the points A(a,0) and A’(—a, 0); but it 
does not cut Oy. AA’ is called the transverse axis; it has length 2a. 
The points A, A’ are the vertices of the hyperbola. 

For either curve, the chord through S or S’ at right-angles to AA’ 
is called a latus rectum. 

We now consider the ellipse in detail, and leave the hyperbola 
until Ch. 18. 

17.16 Form of the ellipse 2+ =1 


From the equation we have 


ae 2 


42-2 
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so that —a < x < a for all points on the curve. Similarly —b < y < b 
for all points on the curve. Hence the ellipse lies in the rectangle whose 
sides arex = +a,y=+0b. 

When x =a, the equation shows that y?/b? = 0, which has the 
repeated root y = 0. Hence the line x = a touches the ellipse at A(a, 0): 
it is the tangent at the vertex A. Similarly the line x = —a touches 
the ellipse at A’; and y = +6 touch it at B, B’ respectively. 

Sincee < 1, therefore ae < a and so S lies between O and A; similarly 
S’ is between O and A’. Also a/e > a, so the directrices cut Ox at points 
D, D’ beyond A, A’ respectively. We have 


OS = OS' =ae, OD =OD' = -. (iv) + 


Fig. 170 


17.17 Circle and ellipse 


When b = a, the equation (ii) becomes that of the circle with centre 
O and radius a; but equation (i) cannot represent a circle for any choice 
of e and k. Hence a circle cannot be defined by the focus-directrix 
property, and therefore is not a ‘conic’ in the sense of the definition 
in 15.71; in particular, a circle 1s not a special (or degenerate) ellipse. 

We may consider the ellipse represented by (ii) when b >a. The 
relation 6b? = a?(1—e?) shows that e-0; hence by (iv), S and 8’ 
approach O and the directrices recede along the x-axis. The ellipse 
tends to become circular in form, since 


2 2 
OP? = 2 +y2= at(1—-F) +y7 = a+ (3 -Fi) y? > a’. 


t+ Thus the eccentricity e = OS/OA, and indeed indicates to what extent the foci 
are ‘off-centre’. 
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Thus the circle with centre O and radius a is the limit of the ellipse; 
and the equation of this circle is certainly the limit when b > a of 
the equation of the ellipse. 


17.2 Other ways of obtaining an ellipse 


17.21 Auxiliary circle 


The circle on diameter AA’ is called the auziliary circle of the 


ellipse. Its equation is at+y? = at, 


Fig. 171 


Let the ordinate NP of any point P on the ellipse be produced to 
cut this circle at Q. Then P, Q are called corresponding points on the 
ellipse and circle. Since Ter 

ead 
ata | 
a*  b? 


PN =y= ° at — a) 


b b 
=~ \(0Q*-ON®) =" QN, 


i.e. PN :QN = b:a. 


Conversely, if an ordinate QN to a circle of radius a is divided at P 
so that PN: QN = b:a, then the locus of P as Q varies on the circle 18 an 
ellipse. For if Q is the point (x, Y), then «7+ Y? = a?; and P is the 
point (x, y) where y = bY/a, so the coordinates of P satisfy 
x y? 


a? : 
+ ay? = a", i.e. tpl 
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Example 


The elliptic trammel, 


Through P draw the line parallel to QO to meet Ox, Oy at R, R’; then 
PR’ = QO = a. From the similar triangles RPN, OQN, 
PR PN 
QO QN’ 
and hence PR = 6. 
Ifa rod PRR’ has pegs on its under-side at R, R’, and these pegs are made to 
slide in perpendicular grooves AOA’, BOB’, the point P will trace an ellipse 
whose major and minor semi-axes are PR’, PR respectively. 


17.22 Focal distances 

The lengths SP, 8’P are the focal distances of the point P on the 
ellipse. Since SP = e.PM and S’P =e.PM' (fig. 170), 

SP+8'P = e(PM+PM’) =e.DD' = (=) oy 

Hence the sum of the focal distances of a point on the ellipse is 2a (the 
bifocal property). 

Conversely, the locus of a point P such that SP + 8'P = constant is 
an ellipse with foci S, S’. 

Proof. Choose the mid-point of SS’ for origin, and take Oz along 
S’S; then let S be (c, 0) and S’ be (—c,0). Supposing that 

SP+8'P = 2a, 

any point P(x, y) on the locus satisfies 


V{(a—0)? + 97} + /{(@ +0)? + y*} = 2a, 


i.e. \{(e+ ec)? + y?} = 2a—,/{(x—c)? + yh. 
Squaring, (+c)? +y? = (x—c)*+y%+ 4a*— 4a,/{(x—c)? + y}, 
i.e. 4a ./{(z—c)? +47} = 4a? — 4ez. 


Again squaring, 
a*{a* — 2oa + c% + y?} = at— 2a%ex + c%x?, 


e 
hence (1 — 5) v+y? = a®—c?, 
; 2 yf 
1,06, ete 1. 


From triangle PSS’, SS’ < PS + PS' = 2a, ie. c < a and so a?—c? 
is positive. The above equation therefore represents an ellipse with 
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b? = a?—c?, If e is its eccentricity, then since a*—b? = a*e? by 17.12, 
we have c = ae. Hence S, 9’ are the points ( + ae, 0), i.e. the foci. 


Example 


Mechanical description of the ellipse: ‘pin-construction’. 

Fix pins S, S’ at distance 2ae apart. Tie the ends of a string of length 2a at 
S and 8’. A pencil point P moving so that the string S’PS is kept taut will trace 
the ellipse with foci S, S’, eccentricity e, and major axis 2a. 


17.23 Orthogonal projection of a circle 


Given two planes a, «’ which intersect in a line I, consider per- 
pendiculars dropped from points of a onto «’. If the perpendicular 
from P in « has foot P’ in a’, then P’ is called the orthogonal projection 
of P on a’, If P lies on a locus & in «, then the corresponding locus 
of P’ in a’ is called the orthogonal projection of & on a’. 


Fig. 172 


We now obtain formulae relating the coordinates of P and P’. 
Choose the common line! for x-axis in both planes, and take any point 
O on it for origin. Draw lines Oy, Oy’ in «, a’ at right-angles to Oz. 
Wo these axes, suppose P(x, y) in a projects into P’(x’,y’) in a’. If 
0 is the angle between the planes «, a’, i.e. between Oy and Oy’, then 

2 =x and y’ = ycos8. 


The circle z? + y? = a? in a therefore projects into the curve 


y” 

12 — 72 
2 =a 
cos? 0 

a2 y"? 


in @’, i.e. into — + ——__ = 
: a2 ~ a® cos? 
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Choosing 0 so that cos 0 = b/a (b < a), this equation becomes 


2 4° 
oy +5 =1. 
2 2 
Hence the ellipse _ +5 =1 


18 the orthogonal projection of a circle of radius a onto a plane making 
angle cos~1 (b/a) with the plane of the circle. 

If we rotate the plane zOy about Ox until it coincides with plane 
x’ Oy’, we obtain fig. 171 of the ellipse and its auxiliary circle. 


17.24 General properties of orthogonal projection 


(1) Effect on angles. A line projects into a line, since la+my+n = 0 becomes 
lx’ + msec Oy’ +n = 0. This line and its projection cut Oz at the same point, 
viz. (—n/l,0), and make angles ¢, ¢’ with Ox, where 

l 
msec 0° 


l 
—-—— and = 
tan ¢ -— on tan d 


tan ¢’ = tan ¢ cos 0. 
Hence parallel lines project into parallel lines, but in general angles are changed. 
However, a line perpendicular or parallel to Ox projects into another such line. 


(2) A tangent to a curve projects into the tangent to the projected curve at the 
corresponding point. The tangent to y = f(x) at (2, y;) is 
Y—Y, =f"(%).(e—2), 
and projects into (y’—y;)sec0 = f’(x}).(”’—<), 
i.e. y’ —y;, = f'(;) cos 0. (x’ — x4). 


This is the tangent at (x}, y;) to the curve y’ = f(x’) cos 0, which is the projection 


of y = f(z). 
By (1), a normal does not in general project into a normal. 


(3) Effect on lengths. If PQ in « has length r and makes angle ¢ with Oz, let 
its projection P’Q’ on a’ make angle ¢’ with Ox. Through O draw OP, equal and 
parallel to PQ; then P, is (rcos ¢, rsin ¢) and so its projection P; is 


(r cos ¢, rsin ¢ cos 0). 
Hence OP? = r*(cos* ¢ + sin? ¢ cos? 8) 


= r*(1 —sin? 0 sin? ¢); 
and also OP; = rcos P, OP}. 
Since by (1) OP; is parallel to P’Q’, therefore P,OP, is the angle between 
PQ and P’Q’, so that P’Q’ = PQ cos P, OP, i.e. 


PQ’ = PQ /(1—sin?6 sin? 4). (i) 
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Hence, in general, lengths are changed by orthogonal projection; they are con- 
served only on lines parallel to Ox. 

Formula (i) also shows that the ratio of lengths on parallel lines (or on the 
same line) is unaltered; in particular, mid-points project into mid-points. On 
intersecting lines the ratio of lengths is altered. 


(4) Effect on areas. Since 


b b 
A’= i y’ da’ =| (y cos 0) dx = Acos8, 
a 


a 
orthogonal projection reduces areas in the ratio cos@:1. 


(5) By means of these results and that in 17.23, properties of the ellipse can 
be deduced from certain properties of the circle by orthogonal projection. 
In general only central properties can be obtained in this way; we cannot expect 
to prove focal properties thus, since foci are foreign to the circle (see 17.17). 


Example 

PN is the ordinate of P; the tangent at P meets the major axis at T. Prove 
ON .OT = OA?. 

First sketch the corresponding figure for the circle. In it, OP | PT, and by 
geometry ON .OT = OP? = OA?, which can be written ON:0A = OA:0T 
and involves the ratios of lengths on the same line. 


P 


Fig. 173 


If the figure is projected orthogonally onto a plane through the line OT, this 
relation will hold for the new figure, and is the required property of an ellipse; 
for since PN | OT, the ordinate PN to the circle will project into an ordinate 
to the ellipse. 

N.B.—For the circle it is true that ON.OT = OP?, but this cannot be 
generalised into a property of an ellipse because the lengths concerned do 
not lie along the same or parallel lines. 


17.3 Parametric representation 


17.31 Eccentric angle d 


Let Q be the point on the auxiliary circle corresponding to the 
point P on the ellipse (17.21), and let ¢ = NOQ (called the eccentric 
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angle of P). Then z = ON = acos¢; and since NQ = asin ¢, we have 

= (b/a) NQ = bsingd. Hence the coordinates of each point on the 
ellipse x*/a? + y?/b? = 1 can be expressed in the form (a cos ¢, bsin ¢). 

As ¢ increases from 0 to 27, Q describes the auxiliary circle and P 
describes the ellipse. Two values of ¢ which differ by an integral 
multiple of 27 give the same point of the ellipse. 

Conversely, for each ¢ the point (acos ¢, bsin ¢) lies on the ellipse, 
as is clear by substituting in the equation. The point whose coordinates 
are (a cos ¢, bsin ¢) is referred to as the point ¢. 


17.32 The point t 
By putting ¢ = tan 4¢ in the coordinates of the point ¢, 


x =acos¢d = as 
1+??? 
Hence for each ¢, the point 
( 2bt ) 
1+#’1+2 
lies on the ellipse x?/a? + y?/b2 = 1; we refer to it as the point t. 
Each value of t determines just one point of the ellipse ; but the point 
A'(—a, 0) is not given by any value of ¢, although it can be evened 


as the limit when t¢ > oo. 
This algebraic representation can also be obtained directly; for 


y = bsing = bs. 


since y? x2 ¥ 5 

er inam (1-3)(143), 

y/b 1—2/la _ 
therefore ae le oa t, say. 
Hence (1- =) 4 (1+ +) = 27:81, (i) 
Pedy > (pgs 2 

and so ab: 1 = (1—#?): 2¢: (1+). 
Example 


Concyclic points on the ellipse. 
The circle x? + y? + 2gx + 2fy+e = 0 cuts the ellipse at the points ¢ for which 


ee gr (een Z ee he: +ce=0, 
Nise 142 a ar) 2b - 


1.6. (a? — 2ga +c) t4 + 4fbt8 + 2(2b? — a? +c) #7 + 4fbt+ (a? + 2ga+c) = 0. (ii) 
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Since this is quartic in ¢, a circle and ellipse can cut in at most four points; the 
actual number of intersections will be 4, 2, or 0 (some of which may coincide), 
since a quartic has 4, 2 or no roots. 

Suppose the above circle cuts the ellipse at the points ¢,, f, ts, t,; then these 
numbers are the roots of (ii). Since the coefficients of # and t are equal, therefore 


— Lt, = — Ltgt,t,. 
Now by 14.23, (viii), 


tan $(9,+¢.+ s+.) = [Shh thtytt,’ 


which is zero by the above condition. Hence 24$¢, = nm for some integer n 
(positive, negative, or zero). Thus if the points ¢,, pa. ps, Pa Of the ellipse are 
concyclic, then Xd, = 2n7. 

This necessary condition for concyclic points is also sufficient: see Ex. 17 (a), 
no. ll. 


(iii) 


Exercise 17(a) 
‘The ellipse’ means the locus x*/a? + y*/b? = 1. 

1 Find the length of a latus rectum of the ellipse. 

2 With the notation of 17.15, P is any point on the ellipse and the perpen- 
dicular from P to AA’ has foot N; prove that PN?:A’N.NA = OB?*:0A?. 
Find a similar relation involving N’, the foot of the perpendicular from P 
to BB’. 

3 If P is the point (2, y) on the ellipse, prove SP = a—ex and S’P = a+ex. 

4 Use the bifocal property to prove that BS = BS’ = a. 

Given an ellipse and its major and minor axes AA’, BB’, construct the foci 
S, S’ geometrically. 

5 Arod AB moves with its ends on two fixed perpendicular lines; P is fixed 
in the rod, and BP = a, PA = 6b. Find the locus of P. 

6 Prove that the gradient of the chord 0¢ is — (b/a) cot $(4+ ¢). 

7 Prove that the gradient of the chord #,f, is ~—b(1—t,t,)/a(t, +%,). 

8 Show that the locus of the mid-point of SP is an ellipse whose centre is 
the mid-point of OS. State the lengths of the semi-axes. 

9 Prove that the mid-point of the chord 0¢ has coordinates 


(acos $(6-+ $) cos (8 — $), bain #(0 + ¢) cos 4(9 — $)). 

10 Find the locus of the mid-point of the chord 0¢ when (i) 6+¢@ = 2a; 
(ii) 0—¢@ = 2a, where a@ is constant. 

11 Prove that the condition X¢, = 2nz7 is sufficient for the points ¢,, $2, Ps, Ps 
of the ellipse to be concyclic. [The circle through ¢,, ¢,, ¢3 cuts the ellipse again 
at 4; prove $,—¢, is a multiple of 27, so that ¢, and ¢, give the same point. 
Cf. 16.12, ex. (ii).] 

12 A circle cuts an ellipse at A, B, C, D. Prove that the chords AB, CD are 
equally inclined to the major axis (and therefore also to the minor axis). [Use 
17.32, ex. and no. 6.] 

13 If a circle touches an ellipse at A and cuts it again at C and D, prove that 
AC, AD are equally inclined to each axis. 

14 Circles touch an ellipse at a given point. Prove that their common chords 
not through that point are parallel. 
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*15 (i) Find the point where the circle of curvature at ¢ meets the ellipse again. 
(ii) If the points ¢,, ¢,, ¢,, 6, are concyclic, and the circles of curvature at 

these points cut the ellipse again at ¢), $3, $3, $4» prove these points are also 

concyclic. 

*16 With coordinate axes as in 17.23, show that the orthogonal projection of 

the parabola y? = 4az is another parabola. 

*17 Prove that the tangent to the circle 7? + y? = a* at the point (a cos ¢, asin ¢) 

has equation xcos¢+ysing¢ = a. By projection deduce the equation of the 

tangent to the ellipse at the point ¢. 

*18 Mis the mid-point ofa chord HK of an ellipse whose centre is O; OM meets 

the ellipse at P; N is the mid-point of PH; and ON, HK meet at Q. Prove that 

OH bisects the chord which passes through P and Q. [In the circle figure, Q is 

the orthocentre of triangle OPH.] 

*19 The chord PQ has mid-point M; the tangents at P, Q meet at 7. Prove 

that O, M, T are collinear. If this line meets the ellipse at R between O and T, 

prove OM .OT = OR?, 

*20 Deduce the area of the ellipse with semi-axes a, 6 from that of a circle of 

radius a. 


Further examples using orthogonal projection appear in Ex. 17 (d). 


17.4 Chord and tangent 


17.41 Chord P, P, 
The line joining P, and P, has equation 


Yo-Yr 0. 
pe, (xv—2}). 


Since P, and P, lie on the ellipse, 


Y-% = 


2 42 2 42 
1441) and 24% = 1 


a? Bb? at pa 
By subtracting and then rearranging, 
Ya— Yi M—-F 
nn 
so that Ya~ Gr _ 40: act Ne 
Ly — Uy a Ynt+yy 


The equation of the chord P, P, therefore becomes 


bxr+2, 
Y-Nn a? Yo+Yy (x 2X), 
Fes (Poe) Gat) | WoW) Ys +91) = 0, 


; x y Be Wy ; 
1.€. qa rt Xa) + 5+ = ata tl. (i) 
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Alternatively, consider the equation 
(t—2,) (ea) (Y~%) (y¥—Y2) = ei. 
a® b? a oF 


When simplified it is linear in x and y, and therefore represents a line. 
It is satisfied by the points (2,, y,), (72, Y2) on the ellipse, and so must 
be the chord P, P,. 


17.42 Chord 0¢ 
The chord joining (a cos ¢, bsin ¢) and (acos 0, bsin @) has equation 
b(sin 6 — sin ¢) 
a(cos 0 — cos ¢) 
__ 2bcos 4(0+ ¢) sin 3(9— $) 
~ —2asm 4(0+ ¢) sin $(0—¢) 


_ _bcos}(0+¢) 
~ asind(0+¢) 


y—bsing = (x—acos ¢) 


(2—acos ¢) 


(x—acos¢), 
i.e. 
00s 4(0 +) +5 sin }(0 +4) = cos¢ cos $(6 + ¢) +8in ¢ sin $(0 + 4) 
= cos {¢—4(9+ 9)}, 
ie. “cos $(0+9) +Fsin 4(0 +.) = cos }(0—4). (ii) 


17.43 Chord ¢,%, 
The line ux + vy +1 = 0 cuts the ellipse at points ¢ for which 


1-# 2t 
i.e. (1 — wa) t? + 2vbt + (1+ ua) = 0. 
This line will be the chord t,t, if the above quadratic has roots t, 
and ¢,, and then 


1+ua 2ub 
Hence ibis Ye ; 
t,t,+1 
2 Bet, 


and vb = —$(4 +4) [= 
he 
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The required chord is therefore 
(1— tts) =+ (by +4)2 = L+tytp. (iii) 
Alternatively, the chord t,¢, cuts the ellipse at the points given by 
t = t,, t = ¢, which are the roots of the quadratic (¢—¢,) ((—#,) =0, i.e. 
—(é,+4,)t+t,t, = 0. (iv) 
Consider the equation constructed from (iv) by substituting for 
#:¢:1 from (i) in 17.32: 
2 2 
(1-3)- +e) f+e4 (142) = 0. 


It is linear in x and y, and so represents a line. It cuts the ellipse at 
points ¢ given by (iv), i.e. at ¢ = ¢,, ¢,, and therefore is the chord ¢,t,. 


17.44 Tangent at P, 
This can be obtained by making 7, > x, and y, -> y, in equation 
(i), giving 
se et LE oe 141 =2, 
a? b2 b? 
since P, lies on the ellipse. The tangent at P, is therefore 


xX 

metas | 4+ 774 _ 2. 1, (v) 

which can be written down by the usual ‘rule of alternate suffixes’. 
Alternatively, equation (v) can be found directly by calculus. 


17.45 Tangent at d 
Letting 0 > ¢ in equation (ii), we obtain 


v Y = A 
qos Pt; sing 1. (vi) 


This could also be obtained directly by calculus. Cf. Ex. 17 (a), no. 17. 
17.46 Tangent at ¢ 
Letting ¢,—>¢, in equation (iii), we obtain (after omitting the 


suffix 1) - 
(1-#)= 4288 =1+2 (vii) 


as the equation of the tangent at the point ¢. 
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Alternatively, this can be found by using the theory of quadratic 
equations, or by calculus, or as a particular case of the result in 
Ex. 16(e), no. 28. 


17.47 Examples 
2 y? 1 


(i) Condition for y = mx+e to touch +5 = 


The line cuts the ellipse at points for which 


2 2 
5 EES) =] 


a : 
i.e. (a®m? + 6?) 2? + 2a®mex + a?(c? — b*) = 0. 
The line will touch the ellipse if and only if this quadratic in x has equal 
i a*mc? = a?(a2m? + b?) (c? — b?), 
i.e. c? = a*m? + 63. 


Hence for all values of m the lines 


y = mx +./(a*m? + b*) 
touch the ellipse. 


(ii) Locus of the intersection of perpendicular tangents : director circle. 
If a tangent found in ex. (i) passes through the point (2%, yo), then 


Yo = May + ./(a2m? + b?), 
io. («8 —a) m*— 2eqyqm-+ (y3— 64) = 0. 


Since this is quadratic in m, in general two tangents can be drawn from a gwen 
point (xq; Yo) to the ellipse. The roots m,, m, are the gradients of such tangents. 
These tangents will be perpendicular if m,m, = — 1, i.e. if 


yO _ 
ta 

xe—a 
i.e. if (%9, Yo) lies on the locus 


This is a circle concentric with the ellipse, and having radius ,/(a?+ 6?) = AB 
(fig. 170). It is the locus of points from which perpendicular tangents can be 
drawn to the ellipse, and is called the director circle of the ellipse (by analogy 
with the parabola, for which the corresponding locus is the directrix: see 
Ex. 16(b), no. 11 (ii), (iii)). 


(iii) Chord of contact of tangents from P,. The argument used in 15.64 will 
show that the chord of contact from P, to the ellipse has equation 
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Exercise 17(b) 


1 Use equation (i) in 17.41 to prove that the mid-points of all chords of given 
gradient m lie on the line y = — b®x/a?m. 

2 Find the condition for the chord 6¢ to pass through the centre of the 
ellipse. 

3 Prove that 0¢ is a focal chord if and only if + ecos 4(0+ ¢) = cos 4(0— ¢). 
Verify that this is equivalent to tan 40 tan $¢ = (e—1)/(e+ 1) or (e+ 1)/(e—1). 

4 Prove that the chord PP’ of the ellipse and the chord joining the corre- 
sponding points Q, Q’ of the auxiliary circle meet on the major axis. Deduce 
a property of tangents at corresponding points P, Q. 

5 If 6+¢ = 2a, prove that the chord 6¢ is parallel to the tangent at a, and 
conversely. 

6 For a system of parallel chords prove that the sum of the eccentric angles 
of the extremities is constant. 

7 Find the envelope of the chords joining points of the ellipse whose 
eccentric angles differ by a constant. [Let the angles be d—a, d+a; the 
chord is (x/a)cos¢+(y/b)sing¢ = cosa, which is a tangent to the ellipse 
x?/a* + y?/b? = cos? a.] 

8 Prove that lx+myt+n=0 touches x?/a?+y2/b>=1 tf and only if 
a*l? + 62m? = n?. [Method of 17.47, ex. (i); or compare with 17.45, equation (vi).] 

9 Ifm is the gradient of a common tangent to the circle 2? + y? = c? and the 
ellipse x?/a? + y?/b? = 1, prove m? = (c?— b?)/(a*—c*). Deduce that four common 
tangents exist only if b <c <a. 

10 Prove that tangents from (—2, —3) to 4x?+ 9y? = 36 are perpendicular. 

11 PN is the ordinate of a point P on the ellipse, and the tangent at P meets 
the major axis at 7. ProveON.OT = a?, and obtain the corresponding property 
for the minor axis. (Cf. 17.24 (5), ex.) 

12 The tangent at P meets the directrix at Z. Prove PSZ is a right-angle. 

13 (i) If Q is the point of contact of the other tangent from Z in no. 12, prove 
geometrically that PSQ is a straight line. 

(ii) Deduce that tangents at the extremities of a focal chord meet on the 

corresponding directrix. 

14 Prove that the focal radu SP, S’P are equally inclined to the tangent at P. 
(Cf. 8.14, ex. (iv); and also Ex. 17 (c), no. 3.) 

15 If, p, p’ are the lengths of the perpendiculars from the foci S, S’ to any 
tangent, prove that pp’ = b?. 

16 Using the similar triangles SPY, S’PY’, prove p/r = p’/r’, where Y, Y’ 
are the feet of the perpendiculars in no. 15 and r = SP, 7’ = S’P. 

17 From nos. 15, 16 and the bifocal property r+7r’ = 2a deduce that the (p,71) 
equation (8.2) of the ellipse wo the focus S as pole is b?/p? = 2a/r—1. 

18 Prove that the points Y, Y’ in no. 16 lie on the auxiliary circle. [The 
perpendicular from S(ae, 0) to 


~cos$-+Fsing = 1 is ;sin $—* cos $ = = sings 


square and add these equations. ] 
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19 The chord PQ subtends a right-angle at the vertex A(a, 0). Prove that PQ 
passes through a fixed point on the major axis. [Use equation (iii) in 17.43.] 


20 Prove that the chord joining the points given by the roots of ué? + vt +w = 0 
has equation (w—u)2/a+vy/b+(w+u) = 0. 


21 Prove that the tangents at the points ¢,, ¢, meet at (7, y), where 


l—-aja_1+2/a_ — y/b 


tty 1 - H(t, +t.) 
[Use equation (vii) in 17.46, and theory of quadratics.] 


22 Write down the equation of the chord of contact from (1, 2) to $2? + fy? = 1, 
and deduce the equations of the tangents from this point. 


23 The chord PQ of the ellipse x?/a? + y?/b? = 1 touches the circle x? + y? = c?. 
Prove that the tangents at P, Q meet at a point 7' on the ellipse 


ey 1 
at bt ct 
(‘The chord of contact from T'(x,, y,) to the ellipse touches the circle; use no. 8.] 
24 Prove that the tangents at the extremities of a variable chord through P, 
meet on the line xa,/a? + yy,/b? = 1. What follows by taking P, at a focus? 


*25 Given the points P,, P;, prove that the point dividing P, P, in the ratio 
k:1 will be on 2*/a?+y?/b?=1 if 


Ys 2 4 Ada Yi 3 
(281) any ta) te (Zeth a) mmo. 
(Joachimsthal’s ratio quadratic for the ellipse). 


*26 By taking P, on the ellipse, deduce the equation of the tangent at P,. 
[See Ex. 16(b), no. 26.] 


*27 Obtain from no. 25 the equation of the pair of tangents from P,. [See 
15.64, ex. (ii).] Deduce the equation of the director circle of the ellipse by using 
the condition for these lines to be perpendicular (15.52 (2)). 


*28 A variable chord through P, cuts the ellipse at A and B, and P, is chosen 
so that P, and P, divide AB (one internally and the other externally) in the 
game ratio. Prove that P, lies on the line 22,/a?+yy,/b? = 1. [Method of 
15.65 (2).] 


*29 (i) Defining the polar of P, wo x*/a? + y?/b? = 1 to be the line 


TH, Yi 
tae 1, 
prove that if the polar of P, passes through P,, then the polar of P, passes 
through P,. 

(ii) Prove that the polar of a focus is the corresponding directrix. 

(iii) Verify that the centre has no polar. 
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17.5 Normal 


17.51 Equation of the normal 


The reader should verify that the normals to the ellipse at P,, ¢, 
and ¢t have respective equations 


G—-X, Y-Y 4 oe . 
a,/a® —-y, |b?’ | ©) 
ax sec ¢ — by cosec d = a? —D?, (ii) 
t(1 — #2) On 

SO Nap — Ol pd SRN 
2atae — b(1 —t?) y = 2(a? — b?) oe (iii) 


17.52 Conormal points 
The normal at ¢ passes through the point (h, k) if 


t(1 —#2) 
ae — 72 = 2_ 2 

2ath— b(t) k = 2(a?—B8) 

ie. bkt* + 2(ah + a? — b®) 8 + 2(ah —a? +b%) t—bk = 0. (iv) 


Since this equation is quartic in t, at most four normals can be drawn 
from a given point (h, k) to the ellipse; and (apart from coincidences) 
there will be either 4, 2, or no such normals. 

Suppose that the normals at f,, t,, tz, t; meet at (h, k); then these 
numbers must be the roots of (iv). Since the term in #? is absent, and 
the constant term is minus the coefficient of t4, we have 


These necessary conditions for the points ¢,, tg, ts, t, of the ellipse to 
be conormal (i.e. such that the normals at them are concurrent) can 
also be shown to be sufficient. This is reasonable, because two indepen- 
dent conditions are required in order that four lines shall pass through 
the same point. 


Example 


From formula (iii) in 17.32 it follows that, when conditions (v) are satisfied, 
then 534, = (n+4)7 for some integer n (positive, negative, or zero). Hence 
xd, = (2n+1)7 is a necessary condition for the points d,, be, Da, $y to be conormal. 
Clearly this single condition cannot be sufficient. The example in 17.32 shows 
that four distinct conormal points can never be concyclic. 
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Exercise 17(c) 


1 The normal at P meets the major axis at G, and PN is the ordinate at P. 
Prove that OG = e?.O0N. What is the corresponding result for the minor axis? 

2 Prove that SG = e.SP. 

3 Use no. 2 to prove SG/S’G = SP/S’P, and hence that PG bisects SPS’. 
Deduce that the tangent at P is equally inclined to SP, S’P. (Cf. Ex. 17 (6), 
no. 14.) ‘ 

4 Find the locus of the mid-point of PG. 

5 Prove that 3x,—y—1=0 is a normal to 2x?+3y? = 14, and find the 
coordinates of its foot. 

6 Iflc+my+n = 0is a normal to x?/a? + y?/b? = 1, prove that 


a? b2 ( a? — b?)2 
a, a 
7 PN, PN’ are the perpendiculars to the axes from a point P of the ellipse 
x2/a? + y?/b2 = 1. Prove that NN’ is always normal to a fixed concentric ellipse, 
and give the equation of this curve. 

*8 (i) If the perpendicular from the vertex A to the normal at the point ¢ 
meets the ellipse again at the point ¢’, use Ex. 17(b), no. 5 to prove ¢’ = 2¢. 

(ii) Deduce that the perpendiculars from a vertex to four concurrent 
normals meet the ellipse again in four concyclic points. 

*9 Prove that the circle through any three of four conormal points cuts the 
ellipse again at the point diametrically opposite to the fourth. [If ¢,, ¢, are 
diametrically opposite, then ¢, = ¢,+7 by Ex. 17(5), no. 2. Since 

X¢, = (2n+1)7, therefore $,+¢,+63+ 6; = (2n+2)7.] 

10 Prove that the feet of normals drawn from P, to x?/a? + y?/b? = 1 lie on the 
curve (a?— b?) zy + b*y,x—a*x,y = 0. Verify that this locus passes through P, 
and the centre of the ellipse. [Method of 16.32, ex. (iii) (6).] 

*11 Prove that the curves a2xz,y = (a*—b?)zy+6’y,x2 and b*xz*+a*y? = a*b® 
intersect at points for which y satisfies 

b*(a?a, y)? = b¥x*{(a? — b*) y + b®yy}? = a?(b? — y?) {(a? — b?) y + b*y,}*, 
and that to each root of this quartic in y corresponds a single z given by 
{(a? — b*) y+ b?y,} 2 = a®x,y. Deduce that in general four normals can be drawn 
from P, to the ellipse. 


17.6 The distance quadratic . 
17.61 The line through P,(x,, y,) in direction 0 (15.26) has parametric 
eqMaulons L=2,+reos8, y=y,+rsind. 
It cuts the ellipse z?/a? + y?/b? = 1 at points for which r satisfies 
b2(~, +r cos 0)? +a%(y, +rsin 0)? = a7b?, 
ie. (a? sin? 0 +b? cos? 0) r? + 2(a?y, sin 0 ze b*xz, cos 0)r 
+ (b*x2 + ay? —a*b?) = 0. (i) 
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This quadratic in r gives the (signed) distances from P, of the points 


on the ellipse which lie on the line through P, in direction 6, and is 
called the distance quadratic for the ellipse. 


Example* 


Newiton’s theorem. 
The product of the roots of (i) is 


a2 4p cos?@ sin? @ 
(att (Mo +) 


For chords P,QR, P,Q’R’ drawn in direc- 
tions 0, 0’ it follows that 


P,Q.P,R 
P,Q’.P,R 
_ (cos?@’ sin? 6’ cos?@ gin? @ Fig. 174 
Ge eater) A ecar 


which is independent of x, and y,. Hence if chords P,QR, P,Q’R’ are drawn 
through P, in fixed directions 0, @’, the ratio P,Q.P,R:P,Q’.P,R’ is in- 
dependent of P,. 

In particular, when P, is at the centre O the ratio becomes OK2: OK’, where 
the radii OK, OK’ lie in directions 0, 6’. Hence Newton’s theorem: 


P,Q.P,R OK? 


P,Q’.P,R’ OK” 


It is a generalisation of the ‘product property’ of chords of a circle, and reduces 
to this property when b = a. Also see Ex. 17 (d), no. 16. 

By letting R > Q and R’ > Q’ we see that the ratio of the tangents from P, 
is equal to the ratio of the parallel radii. 


17.62 Chord having mid-point P, 


If the chord through P, in direction 6 is bisected at P,, then the 
roots of the distance quadratic will be equal and opposite, so that 


bx, cos0 + a*y, sind = 0. 


This determines the direction cos @ : sin 0 of the chord which is bisected 
at P,. Its equation 


therefore becomes 
bx,(% — x) +a*y,(y—y,) = 0, 


: LX x? yf? a 
i.e. oS i. (ii) 
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17.63 Diameters 


If the chord (ii) above has gradient m, then m = — b*x,/a*y,. Hence 
the mid-points of all chords of gradient m satisfy 


Cf. Ex. 17(b), no. 1. According to the definition in 16.41, this locus is 
the diametert bisecting all chords of given gradient m. It is a straight 
line which passes through the centre O of the ellipse, and is thus a 
‘diameter’ in the usual sense. 


Examples 


(i) Tangents at the extremities of a diameter are parallel to the chords which 
the diameter bisects (the ordinates to the diameter). 
Let P, be a point where the ellipse is met by the diameter which bisects all 
chords of gradient m; then y, = — b*x,/a*m. 
The tangent at P, (17.44) has gradient — bx,/a*y,, i.e. m. The result follows. 


(ii) Tangents at the extremities of any chord meet on the diameter which bisects 
that chord. 


Let the chord PQ have gradient m, and let the tangents at P and Q meet at 
(21,41). Since PQ is the chord of contact from (z,,4y,), its equation is 
ax, /a*+yy,/b? = 1, and hence its gradient is m = — b*x,/a*y,. Therefore (2,, y;) 
lies on y = — bx/a®m, which is the diameter bisecting PQ. 


(iii) The swum of the squared reciprocals of two perpendicular semi-diameters 18 
constant. 
Choosing O for pole and Oz for initial line, the ellipse x?/a?+y?/b? = 1 has 
polar equation , (cost, sin?) _ 
Y\oaw, Be 
If P on the ellipse has polar coordinates (r,,6,), then the coordinates of an 


extremity Q of the perpendicular semi-diameter are (72,4,+ 47), where from 


the equation, 1 cos?@, sin?d, 
= + 


r? at b? 
1 _ cos?(6,+47) , sin?(0,+47) _ sin?9, _ cos*0, 
ane ro a? b? [igi ana 
1 1 Li - 
Adding, —+—=—+=—. 
2 rt ri a? te 


17.64 Conjugate diameters 
By 17.63, the diameter bisecting all chords parallel to the diameter 
y = mx (i.e. having gradient m) is y = m’'xz, where m’ = —6?/a*m, 


{ Strictly, the diameter is that part of the locus which is inside the ellipse. 
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ie. mm’ = —b?/a?, The symmetry of this relation shows that the 
diameter which bisects all chords parallel to the diameter y = m’x 
is y = m2. 
Two diameters which are such that each bisects all chords parallel 
to the other are said to be conjugate. 
Hence y = mx, y = m’x are conjugate diameters if and only if 
62 


, 
mm’ = —-;. 
aa 


It is clear from the definition that the axes of the ellipse are a pair of 
conjugate diameters; they are the only perpendicular pair. 


Examples 


(i) If 0, ¢ are the extremities P, D of a pair of conjugate semi-diameters, then 
0 ~ d = fn. 
For the gradients of OP, OD are respectively (b/a) tan 0, (b/a) tan ¢, and the 
conjugacy condition is P b2 
— tan # tang = ——, 
a a 


from which tan 6 = —cot ¢ = tan(¢ + 47) and hence 0 = ¢ + 3a. 

The result shows that the corresponding points P’, D’ on the auxiliary circle 
subtend a right-angle at O; i.e. to conjugate diameters of the ellipse correspond 
perpendicular diameters of the auxihary circle. 


*(ii) Perpendicular diameters of a circle project into conjugate diameters of 
an ellipse. 


If y=max, y=m’x, where mm’=-—1, are the diameters of the circle 
a*+y? = a*, they project into the lines y = mx, y = m,x where (see 17.23) 
m, = mcos 8, m; = m’ cos 8, and so mm; = — cos? 0 = — b?/a?. 


Alternatively, if A, 4 are perpendicular diameters of the circle, then all chords 
parallel to 4 are bisected by A. Hence in the projected figure, all chords of the 
ellipse which are parallel to 4’ are bisected by AX’ (see 17.24); i.e. A’ and yw’ are 
conjugate diameters of the ellipse. 

It follows that properties of diameters and conjugate diameters can often 
be conveniently proved by orthogonal projection from a circle. 


*(iii) The tangent at T to an ellipse meets the diameter OP at H, and the line 
through T parallel to the conjugate diameter OD meets OP at K. Prove that 


OH .OK = OP*. 


First draw the figure for a circle, replacing ‘conjugate’ by ‘perpendicular’. 
Then (fig. 175) OK .OH = OT? = OP?, and since this can be written in terms of 
ratios of lengths on the same line, the result follows by projection on any plane 
through O. (The example in 17.24 (5) is a special case of the property just proved.) 


*(iv) Ellipse referred to a pair of its conjugate diameters as (oblique) axes. 
With the notation of fig. 176, we have by taking P, at V in Newton’s 
theorem (17.61, ex.) that QV? OD? 
OP?’ 


PVP 
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Choose OP, OD for axes of x and y, and then let Q be the point (z, y). Since 
PV.VP’ = (OP—OV)(OP+OVD) = ai—2’, 
where a, = OP, the above equation becomes (on writing b, = OD) 
ae 


i.e. —+— = 1. 
This has the same form as the standard equation of the ellipse, which corre- 


sponds to the choice of the perpendicular conjugate diameters OA, OB for 
coordinate axes. 


Fig. 175 Fig. 176 


Exercise 17(d) 


1 Write down the equation of the diameter of 27+ 3y? = 1 which bisects 
the chords parallel to 2x— 5y +3 = 0. 

2 Write down the gradient of the chords of 3x? + 4y? = 2 which are bisected 
by the diameter y = 32. 


In the following, OP and OD are conjugate semi-diameters whose other extremities 

are P’, D’. 

3 If P is the point ¢ in fig. 176, show that the eccentric angles of D, P’, D’, 
Q, Q’ can be taken as 6+47, d+7, d—42, P+a, 6—«& respectively. Write 
out in full the coordinates of P, D, P’, D’. 

4 If P(acos¢, bsing) and D(—asing, bcos¢) are extremities of equal 
conjugate diameters, prove that tan?¢ = 1. Deduce that the equations of 
the equi-conjugate diameters are y = + bx/a, and show that they lie along the 
diagonals of the rectangle which circumscribes the ellipse. State the length - 
of OP. 

5 Prove that OP?+0D? = a*+b?, 

6 (i) Prove that tangents at the extremities of a diameter are parallel to the 
conjugate diameter. [Use ex. (i) of 17.63.] 

(ii) Ifthe tangents at P, D meet at T, prove OPT'D is a parallelogram which 
has area ab. (Cf. no. 15.) 
(iii) If p is the distance of P from OD, prove that p.OD = ab. 

7 Deduce from nos. 5, 6(iii) that the (p,r) equation of the ellipse wo its 

centre as pole 7s a*b*/p* = a*+b?—r?,. [OP =r; eliminate OD.] 
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8 Prove PS.PS’ = OD*. [Use Ex. 17 (a), no. 3.] 


9 The two chords joining any point of the ellipse to the extremities of a 
diameter are called supplemental. Prove that supplemental chords are parallel 
to conjugate diameters. 

10 (i) Prove that the lines px? + 2rzy+qy? = 0 are conjugate diameters of 
x*/a® + y?/b? = 1 if and only if pa? + qb? = 0. 
(ii) Find the condition for lx+my+n = 0 to be the join of extremities of 
two conjugate diameters of x?/a? + y?/b? = 1. [Use 15.54.] 
(iii) Prove that the chord joining the extremities of conjugate diameters of 
an ellipse touches another ellipse. [Use Ex. 17 (6), no. 8.] 
11 Ifa tangent to the ellipse cuts the director circle at U, V, prove that OU, 
OV lie along conjugate diameters. 


Nos. 12-15 are easily solved by orthogonal projection. 

*12 QR isa diameter, and P is any point on the ellipse. The tangent at Q meets 
PR at T. Prove that the tangent at P bisects TQ. 

*13, OP, OD are conjugate semi-diameters; the tangent at P meets the axes 
of the ellipse at Q and R. Prove PQ.PR = OD?. 

*14 PQ is a diameter and HK is any chord; PH, QK cut at X; PK, QH cut 
at Y. Prove that XY is parallel to the diameter conjugate to PQ. 

*15 By projecting a circle and a circumscribing square, prove that the tangents 
at the extremities of conjugate diameters PP’, DD’ form a parallelogram of 
constant area 4ab. (Cf. no. 6 (ii).) 


*16 Prove Newton’s theorem (17.61, ex.) by projection. [When written in 
the form P,Q P,R - P,Q’ P,R’ 
OK ' OK OK’ OK’’ 

it involves ratios of lengths on parallel lines. ] 
*17 If parallel chords P,QR, P,Q’R’ are drawn through the fixed points P,, P,, 
prove that the ratio P,Q.P,R:P,Q’.P,R’ is independent of the direction. 
[Use the distance quadratic.] 
*18 Prove that the mid-points of variable chords through P, lie on 

rt YY. vy? 

a bt at BF 
Show that this is an ellipse whose axes are proportional to those of the original 
ellipse and whose centre is (42, 4y,). 
*19 Use the distance quadratic to obtain the equation of (i) the tangent at 
P, [two roots r = 0]; (ii) the pair of tangents from P, [equal roots r]. 
*20 Obtain the equation of the chord having mid-point P, from the ratio 


quadratic in Ex. 17 (b), no. 25. [If the chord is AP, P,, the roots k : l are the ratios 
P,P,: P,P, and P,A:AP,, and hence are 1 = 0, k/l = —}.] 


Miscellaneous Exercise 17(e) 


1 The lines b+ aty—ab = 0, btx—ay+abt = 0 meet at P. Find the locus 
of P when ¢ varies. 

2 With a given point S and line d for focus and directrix, ellipses are drawn. 
Prove that the locus of the ends of the minor axes is a parabola. [Choose S§ for 
origin. ] 
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3 Prove that the tangents at the ends of a latus rectum are concurrent with 
the major axis and corresponding directrix. 
*4 P, Q are the points 0, ¢ on the ellipse z*/a?+y?/b? = 1, and the tangents 
at P, Q meet at 7’. Prove that triangle TPQ has area 


absin® }(¢ — 6) sec (4 —9). 


[The corresponding area for the circle is 2AOPT — AOPQ; use projection.] 


5 Y is the foot of the perpendicular from S to the tangent at P. Prove OP 
and SY meet on the directrix corresponding to S. 

6 Circles with centres S, S’ pass through a point P on the ellipse. Prove that 
the common tangents to these circles touch the auxiliary circle, and that their 
points of contact with this circle lie on the common chord of the original circles. 
[Use pure geometry and the bifocal property.] 

7 Sis a given point inside a given circle of centre O and radius a; Yisa 
variable point on the circumference, and 7 is the line through Y perpendicular 
to SY. 

(i) Choosing OS for x-axis, let p meet Ox, Oy at T, T’. Explain why tri- 
angles T'YO, T'ST” are similar, and prove OY .TT’ = OT.ST7’. 

(ii) If S is (c, 0) and p has equation lx+my+n = 0, prove that the equation 
in (i) reduces to al? + 62m? = n?, where b? = a? —c’?. 

(iii) Deduce that p touches an ellipse having S for focus and the given circle 
for auxiliary circle. 

*§8 Give the result corresponding to no. 7 (iii) when S lies outside the given 
circle. What happens when S lies on the circle? 

9 Find the common tangents to 77+ y? = 25 and 27/169 + y?/16 = 1. 

10 The centre of an ellipse coincides with the vertex of a parabola, and they 
have a focus in common. Prove that the common tangents meet the common 
axis at its intersection with the other directrix. 

11 (i) Prove that two tangents can be drawn from P, to z?/a?+ y?/b? = 1 if 
and only if x2/a? + y2/b?—1 > 0. [Use 17.47, ex. (i).] 

(ii) From the ratio quadratic (Ex. 17 (6), no. 25) prove that if 


Ee y? 2 y2 
(B+) sgt) <0 
then P, and P, lie on opposite sides of the ellipse. (Accordingly, the set of points 
P, for which 23/a? + y?/b?— 1 > 0 is the outside of the ellipse.) 

12 Using the contact condition c? = a2m? + b? for the line y = mx+c and the 
ellipse 2?/a?+ y?/b? = 1, show that the equation of the pair of tangents from 
P(2,,y,) can be written (y,2 —2,y)* = a(y—y,)? + b(4—2,)?. 

Let these tangents cut Ox at H, F. Find the locus of P (i) if PE, PF are per- 
pendicular; (ii) if HF has fixed mid-point (k, 0). 

13 TP, TP’ are tangents to the ellipse. Find the equations of the line-pairs 
through O parallel to TP, TP’ and to ST, S’T'. By showing that they have the 
same angle-bisectors, deduce that ST, S’T' are equally inclined to 7'P, TP’ 
respectively. 

14 A point P varies so that the chord of contact from P to a?/a? + y?/b? = 1 
touches the ellipse x?/a? + y?/b? = 1/k?. Find the locus of P. 

15 The chord PQ of z*/a?+y?/b? = 1 touches the parabola y? = 4cx. Prove 
that the tangents at P, Q to the ellipse meet on the parabola a*cy? + b‘a = 0. 
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16 Prove that points whose chords of contact are normals to the ellipse 
x*/a* + y?/b? = 1 lie on the curve a®/z? + 68/y? = (a — b2)2, 

17 Ifthe normal at P meets the major and minor axes at G, GQ’, and if OF is 
the perpendicular from the centre O to this normal, prove that PF'.PG = b? 
and PF’.PG’ = a’. 

18 Ifthenormal at an extremity of a latus rectum passes through an extremity 
of the minor axis, prove that e4+e?—1 = 0. 

19 P and Q are variable points on x?/a?+y2/b? = 1 such that the mid- -point 
of PQ lies on x?/a? + y?/b? = k?. Prove that the tangents at P, Q meet at a point 
T on 2*/a? + y?/b? = 1/k*. [The chord of contact from 7'(x,,y,) is the same line 
as the chord PQ having mid-point (2, y,), where x2/a? + y2/b? = k?.] 

20 The tangents to x*/a?+y?/b? = 1 at P and Q meet at T(h,k). Obtain the 
equation of the line-pair OP, OQ. Find the locus of 7' when the diameters OP, 
OQ are (i) perpendicular; (ii) conjugate. Show that these two loci meet at four 
points which are the vertices of a rectangle. 

21 OP, OD are conjugate semi-diameters of the ellipse. The circles with 
diameters OP, OD meet again at Q. Prove that Q lies on the curve 


2(a2 + 2)? = ata? + bi? 
22 Lines are drawn through O perpendicular to the tangents from P, to 
x*/a*+ y?/b? = 1. If these lines are conjugate diameters of the ellipse, prove 


that P, lies on the curve a*z* + b?y? = a*+ 64. [Use the equation of the pair of 
tangents in no. 12.] 


Show that each of the following equations represents an ellipse, and find the centre, 
semi-axes, eccentricity, foci, and directrices. 


23 #(%+2)?+4(y—1)? = 1. 24 82°+ 9y?— 16x%—6y = 63. 
25 3(x—yt1)?#+4(a+y—1)? = 12. 
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18 


THE HYPERBOLA 


18.1 The hyperbola 2% = 1; asymptotes 


18.11 Form of the curve 


We now resume the discussion, begun in 17.13-17.15, of the 
hyperbola 


at ja | ) 
From the equation, 


so that |x| > a for all points on the curve; i.e. no part of the curve lies 
between the lines x = +a. Further, since 
2 Ad 
Bit ai 
we see that when x > +00 or x > —oo, then also y > +00. The curve 
is therefore unbounded. 

When x = a, the equation gives y?/b? = 0 which has the repeated 
root y = 0. Hence the line x = a touches the hyperbola at A(a, 0): it 
is the tangent at the vertex A. Similarly, the line z = — ais the tangent 
at the vertex A’(—a, 0). 

Since e > 1, we have ae >a and a/e<a. Hence S lies on OA 
produced beyond 4A; and if the directix 2 = a/e cuts Ox at D, then D 
lies between O and A. Similarly S’ lies on OA’ produced beyond 4’, 
and D’ lies between O and A’. 


18.12 Asymptote: general definition 


(1) Wesay that P, > co along a curve if one or both of its coordinates 
21, y, tend to +o while satisfying the equation of the curve. 

For example, P, > « along the parabola y* = 4a2 when 2, > oo and 
Y, > 00, or when x,—>0o and y, > —0o; P,- oo along the curve 
y = 1/x? when x, > 00 and y, > 0, or when 2, > —© and y, > 0, or 
when 2, > 0 and y, > 00; but P, cannot tend to infinity along the 
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ellipse 2?/a? + y?/b? = 1 because for every point P, on this curve we 
have |z,| < a and |y,| < 0. 


(2) An asymptote of a curve is a line such that the distance of a 
point P, of the curve from this line tends to zero when P, > 00 along 
the curve. 

In this definition, ‘distance’ may mean the usual ‘perpendicular 
distance’ or the ‘oblique distance’ measured parallel to some fixed 
direction, e.g. the y-axis. The informal use of the term ‘asymptote’ 
in 1.41, Remark («), is consistent with our definition. 


.18.13 Asymptotes of the hyperbola 


If P, lies on the curve, then x?/a? — y?/b? = 1 and so 


% hy /[ (Hs , 
a b 1/ +4), (tt) 


The perpendicular distance of P, from the line z/a—y/b = 0 is 


a Lt 3 
(2-3) / eras)» 
which by (ii) is equal to 
| (ceria) (2+%) 
a* ob} \a b/}° 


When P, > © along the curve, this expression tends to zero. Hence 
the line x/a—y/b = 0 is an asymptote to the hyperbola (i). Similarly 
the line x/a+y/b = 0 is an asymptote. 
The equation of the asymptotes, regarded as a line-pair, is therefore 
a? y? 
a 


Alternatively, the equation (i) can be written 


b ; a?\t 
=+- Fs aT ° 
sf + Fe( 5) 


If y = mx +c is an asymptote to the part 


then Youtve — Yasymptote > 9 When x00. 


Using the binomial series, we have for large x that 


b la? 1 
Yo-Yo = “(1-35 +0(5)}—(me+o) 


= —e+ (Z—m)=+0(7); 
a x 
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and this will tend to zero when x -> © only if c = 0 and b/a—m = 0. Hence 
the line y = bz/a is an asymptote. Similarly, y = —6z/a is an asymptote to 


the other part b at\t 
ard ark 
Ca Be 
i 2 
Since y* = b (5-2) < me 


for any point on the hyperbola, therefore y? < y?; hence the hyperbola 
lies entirely within that double angle between the lines y = + bx/a which 
contains the x-axis. 

The angle between the asymptotes is 2tan-!(b/a). Figures 177, 
178, 179 illustrate the cases a < b, a = b, a > b respectively. 

When b = a, the asymptotes are perpendicular and the curve is 
called a rectangular hyperbola. The equation (i) becomes x? — 4? = a?; 
and the eccentricity, given by b? = a?(e?—1), ise = ,/2. 


Fig. 177 Fig. 178 ‘Fig. 179 


18.14 The bifocal property: SP—S’P = +2a 
If P lies on the branch which 
contains the focus S, then 


S’P—SP =e.PM'-—e.PM 
=e.MM’ 


If P lies on the branch enclosing Fig. 180 
S’, then 


SP—S'P =e.PM—c.PM’ =e.MM' = e(*) an 
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Conversely, the locus of a point P such that S'P—SP = 2a is one 
branch of a hyperbola having foci S, S’ and transverse axis of length 2a, 
viz. that branch which contains 8. 

Proof. The algebra of 17.22 shows that, with the same choice of axes, 


x y? 
7) + 


From triangle PSS’ we have PS’ < PS +88’, i.e. 

2a = PS’ —PS < SS’ = 2c, 
so that a < c. Hence we can write b? = c?—a?, and the equation be- 
comes that of the standard hyperbola (i). Since 5? = a?(e?—1), we 
have c? = a?+6? = a*e?, and so c = ae. Therefore S, S’ are the points 


(+ae, 0), i.e. the foci. Finally, since SP < S’P, P lies on the branch 
which contains S. 


———-. = l, 
a*—c? 


Example 


Mechanical construction of a hyperbola. 

A rod APB is movable about the fixed end A, and a string BPC passing 
through a small ring P which slides along the rod is tied to the other end B and 
to a fixed point C. If the string is kept taut, 
prove that in general P moves on one branch 
of a hyperbola with foci A, C.° 

Let 1 be the length of the string. Then 
BP+PC = l. Since 

AP = AB-—BP = AB-(l-PC) 
= (AB-1)+PC, 
therefore AP — PC is constant, viz. AB—1I. 

If AB +1, the locus of P is that branch of 

a hyperbola with foci A, C which encloses C. Fig. 181 


If AB = 1, then AP = PC, and P lies on the 
perpendicular bisector of AC. 


A 


18.2 Properties analogous to those of the ellipse 2+5- 1 
Since the equations of the ellipse and hyperbola differ only in the 
sign of b?, it follows that many properties of the hyperbola can be 
written down from the corresponding results for the ellipse by replacing 
62 by —b?. All such properties can be proved independently by the 
methods used for the ellipse; the following is a summary. 
(i) Chord P,P,: 


x XL, x 
5 (+03) — Fy +42) = wuts + 1. 
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(ii) Tangent at P,: —)- 3 =1 


(iii) Normal at P;: = ata ie 2) 

(iv) The contact condition for y = ma +c is c? = a*m?— 6? provided 
|m| < b/a. The condition remains significant when m = + 6/a, for then 
c = 0; but the lines y = +ba/a do not cut the hyperbola anywhere 
(see 18.13). 

(v) If —b/a < m < D/a, the lines 
| y = mx + {(a?m?— b?) 
touch the hyperbola. 

(vi) Director circle. The locus of the intersections of perpendicular 
tangents to the hyperbola is the circle 


a2 +42 = a?—b? 


provided a > b. If a < b, there are no perpendicular tangents. 
(vii) Chord of contact from P,: 


(viii) Pair of tangents from P,: 


(i-#-1) (5-4-1) = (3-1) 
a2 62 a2 2 ~ Vq2 2 ; 
(ix) Chord having mid-point P,: 


TL, YY _ a Yi 


a 62 a? pb? 
(x) Diameters. The mid-points of all chords of gradient m lie on 
y = b%x/a?m. The properties of diameters stated and proved for the 
ellipse in 17.63, exs. (i), (ii) remain true for the hyperbola. 
(xi) Conjugate diameters. y = mx and y = m’x are conjugate if 
and only if b2 


18.3 Parametric representation 


18.31 Hyperbolic functions 


The equation (i) in 18.11 is satisfied by x = ach¢, y = bsh¢ for 
all d; but since ch¢ > 0, these equations represent only one branch 
of the hyperbola. 
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Analogously to the treatment in 17.32, put 7 = th4¢; then 


sagittal ox gait 
1 —7?’ a el 

If 7 is now unrestricted, these equations represent the whole of the 

curve except the point A’(—a, 0); but this can be obtained by letting 

tT 00. (If 7 still denotes th4¢, it can take only values between 

—1 and +1.) 


18.32 The point ¢ 


The general representation above can be found directly. For since 
the equation can be written 


aja—-1 y/o 
therefore yb gee! say. 
Hence (;- ):$: (E+) =F 1, 

a b \a 
: a 2). 94-(] _ #2 
i.e. ~ ipl = (1+): 26:(1—#). 


Each value of t except t = + 1 gives just one point of the curve; and 
each point of the curve except A’(—a,0) corresponds to just one 
value of ¢. We refer to the point 


1+é2 2bt 
“T= 1-8 
as the pownt t. 


18.33 The point 


The equation (i) is also satisfied by x = asec ¢, y = btan ¢ for all ¢. 
We refer to (asec ¢, b tan ¢) as the point ¢. 
If we put ¢t = tan $¢, we obtain the point ¢ in 18.32. 


18.34 Another algebraic representation 


Since equation (i) can be written 


GE 
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y 


we may put = +2 =t and hence 


le 
e 


ee 
b 


x 
a 


From these we find 
i= ja(t+2), y = $b (‘-7) : 
These equations represent the whole of 


the curve; t=+1 gives A(a,0), and 
t = — lgives A’(—a,0). Whentincreases 


from —0o to +00, the parts traced are: Fig. 182 
P'A’ A'Q’ PA AQ 
t<-l —-1<t<0 0<t<l l<t 


18.4 Chord, tangent, and normal 


To each of the preceding representations corresponds a standard 
form of equation for chord, tangent, and normal. By methods already 
illustrated in Ch. 17, the following results can be obtained. 


Chord 6¢: = COs 40-9) —Zsin 4(0+¢) = cos}(0+4). 


x 
tty: (1+ tyt,) =~ (by +) 2 = 1—-t,t,. 
x y 
Tangent at o: eee ep tang = 1, 
3 ay" _op4 1 _p 
t: (1+ #)- — 25 


Normal at ¢: ax cos $+ bycot ¢ = a®+ b?. 


t(1 + #2) 
1—-# ° 


t: 2ate+6(1+#) y = 2(a? + 6?) 


The reader should verify these; also see nos. 13-15 of the following 
Exercise, which contains examples similar to those already given for 
the ellipse together with some properties of the asymptotes of the 
hyperbola. 


Exercise 18(a) 


1 IfPis the point (zx, y) on the hyperbola, prove SP = ex—aandS’P = ex+a. 
2 Ashot is fired from A so as to strike an object B. The sound of the firing 
is heard at P, n seconds before the sound of the destruction of B. Find the locus 


44 GPMII 
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of P. [Let u = velocity of sound, v = velocity component of the shot parallel 
to AB; then 


AP AB PB A 
et a so that AP-PB =u(“S—n) = constant: 


3 Find the locus of the centre of a circle which touches externally two given 
circles whose centres are A, B. 


4 (i) State the order in which the hyperbola is traced by the point 


1+22 20b¢ 
Tt’ 1-# 
as ¢ increases from — 00 to + 00. 


(ii) What is the condition for the points ¢,, ¢, to (a) lie on the same branch; 
(6) be diametrically opposite? 

5 P, P’ are the points ¢, — ¢ on the ellipse x?/a? + y?/b2 = 1 whose vertices 
are A, A’, If AP meets A’P’ at Q, prove that the locus of Q is the hyperbola 
a? /a? — y?/b? = 1. 

6 If the points 0, ¢ are the extremities of a focal chord of 2?/a? — y?/b? = 1, 


prove that re l 
tan 40 tan} = ——~ ats 


ie. dae. 

7 Prove that le+my+n=0 touches «?/a?—y?/b2?=1 if and only if 
a®l? — 62m? = n?. 

8 (i) The tangent at any point P of the hyperbola meets a directrix at Z. 
Prove that PZ subtends a right-angle at the corresponding focus. 

(ii) Deduce that tangents at the extremities of a focal chord meet on the 

corresponding directrix. 

9 Y is the foot of the perpendicular from S to the tangent at any point P of 
the hyperbola. Prove that Y lies on the circle x? + y? = a? (the auxiliary circle). 

10 Prove that the foot F of the perpendicular from a focus to an asymptote 
lies on the auxiliary circle and on the corresponding directrix. 

A A 
[OF = OScos FOS = ... =a; also OS.OD = a? = OF, so ODF is a right- 
angle. ] 

11 The line joining the focus S to the point P on a hyperbola is parallel to an 
asymptote. Prove that this asymptote, the directrix, and the tangent at P 
are concurrent. 

12 The point P on the hyperbola is such that the tangent at P, the latus 
rectum through S, and an asymptote are concurrent. Prove that SP is parallel 
to the other asymptote. 


With the representation in 18.34, obtain the equation of 

13. the chord ¢,é,. 14 the tangent at ¢. 15 the normal at ¢. 

16 Prove that if the normals at the points ¢,, ¢,, ts, ¢, of 18.32 are concurrent, 
then 2#,f, = 0 and ¢,t,¢,¢, = —1. 

17 Prove that the feet of four concurrent normals cannot all lie on the same 
branch. [If they do, then by no. 4 (ii) (a) |t,| are either all less than 1 or all greater 
than 1, contradicting |t,t,¢,¢,| = 1 in no. 16.] 


18 If the normals at ¢,, ¢,, $3, $4 are concurrent, prove Xd, = (2n+1)7 
where 7 is some integer (positive, negative, or zero). 
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19 Show that the feet of the normals from P, to x?/a?— y?/b? = 1 lie on the 
curve a*y(a%, —2) + b'x(y, —y)=0. 
20 Ifthe points 4, t,, ts, 4, are concyclic, prove X(t, +tgtyt,) = 0. 


18.5 Asymptotes: further properties 


18.51 Lines parallel to an asymptote meet the hyperbola only once. 
Any line parallel to the asymptote z/a+y/b = 0 has equation 


re ae 
ae 


It meets the hyperbola at points ¢ for which 


1+ 2t 


I-eiee 
i.e. (1+é)? = k(1—-#), 
i.e. t=-1 or 1+t=k(1-2). 
Since é = — 1 gives no point of the curve, there is a unique inter- 


section given by ¢ = (k—1)/(k+1). A similar result holds for lines 
parallel to z/a—y/b = 0. 


18.52 The equation of the tangent at P, tends to the equation of an 
asymptote when P, > 00 along the curve. 


The equation xa,/a? — yy,/b? = 1 of the tangent at P, can be written 


where —-—-==1, ie. 


The last equation shows that when P, > 00, then y,/z, > b/a or —b/a. 
The limit of the equation of the tangent at P, is thus either 

am Soni 

a 0 or aE 0. 

Remark. An asymptote is sometimes defined as ‘the limit of the 
tangent at P, when P,- oo along the curve’. For curves whose 
equations are algebraic, it can be shown that the two definitions are 
equivalent; but for general curves a line may be an asymptote 

44-2 
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according to the definition in 18.12, but not according to that above 
because the equation of the tangent may have no limiting form when 
P, > o. 


18.53 The family x?/a? — y?/b® = k of hyperbolas has the same asymptotes 
for all k. 


For the equation can be written in standard form as 


2 2 
ey 
ka? kb? 
and the asymptotes have equation 
ue y? - : xz y? Bc, 
kat hoe Gap 
which is independent of k. 


Example 


In the quadratic which gives the meets of x?/a?—y?/b? = k with the line 
la+my+n = 0, the coefficients of x? and x are independent of k. Hence the 
sum of the roots is independent of k. Taking k = 1, 0, it follows that the x-co- 
ordinate of the mid-point of any chord of the hyperbola x?/a? — y?/b? = 1 is the 
same as the x-coordinate of the mid-point of the same chord of the asymptotes 
x*/a? —y2/b® = 0. The same is true of the y-coordinates since lz+my+n = 0 
gives y uniquely in terms of ~. Consequently, if the line meets the hyperbola at 
P, P’ and the asymptotes at Q, Q’, then PP’ and QQ’ have the same mid-point M. 

Since PM = MP’ and QM = MQ”, therefore PQ = P’Q’. In particular, 
when P’ > P this becomes PQ = PQ’; i.e. the part intercepted on a tangent by 
the asymptotes is bisected at the point of contact. 


18.6 The conjugate hyperbola 


18.61 Definitions 


In 17.15 we defined the transverse axis to be the intercept 4A’ made 
by the hyperbola on Ox. Although the curve does not cut Oy, it is 
now convenient to consider the points B(0,b) and B’(0, —b) on this 
axis of symmetry and (analogously to the ellipse) to call BB’ the 
conjugate axis of the hyperbola. 

Two hyperbolas are said to be conjugate when the transverse and 
conjugate axes of one are respectively the conjugate and transverse 
axes of the other. 

It follows that the hyperbola conjugate to 

ae ye : 
ae 0 
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is ey? ae 

ai 55 =—-l1., (11) 
For, with Oy for x-axis and Ox’ for y-axis, the equation of the con- 
jugate hyperbola is x?/b? — y?/a? = 1. On rotating these axes clockwise 
through a right-angle to positions Ox, Oy, the equation becomes 
y"(b? — a? /a? = 1, i.e. (ii). 


Fig. 183 


The two hyperbolas have the same asymptotes, viz. 


2 2 
Remarks 
(~) Equation (iii) differs from (i) by the same constant that (ii) 
differs from (iii). If we transform these equations by a change of axes 
(15.73), this relationship will be preserved. 
(8) The equation of any hyperbola whose asymptotes are 


ac+by+e=0, awt+bytc, =0 
is (4,2 +b, y +1) (4,0 + bay +¢q) = A, 


where A is constant; for this equation differs only by the constant A 
from the equation of the asymptotes, viz. 


(a, % + by + Cy) (Age + boy +Cq) = 0. 


By writing —A for A, we obtain the equation of the conjugate 
hyperbola. 

(y) In particular, any hyperbola whose asymptotes are the co- 
ordinate axes 7 = 0, y = 0 has equation zy = A. 


18.62 Conjugate diameters 


(i) If a pair of diameters are conjugate wo a hyperbola, they are also conjugate 
wo the conjugate hyperbola. 
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The argument which leads to property (xi) in 18.2 can be applied to 


x ft ‘ 

a = 52 =k, (iv) 
and gives the same conclusion independently of k: y= max and y = m’x are 
conjugate diameters of each of the hyperbolas (iv) if and only if mm’ = 6?/a?. 
The result stated concerns the cases k = +1, —1. 


(ii) Intersections of the hyperbolas with conjugate diameters. 

The diameter y = mx cuts hyperbola (i) if and only if |m| < 6/a. The con- 
jugate diameter y = b?z/a®m cuts (i) if and only if |b?/a?m| < b/a, i.e. |m| > b/a. 
Hence of two conjugate diameters, only one meets the hyperbola. 

The other meets the conjugate hyperbola. For if y = mz cuts (i), then |m| < b/a; 
in this case |b?/a2m| > b/a, so that y = b?x/a?m cuts hyperbola (ii). 


(lii) Hatremities of conjugate diameters. 

The points of intersection are called the extremities of the diameters, despite 
the fact that only one pair can lie on each curve. 

If P(asec ¢, b tan ¢) is an extremity of one diameter, then m = b tan ¢/asec ¢. 
Hence the conjugate diameter has gradient m’ = b?/a?m = bsec ¢/a tan¢, and 
its equation is y = m’x. It cuts the conjugate hyperbola where 


a! af )= ns i 


a*\" tan? ¢ 
Le. where x = tatang and hence y = + bsec g. Thus P(asec ¢, btan¢) and 
D(atan ¢, bsec ¢) are extremities of conjugate semi-diameters. 


Exercise 18(5) 


1 Ife, e’ are the eccentricities of a hyperbola and its conjugate, prove 
1/e* + I/e = 1. 


OP, OD are conjugate semi-diameters of the hyperbola x?/a?— y?/b®? = 1. Prove 
the following. 

2 OP? ~ OD? = a?— B?, 

3 The mid-point of PD lies on an asymptote. 

4 PD is parallel to an asymptote. 5 The area of triangle OPD is jab. 

- 6 Prove that the tangents at the extremities of a diameter are parallel to 
the conjugate diameter. : 

7 Prove that the tangents at the extremities of two conjugate diameters 
intersect on the asymptotes. 

8 Deduce from nos. 5-7 that tangents at P, D and their diametrically 
opposite points P’, D’ form a parallelogram of constant area 4ab, whose vertices 
lie on the asymptotes. 

9 Deduce from no. 6 that the part intercepted on the tangent at P by the 
asymptotes is bisected at P. 

10 Prove SP. S’P = OD*. [Use Ex. 18 (a), no. 1.] 

11 If FP lies on the conjugate hyperbola, prove that its chord of contact to the 
original hyperbola touches the conjugate at the point P’ diametrically opposite 
to P. 
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12 Find the equation of the hyperbola whose asymptotes are x—2y+1=0 

and 3z—y+2=0 and which passes through the point (0,1). [18.6], 
Remark (f).] 
*13 Given that the equation 2z77— 5ry—3y?+2+1lly—8=0 represents a 
hyperbola, find the equations of the asymptotes and the equation of the con- 
jugate hyperbola. [Choose A so that 2a? — Say — 8y?-+a”+1ly+A = 0 represents 
a line-pair.] 


18.7 Asymptotes as (oblique) coordinate axes 


18.71 xy=c? 
The product of the perpendiculars from a point P, on 


x y? 
a? o2 


Fig. 184 


to the asymptotes z/a+y/b = 0, x/a—y/b = Ois 


HM Ht Yi 
a 0b ab @ 6 
1 1\t/1 #1\% 11 
(ata) (+55) at Be 
l 

“i 

a2 $2 


because 22/a? — y2/b? = 1. 

Choosing the asymptotes for axes Ox’, Oy’, let P, have coordinates 
(x;,¥;)- Then the lengths of the perpendiculars are x} sinw, yj sinw, 
where w is the angle between the asymptotes, and hence 


1 
PT ae OO oe ne ee 
£1y; sin? w Ta? + 1/62 
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i.e. P, satisfies Pe ae ab? 
y ~~ 24. 62° 
Since w = 2tan~!(b/a), 
ee 2taniw \? 2b/a \? 4a? 
sin?@ = {—_—_=__ } = [____.] = ——; 
1+tan? $w 1 +67/a? (a? + b?)? 


and the equation becomes 
cy! = Ya+b%). 


Omitting dashes, this can be written 
zy =F, 


where c? = }(a?+5?), and is the standard equation of the hyperbola 
referred to its asymptotes as (oblique) coordinate axes. 


Example 


Any equation of the form xy = ax +by +c represents a hyperbola whose asymp- 
totes are parallel to Ox, Oy. 

For the equation can be written (x—b)(y—a) =ab+e; ie. 2’y’ =ab+e 
after a change of origin. 

Thus the locus in ex. (iii) (0) of 16.32 is a rectangular hyperbola, known as 
the hyperbola of Apollonius of (h, k) wo the parabola y? = 4ax. See also Ex. 17 (c), 
no. 10, and Ex. 18 (a), no. 19. 


18.72 Parametric representation 
The equation xy = c? can be written 


O18 


c 
=-—-=f, say, 
y 
so that x = ct and y = c/t. For each value of ¢t except ¢ = 0 the point 
(ct, c/t), referred to as the point t, lies on xy = c; and to each point of 
the curve corresponds just one value of t. The parametric equations 
can also be written Peery voles 
The methods illustrated in 16.22 (2), (3) and 16.24 (1) do not appeal 
to ‘gradient’, and can be used in the present case of oblique axes to 
prove that the chord t,t, has equation 


t+tytoy = c(t +t), 
and hence that the tangent at t is 
x+y = 2ct. 
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Example 


A tangent to a hyperbola and the asymp- 
totes form a triangle of constant area. 


The above tangent at P(ct,c/t) meets 
Ox, Oy at Q(2ct, 0), R(0, 2c/t). Hence 


OQ = 2ct, OR = 2c/t, 
and the area of triangle OQR is 
40Q .ORsinw = 2c*sinw. 


This work also shows that P is the mid- 
point of QR; cf. the example in 18.53. 


18.73 The rectangular hyperbola 


When w = 37 the asymptotes Ox, Oy are perpendicular, and the 
hyperbola xy = c? is rectangular (18.13). In addition to the results in 
18.72, the usual method now shows that the normal at t has equation 


82 —ty = c(t4—1). 


Example 


The orthocentre of a triangle inscribed in a rectangular hyperbola lies on the 
curve. 
The chord ¢, ¢, has gradient 


ae ct. t.) : 
i —C =--} 
Se (oh, ~ eta t,t, 


similarly, chord é,¢, has gradient —1/f,¢,. These chords are perpendicular if 
and only if ¢,f,¢,¢, = —1. 
If the given triangle has vertices ¢,, f,, t,, then the above work shows that 


there is a point ¢, on the curve (viz. that for which ¢, t,¢,¢, = — 1) such that chord 
t,t, | chord#,¢,. The symmetry of the relation ¢,/,/,¢, = —1 shows that also 
t,t, | tat, and t,t, | ¢,¢,. Hence this point ¢, = —1/t,t,¢, is the orthocentre of 


triangle ¢, t,t. 

It is also clear from the relation ¢,/,¢,¢, = — 1 that the point #, is the ortho- 
centre of triangle ¢,/,¢,, and so on. The set of four points 4,, ¢,, ¢3, ¢, on the curve 
may be called orthocentric. 


Exercise 18(c) 


In the following examples the sign {w} indicates results which are true for the general 
hyperbola xy = c*. The reader who wishes to avoid oblique axes may prove them 
for the rectangular case only. 


1 {w} The line lx+my+n = 0 is a tangent if and only if 4c?lm = n?. 
2 {w} Tangents at t,, 4, meet at 


(ee =| 
titty t, +t.) 
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3 {w} The chord P,P, is c’u+a,x,y = c?(%, +24). 
4 {w} The tangent at P, is xy,+a,y = 2c*. Could this be written down from 
xy = c® by the ‘rule of alternate suffixes’? 
5 {w} The chord of contact of tangents from P, is xy,+2,y = 2c*. 
*6 {w} Joachimsthal’s ratio quadratic is 
(2gYy— 0?) k® + (xy, +2, y — 2c?) kl + (x,y, —c*) ? = 0. 
*7 {wv} The pair of tangents from P, is 4(”,y, — oc?) (wy —c*) = (wy, +.2,y — 2c*)*. 
8 The normal at P, is xx, —yy, = x2—y?. 
9 The distance quadratic is 
r?sin 0 cos 0 + (x,sin0 + y, cos) r+ (x,y, —c*) = 0. 

10 The chord having mid-point P, is xy, +2,y = 2x,y,. [Use no. 9 or no. 3.] 

11 The diameter bisecting all chords of gradient m is y = — ma. 

12 y= mz, y = m’x are conjugate diameters if and only if m+m/’ = 0. 

13 {w} The conjugate hyperbola is zy = —c*. [Begin as in 18.71.] 

14 Conjugate semi-diameters are equal in length and make complementary 
angles with the transverse axis; and the asymptotes bisect the angles between 
them. 

15 {w} Prove that lines drawn from a variable point P on a hyperbola to any 
two fixed points ZH, F on the curve intercept a constant length on either 
asymptote. 

16 {w} If the tangents at P, Q meet at 7’, prove that OT bisects PQ. 

*17 {w} A quadrilateral circumscribes a hyperbola. Prove that the line 
joining the mid-points of its diagonals passes through the centre of the 
hyperbola. 

18 Prove that no two tangents to a rectangular hyperbola can be perpen- 
dicular. 

19 If P, Q, & are points on a rectangular hyperbola such that PQ subtends a 
right-angle at R, prove that the tangent at R is perpendicular to PQ. 

20 Concyclic points. 

(i) Show that the circle x?+y?+2g7+2fy+d=0 cuts the rectangular 
hyperbola xy = c? at points ¢ for which 
c*t4 + 2gct? + dt? + 2fct+c? = 0. 
(ii) If the points 4, ¢,, ts, ¢, are concyclic, prove t,f,/,¢, = 1. 
(iii) By considering the fourth intersection of the hyperbola and the circle 
through the points ¢,, t,, t,, prove the converse of (ii). 

21 Use no. 20 (ii) to prove that the common chords of a circle and rectangular 
hyperbola are equally inclined in pairs to either axis of the hyperbola. 

22 If circles touch a rectangular hyperbola at a fixed point, prove that their 
common chords not through this point lie in a fixed direction. 

*23 (i) Prove that the circle of curvature at ¢ meets the rectangular hyperbola 
again at the point 1/é. 

(ii) Points P,, P,, Ps, P, on the rectangular hyperbola are concyclic. If 
Q, is where the circle of curvature at P, meets the curve again, prove that 
Q1, Va, V4, Og are also concyclic. 


24 The points A, B, C, D on a rectangular hyperbola are not concyclic. If 
the circles BCD, CDA, DAB, ABC meet the curve again at A’, B’, C’, D’ 
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respectively, prove that the mid-points of the chords 4A’, BB’, CO’, DD’ lie 
on another hyperbola having the same asymptotes as the given one. 


25 Prove that the circumcircle of triangle ¢, t,t, cuts the rectangular hyperbola 
again at the point diametrically opposite to the orthocentre of this triangle. 
[Use 18.73, ex.] 


26 Ifa circle and rectangular hyperbola meet at A, B, C, D, prove that the 
orthocentres of triangles BCD, CDA, DAB, ABC are concyclic. Prove also 
that the tangents to the hyperbola at C, D meet at a point on the diameter 
which is perpendicular to AB. 


27 (i) Prove that the normal at ¢ to the rectangular hyperbola meets the 
curve again at the point — 1/¢. 

*(ii) Verify from no. 23(i) that this is diametrically opposite to the point 
where the circle of curvature at ¢ meets the curve again. 

28 The normal at P meets the rectangular hyperbola again at Q. Prove that 
the mid-point of PQ lies on 4a5y3 + c(a? — y2)? = 0. 

29 Conormal points. 

(i) If the normal to the rectangular hyperbola zy = c* at the point ¢ passes 
through (h, k), prove ct4— hi + kt—c = 0. 

(ii) If the normals at ¢,, t,, ts, ¢, are concurrent, prove that t,f,¢,¢, = —1 and 
itt, = 0. 

30 Prove that four conormal points are also orthocentric, but that four 
distinct conormal points can never be concyclic. 

31 The axes being rectangular, prove that the equation y = (ax +b)/(cx +d), 
c +0, represents a rectangular hyperbola whose asymptotes are x = —d/c, 
y = a/c. What are the coordinates of its centre? [Use 18.71, ex.] 

32 A variable line passes through a fixed point and meets two given inter- 
secting lines at P,Q. Prove that the locus of a point dividing PQ in a given ratio 
is a hyperbola whose asymptotes are parallel to the given lines. [Use oblique 
axes. ] 

33 A variable chord of zy = c® passes through the fixed point (p,q). Prove 
that the locus of its mid-point is another hyperbola, and give the equations of 
its asymptotes. 


Miscellaneous Exercise 18(d) 


1 If w is the angle between the asymptotes of a hyperbola, prove that its 
eccentricity is sec 4w. 

2 PN is the ordinate of a point P on x*/a?— y?/b? = 1; NT isa tangent from 
N to the auxiliary circle z?+y? = a*. If P is the point $, prove NOT = ¢ and 
NP: NT = b:a. 

3 With the notation in 17.23 and cos@ = b/a, what is the orthogonal pro- 
jection of the rectangular hyperbola x*—y* = a? Show that the rectangular 
hyperbola zy = c? projects into another rectangular hyperbola. 

4 A(a,0) and A’(—a,0) are fixed points. A variable circle through A and 
A’ cuts Oy at P, P’. If AP, A’P’ meet at Q, prove that the locus of @Q is the 
rectangular hyperbola z?— y? = 

5 A variable circle of centre P touches each of two unequal intersecting 
circles. Prove that the locus of P is an ellipse and one branch of a hyperbola. 
[Use the converse bifocal property.] 
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6 B is a fixed point in the plane of a given circle of centre A, and P isa 
variable point on the circumference; BP meets the circle again at Q, and the 
parallel to AQ through B meets AP at R. Prove that the locus of B is an ellipse 
or a branch of a hyperbola according as B is inside or outside the circle. 

7 The tangent at P to x*/a?—y?/b? = 1 meets the asymptotes at Q, R; 
VQ, VE are parallel to the axes of the hyperbola. Prove that V lies on one of 
the rectangular hyperbolas zy = + ab. 

8 The tangents at P, Q to a hyperbola meet an asymptote at H, K. Prove 
that PQ passes through the mid-point of HK. [Use xy = c*, oblique axes.] 

9 The tangents at two points P, P’ on a hyperbola meet one asymptote at 
Q, Q’, and the other at R, R’. Prove QR’, Q’R are parallel. 

10 For the hyperbola x = 4a(¢+7-), y = $b(¢—7-), find the equation of the 
chord joining the points ¢ given by ué?+2t+w = 0. 

11 Prove that tangents to y? = kx at (ki?, kt,) and (ki3,kt,) meet at the 
point (htt, $4(t, +2). 

The tangent to y? = kx at any point P cuts the hyperbola x?— 4y? = k? at 
U and V. If Q, B are the points of contact of the other tangents from U, V to 
the parabola, prove that the chord QR touches the circle x? + y? = k?. 

12 Prove that the chord of contact from any point (x,,y,) on the hyperbola 
x*/a*— y?/b? = 1 to the ellipse x2/a? + y?/b? = 1 touches the hyperbola, and give 
the coordinates of the point of contact. 

13 A variable chord of x*/a? — y?/b? = 1 touches the circle x? + y? = c®. Prove 
that the mid-point of this chord lies on 


2 y? 2 ‘2 y? 
(5-5) = o( +8). 


14 The normal at a variable point P on the rectangular hyperbola xy = c? 
meets the asymptotes at Q, R. Prove that the mid-point of QR lies on the curve 
4a3y +. ¢?(a2? — y*)? = 0. Explain why this is the same locus as in Ex. 18 (c),no. 28. 

15 Prove that the tangent and normal at P on a hyperbola bisect the interior 
and exterior angles (respectively) between SP, S’P. [Either prove SG = e.SP 
and use pure geometry (Ex. 17(c), no. 3); or use r’—r = + 2a and calculus 
(8.14, ex. (iv)).] 

16 If Y, Y’ are the feet of the perpendiculars from S, S’ to the tangent at P 
to the hyperbola, prove that SY .S’ Y’ = 6? and that triangles SPY, S’PY’ are 
similar. Hence prove that p/r = (b?/p)/S’P, where p = SY andr = SP. Deduce 
from the bifocal property that the (p,1r) equation of the hyperbola wo the focus S 
as pole 1s b?/p? = 1+ 2a/r, where + corresponds to the branch enclosing S. 

17 If an ellipse and a hyperbola have the same foci S, S’ (i.e. are confocal), 
prove that they cut orthogonally at each common point P. [The tangents at P 
are respectively the external and internal bisectors of angle SPS’ .] 

18 (i) Prove that the equation x?/(a? +A) +y?/(b?+A) = 1 (a > b) represents 
an ellipse, a hyperbola, or nothing according as A > —b?, —a? < A < —b? or 
A < —a?. What happens when (a) A = — b?; (b) A = —a?? 

(ii) Prove that the foci of the above conic are independent of A. (When A 
varies we obtain a family of confocal conics.) 
*19 Prove that through any given point P in the plane (other than the common 
foci) pass two conics of the family in no. 18, one of which is an ellipse and the 
other a hyperbola. [Express the equation as a quadratic in A, say f(A) = 0; its 
discriminant reduces to (a?—b?—2?+y?)?+ 4x7y?, which is positive (unless 
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x? = a?— 6? and y = 0), so there are distinct roots A, > A,. Since f(0o) > 0, 
f(—6*) < 0, f(—a?) > 0, the roots satisfy —a*<A<—b*, —b? <A respec- 
tively.] (From 5.72, ex. (ii) or from no. 17 it follows that this ellipse and hyper- 
bola cut orthogonally at P.) 

20 Write down the condition for the lines px? + 2ray + gy* = 0 to be conjugate 
diameters of (i) «?/a? — y?/b? = 1; (ii) the rectangular hyperbola ay = c?. 

21 (i) Obtain the distance quadratic for the hyperbola x?/a? — y?/b? = k. 

(ii) Deduce that if chords P, QR, P,Q’R’ of the hyperbola in (i) are drawn 
through P, in given directions, then the ratio P,Q.P,R:P,Q’.P,R’ is indepen- 
dent of P, and k. 

*(iii) Hence prove the analogue of Newton’s theorem (17.61, ex.) for the pair 
of conjugate hyperbolas z?/a?— y?/b? = +1. 
*22 Obtain the equation x?/a?— y?/b? = 1 of the hyperbola referred to a pair 
of conjugate diameters OP, OD as coordinate axes, where OP = a, and OD = 6,. 
Explain why the new equation of the asymptotes is x#/a?—y?/b? = 0. [See 
17.64, ex. (iv).J 


Give the centre, semi-axes, eccentricity, foci, directrices, and asymptotes of the 
following hyperbolas. 
23 9y?— 4x7 = 36. 24 $(x+1)?-Fy+2)2? = 1. 
25 1442?— 25y?+ 50y = 169. 
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19.1 The locus s=0 


19.11 Scheme of procedure 
It has now been shown that the general equation of the second degree 


8 = ax" + 2hay + by? + 29x + 2fyt+e = 0 


represents either a conic (in the wide sense of 15.72), a circle, a pair 
of parallel lines, or nothing; cf. the last paragraph in 15.74. In this 
chapter it will be convenient to refer to the locus s = 0 as a ‘conic’, 
even when it is a circle or a parallel line-pair. 

We begin the chapter by applying to the locus s = 0 the general 
methods for finding chords, tangents, etc. already illustrated in- 
dividually for the parabola, ellipse, and hyperbola. The work will thus 
be asummary and unification of ‘conics’, and will contain as particular 
cases many results already obtained for the special standard forms of 
equation of these curves. Had the general case been treated first, 
considerable repetition would have been avoided; but dealing with 
the special forms separately increases the appreciation of the methods 
themselves. Some of our work will apply unmodified when s = 0 
represents a line-pair. The reader should consider whether the results 
remain significant in this degenerate case. 

The second part of the chapter is independent of the first, and is 
concerned with a principle which permeates the whole of coordinate 
geometry. The student who is pressed for time may turn at once to 
19.5 et seq. 


19.12 Notation 


’ To simplify the writing we introdyce the following notation. 
(a) We continue to put 


8 = ax + 2hay + by" + 29x 4 2fyte. 
(6) We write 


8yj = A,X, + h(xpyj +2, Ys) + Oy Yj +(e +2,)+fl(Yst yj) +6. 


Clearly 8,; = 8),. 
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(c) The result of omitting the suffix 7 throughout in (b) is denoted 
by s,; thus 
8; = ax,xt+h(xy + xy,) +by,yt+g(xt+u,)+flyt+y) +e. 


This is what would be obtained from s by applying the ‘rule of 
alternate suffixes’ (15.63, Remark). 
For example, 


81, = axt+ Qha,y, + by? + 29x, + 2fy, +¢, 
81 = AL, 2, + h(t Y2+ Lay) + bY, Yo +G(Ly + Lg) +f(Y1 + Yo) +6, 
Seg = AX} + Zhargy, + by} + 2gx, + fy, +c, 
8, = ax, x+h(a,y4+ xy,) +by,y+9(2 +2) +fly+y,) +e, 
8, = U2, 4 +h(xgy + rye) + bygy +g(u+%e) +f(y+Yye) +e. 
Notice that 
6; = (a, + hy, +g) a+ (ha, + by, +f)y + (9%: +fyst°), 
and 8, = (ax+hy+g)a,+(ha+by+f)y,+ (gut+fy +c). 


There are similar forms for s,,. 
Since s, is linear in x and y, the equation s; = 0 represents a line. 
The geometrical interpretation of s, s,,, 8. is therefore as follows: 


s=0_ is the equation of the conic; 
8, = 9 is the condition for P, to lie on this conic; 
83. = 0 is the condition for P, to lie on the line s, = 0, 
or for P, to lie on the line s, = 0. 


Not only does this notation make discussion of the general conic as 
concise as for the various special forms, but it provides a suggestive 
means of obtaining and memorising some of the results themselves; 
e.g. see 19.13. The reader should check each of the following general 
results with the corresponding ones obtained for the special equations 
used in Chs. 16-18; but first do Ex. 19 (a), nos. 1-3. 


19.13 Chord P, P, of s=0 


Consider the equation 


It is linear in x and y, and therefore represents a line. It is satisfied 
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by F,, for s,, = 0 because P, lies on s = 0; and it is satisfied by P, 
since Sg, = 0. Hence it is the equation of the chord P, P,. 

Letting P, > P, along the conic, we obtain 2s, = s,, as the limit of 
the above equation, i.e. 2s, = 0. Hence the equation of the tangent to 
s=O0atP,iss,=0. 


19.2 Joachimsthal’s ratio equation 


19.21 The ratio quadratic for s=0 
The point dividing P, P, in the ratio k:1 has coordinates 
le, + ka, ly, +kys 
Il+k ? JI+k J’ 
It will lie on s = 0 if and only if 


a( lx, + kay)? + 2h(lx, + kata) (ly, + kya) + b(ly, + ky)? 
+ 29(la, + kag) (1+ k)+ 2f(ly, + ky.) (l+k)+c(l +k) = 0, 
1.0. (@x3+ 2hxyy_ + by2 + 29x, + 2fy, +c) k? 
+ 2 fax, Hy + h(%1 Yo + Ly Yz) + bY, Yo + G(% + Ly) +f (Yr + Yo) + ¢} Kl 
+ (ait 2hx,y, + by} + 2ga, + 2fy, +c)? = 0, 
ie. Sogk? + 25,.kl+5,,2 = 0. 


This quadratic in k:l is Joachim- 
sthal’s ratio equation for s=0. Its 
roots are the values of P,A: AP, for 
the points of intersection A of the 
line P,P, and the conic. Since the 
quadratic will have either two, one, 
or no roots,f a line meets a conic in Fig. 186 
two, one, or no points. 

The above work applies even if s = 0 represents a line-pair. 

We now make a sequence of deductions from the ratio equation. 


19.22 Sides of a conic 


When s,, and s,. have opposite signs, the product of the roots is 
negative. Hence just one root is positive, so that the conic meets 
P,P, internally only once. We say that P, and P, lie on opposite sides 
of the conic. Also see the Remark in 19.24. 


+ Unless s,, = 0, s,, = 0 and 8. = 0, in which event the quadratic is satisfied for 
all & and l, i.e. every point if P,P, lies on s = 0, which is therefore degenerate. 
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19.23 Tangent at P, 


If P, is a fixed point on s = 0, then s,, = 0 and so one root of the 
quadratic for k:1 is 0. The second root, which corresponds to the 
remaining intersection of P,P, and the conic, will also be zero if and 
only if s,, = 0. In this case P, will lie on the tangent at P,; and the 
condition s,, = 0 shows that P, lies on the line s, = 0. Hence the 
tangent at P, has equation s, = 0 (cf. 19.13). 


Example* 
Contact condition for la+my+n = 0. 
The tangent at P, has equation 
(aay +hy, +9) "+ (hay + by, +f) yt (gr +fyitc) = 0, 


and will represent the same line as lz +my-+n = Oif and only if the coefficients 
are proportional, i.e. if for some A we have 


ax,+hy,+g—Al= 0, 
he, + by,+f—Am = 0, 


and also ley +my,+n = 0. 
By eliminating x,, y,, A from these, we obtain (using an obvious extension of 
Corollary I (6) in 11.43) ee 4 
h 6 
ta = 0. 
g f en 


Ll mn 0O 
When expanded this becomes (see Ex. 11 (d), no. 12) 
Al + Bm? + Cn? + 2F'mn + 2Gnl + 2HIim = 0. 


19.24 Pair of tangents from P, 


If P, isa fixed point, the quadratic for k : 1 has equal roots if and only 
if 81,892 = 84g. This means that P, P, meets the conic in only one point, 
i.e. is a tangent from P,. Hence 5,159. = s?, is the condition for P, to 
lie on any tangent from P,; but this equation shows that P, lies on 
84,8 = 8}. The equation of the tangents from P, is therefore 54,8 = S$}. 


Remark. By writing s,,s = s? in full, it can be shown by using 15.53(1) and 
15.52(1) that this second-degree equation will represent two distinct inter- 
secting lines, a repeated line, or the single point P, according as As,, = 0, where 
A is defined by equation (vii) in 15.53(2). Hence for a non-degenerate conic 
(ie. A + 0), 81,8 = 8? represents a pair of lines if P, lies on that side of the conic 
for which As,, < 0. The outside of the conic s = 0 can therefore be defined 
algebraically as the set of points P, for which As,, < 0. 


45 GPMII 


668 THE GENERAL CONIC; s=ks’ {19.25 


19.25 Chord of contact from P, 


Method 1. Let the tangents from P, (supposed outside the conic) 
touch s = 0 at Fi, P,. The tangent at P, has equation s, = 0; and since 
it passes through P,, we have s,. = 0. This shows that P, lies on the 
line s, = 0. Similarly s,, = 0, so that P, also lies on s, = 0. Hence the 
equation of P, P; is s, = 0. . 

Method 2. The points of contact of tangents from P, satisfy both 
s = 0 and 8,,s = s?. Hence they also satisfy s, = 0. Since s, is linear, 
S$; = 0 18 the equation of the chord of contact of tangents from P,. 


19.26 Examples; polar of P, wo s=0 


(1) Tangents at the extremities of a variable chord through P, meet on 8, = 0. 

Let the tangents at the extremities A, B of such a chord meet at P,. Then 
the chord of contact from P, is AB, whose equation is therefore 8, = 0. Since 
this line passes through P,, 8,, = 0; and this condition shows that P, lies on 
the line s, = 0. 


(2) Let a chord through P, cut the conic at A and B. The point P, such that P, 
and P, divide AB in the same ratio (one internally and the other externally) lies 
on the line s, = 0. 

From the hypothesis it follows that A and B divide P,P, in the same ratio 
(one internally and one externally). Hence the ratio quadratic must have its 
roots k:1 equal and opposite; this is so if and only if s,, = 0, which shows that 
P, lies on s, = 0. P, is called the harmonic conjugate of P, wo s = 0. 


(3) The diagrams in 15.65, with the circle replaced by any conic, show that 
for some positions of P, the locus of P, in (1), (2) above will be only part of the 
line s, = 0. We unify these results by making the following definition. 

The whole line s, = 0 is called the polar of P; wo s = 0. 


Remarks 


(a) If P, lies outside s, the polar coincides with the chord of contact from P,. 
(8) If P, lies on s, the polar coincides with the tangent at P,. 
(y) In full, the polar of P, is 


8 = (at, +hy, +9) x+ (ha, + by, +f)y+ (ga +fyite) = 0. 


It does not exist if az,+hy,+g = 0 and ha, +by,+/ = 0; in general there is a 
unique point P, satisfying these conditions. 

(6) The argument shows (without modification) that the polar of P, wo a 
line-pair s = 0 is s, = 0. Since 


8 = (ax+hyt+g)x,+(ha+ byt+f)y,+(get+fyt+e), 


the polar of P, always passes through the vertex of the line-pair (15-53(3)). 
(e) Fig. 187 shows the polar of P, as 
(i) a chord of contact TT’ (Remark (a)); 
(ii) the harmonic locus, (2); 
(iii) the locus of the meots Q of tangents at the ends of chords through 
P 1 (1). 
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(¢) Reciprocal property. If the polar of P, passes through P,, then the polar 
of P, passes through P,. (This is valid for a line-pair provided P, is not the 
vertex.) For the polar of P, wo s = 0 is s, = 0, and this passes through P, if 
81, = 0; this shows that P, lies on s, = 0, which is the polar of P, wo s = 0. 

In fig. 187, P,Q is the polar of Px. 


P, 


Fig. 188 


19.27 Chord whose mid-point is P, 


Let the extremities of the chord be A and P, (fig. 188). Then s,. = 0, 
and the ratio quadratic has one root / = 0. The other root, given by 


corresponds to the point A; and since A divides P, P, externally in the 
ratio 1:2, this root must be k/l,= —4. Hence s,, = s,,, which shows 
that P, lies on the locus s, = s,,. Since this is linear, and is also satisfied 
by P,, it is the required chord. Thus the chord of s = 0 whose mid-point 
18 P, 18 $y = $44. 


Example 
Show that the mid-points of all chords of s = 0 which pass through P, lie on 
the curve 8 = 8,. 


Let P, be the mid-point of such a chord, which will have equation 8, = 8. 
Since the chord passes through P,, 3,, = 8... This shows that P, lies on the 
locus 8s, = 8 which, being of second degree, is also a conic; clearly it passes 
through P,. 


19.28 Diameters 


Let P, be the mid-point of a chord of gradient m. Then this chord 


has equation 
¥-%1 _ %—% 
m 1 - 
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Its equation is also s, = s,,, which can be written | 
Ax, (x — 21) + hf{ay(y —Yy) + Ya(% — 24)} + by (y— 1) ; 

+9(%—%)+f(y—y1) = 9. 
Hence ax,+h(mx,+y,)+bmy,t+g+fm = 0, 
which shows that P, lies on the line 
(ax +hy+g)+m(ha+by+f) = 0. 


By definition (16.41) this is the equation of the diameter bisecting 
all chords of gradient m. 


19.29 Conjugate diameters 
The diameter bisecting all chords of gradient m has gradient 


,_ athm 
mS he bm? 
so that at+h(m+m’)+bmm’' = 0. 


The symmetry in m, m’ of this relation shows that the diameter of 
gradient m bisects all chords of gradient m’. Two such diameters 
are conjugate. 


19.3. The distance quadratic 
The line through P, in direction 6 has parametric equations 


x=2,+reos0, y=y,4+rsin$. (i) 
It meets s = 0 at points for which r is given by 
a(x, +7 cos 0)? + 2h(x, + rcos 8) (y, +7sin A) + b(y,+7rsin 0)? 
+ 29(x,+71 cos 0) + 2f(y,+rsind)+c = 0, 
i.e. 12(acos?@+ 2hcos6 sin 0+ bsin? 0) 
+ 2r{(ax, + hy, +g) cos 6+ (ha, + by, +f) sin O}+s,, = 0. (ii) 


This quadratic in r gives the signed distances from P, of the points 
of the conic s = 0 which lie on the line (i) through P, in direction 0. 


Examples 


(i) Chord whose mid-point is P,. 
If a chord of s = 0 which passes through P, is bisected there, then the roots 
of equation (ii) must be equal and opposite, and hence 


(ax, thy, +g) cos 0+ (hx, + by, +f) sind = 0, 
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which gives the direction cos @:sin @ of such a chord. If (x, y) is any point on 
this chord, then from equation (i), 

CA ies Yeeds 
cos@— sin@’ 
and so (am, + hy, +9) (—2,) + (ha, + by, +f) (y-%) = 9. 


This is therefore the equation of the chord of s = 0 which has mid-point P,; 
it can be arranged in the form s, = 8,, (cf. 19.27). 


(i) Segments of a chord. 
Tf the line (i) cuts the conic at Q, R, then by considering the product of the 
roots of (ii) we have 


8 
DoD a MG Re: Se Oe a 
19-P, "1s acos? 0+ 2h cos @ sin 8+ bsin? 0 


(a) For chords QR, Q’R’ through P, in given directions 0, 0’, it follows that 
P,Q.P,R _ acos*6’+ 2hcos@ sin & + bsin? ’ 
P,Q’.P,R’ —acos?6+2hcos@sinO+bsin?@ ’ 
which is independent of the coordinates of P,. Hence the ratio of the product of 
the segments of two chords drawn in given directions through the same point is 
constant for all points. 
(0) For chords P, QR, P,Q’R’ drawn through P,, P, in the same direction @, 
it also follows that P,Q.P,R sy 


P,Q’.P,R’ 825 
which is independent of 0. Hence the ratio of the products of the segments of 


two parallel chords drawn through given points P,, P, is constant for all 
directions. 


19.4 Tangent and normal as coordinate axes 


Sometimes it is convenient (as for example in 8.42(1)) to choose 
the tangent and normal at a particular 
point for axes of coordinates; this point 
thus becomes the origin. 

If s = 0 passes through O, then c= 0. 
If s = 0 touches y = 0 at (0, 0), the equation 8 
ax? + 29%-+c = 0 must have both roots zero, 
so that also g = 0. The equation of the conic 
is therefore O 


ax? + 2hay + by? + 2fy = 0. , Fig. 189 


y 


8Y 


Example 

Frégier’s point. 

O is a fixed point on a non-degenerate conic s = 0, and PQ is a chord which 
subtends a right-angle at O. Prove that PQ passes through a fixed point (the Frégier 
point of O wo s) on the normal at O, or else is parallel to this normal. 
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Choosing axes as above, let PQ have equation la+my = 1. (This form of 
equation for PQ is legitimate since the hypothesis that ‘PQ subtends a right- 
angle at O’ implies that PQ does not pass through O.) 

The line-pair OP, OQ has equation 

ax + 2hay + by’ + 2fy(la+my) = 0, (i) 
by 15.54. Since OP 1 OQ, then from 15.52 (2) 
a+(b+2fm) = 0. 


If a+b +0, then m = —(a+b)/2f + 0. Hence lx+my = 1 passes through 
(0, —2f/(a+)), which is a fixed point on Oy, the normal at O. 

If a+b = 0, then the perpendicularity condition becomes fm = 0. If f = 0, 
the conic s = 0 is an orthogonal line-pair—excluded by hypothesis; in such a 
case every ‘chord’ subtends a right-angle at O. If m = 0, the equation of PQ 
is lg = 1, which is a line parallel to Oy. 


Exercise 19(a) 


Write out in full the expressions for s,,, 8; when s denotes 
=~—1. 2 y*?—4ax. 3 wy—c*. 


*4 (latmyt+n)(Va+m’y+n’); and if w=la+mytn, wW=lat+m’yt+n’, 

show that s,. = $(u,u,+uU,ui). 

5 Interpret the equation 8), + 281. + s., = 0. 

6 Obtain the equation of the tangent to s = 0 at P, (i) by Calculus; (ii) from 
88, = 8? by taking P, on s = 0. 

7 Prove that the normal to s = 0 at P, has equation 

(y—Yyy) (aa, thy, +9) = (w—2)) (ha, + by, +f). 

8 Find the condition for the lines px?+ 2rzy+qy? = 0 to be parallel to 
conjugate diameters of s = 0. 

9 Prove that the line-pair joiming O to the meets of 2?+y?=7? and 
ax? + 2hay + by? = 1 is 

1 1 
(«-5) x? + Qhay + (»-5) y* = 0. 
Show that these will be conjugate diameters of the conic if 
1 2(ab—h?) 
re atb 
Hence obtain the equation of the equi-conjugate diameters of 
ax* + 2hay + by? = 1. 
10 Writing u = ar+hyt+g,v =hat+byt+f, w= gr+fyt+e, verify that 
S=uctoyt+w, 8) SuUyject+yytw, = uzt+ryt+y, 

and Sy = Uy Xz 4 %Y, + Uy. 
Use the distance quadratic for s = 0 in nos. 11-13. 


11 Obtain the equation of the tangent at P,, and reduce it to the form s, = 0 
by using no. 10. 
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12 (i) Prove that the equation of the pair of tangents from P, is 


{u(x — 21) +4(y— yi)}? = {ae — 9)? + 2h( x — a) (y—Y1) + O(y — Y,)*} 844. 
(ii) Using no. 10, show that this is equivalent to (s, — 8,,)? = (s— 28, +8:,) 8) 
and hence to s? = 88). 


13 A line through O cuts s = 0 at P and Q. A point B is chosen on this line so 
that OR is (i) the arithmetic mean; (ii) the geometric mean; (iii) the harmonic 
mean, of OP, OQ. Find the locus of £ in each case. 

14 K is the point ¢ on the ellipse x*/a? + y?/b? = 1. Write down the equation 
of the chord PQ for which KP, KQ are parallel to the axes, and find where it 
meets the normal at K. Deduce from the example in 19.4 that chords which 
subtend a right-angle at the fixed point e are concurrent at 


aoe —b? aa, 
pn cos ¢, — “isi sin p }. 


15 If equation (i) in 19.4 represents lines OP, OQ equally inclined to Oy, use 
15.52 (3) to prove h+fl = 0. Deduce that if OP, OQ are equally inclined to the 
normal to s = 0 at O, then PQ passes through a fixed point on the tangent at 
O, or is parallel to this tangent. 


19.5 Number of conditions which a conic can satisfy 
If k is any non-zero constant, the equations 


8 = ax* + Qhay + by* + 29x + 2fyte=0 
and ks = kau? + 2khay + kby? + 2kgx + 2kfy+ke = 0 


represent the same locus; for if P, satisfies one, then it also satisfies 
the other. Since a, b, c, f, g, h are not all zero, we can always choose k 
so that one coefficient in ks is 1. The remaining five coefficients (i.e. 
the five ratios a:b:c:f:g:h) can be chosen so as to satisfy five con- 
ditions, but in general no more. The equations which express these 
conditions may have more than one set of solutions but, since they 
are polynomial equations, the number of sets will be finite if the 
conditions are independent. 

It follows that a conic can be chosen to satisfy five independent 
conditions, and that the number of such conics is finite. 


Examples 


(i) In general a unique conic can be drawn through five given points P, 
(ry = 1,..., 6). 


For in general the five ratios a:b:c:f:g:h can be determined uniquely from 
the five linear equations 


ax? + 2ha,y, + by? + 29a, + 2fy,+¢=0 (r=1,...,5), 


so that s = 0 is the equation of the required conic. 
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Alternatively, a, b, c, f, g, h can be eliminated from the above equations 
together with s = 0, giving the required equation in determinant form. 

An easier way of finding the equation of a conic through five given points 
will be illustrated in 19.64, ex. (i). 


(ii) If three of the five points in ex. (i) lie on a line l, then | must be part of the 
conic, which therefore consists of two lines l,l’. 


For no line can meet a non-degenerate conic in three points (see the footnote 
on p. 666); and the only line-pair through these five points is / and the line I’ 
which joins the other two. 

If four of the points are collinear on J, the conic consists of J and any line I’ 
through the fifth point. If all five points lie on I, the conic consists of 1 and any 
line in the plane. In these two cases of ex. (i) the conic is not unique. 


19.6 The equation s=ks’ 
19.61 Number of possible intersections of two conics 
The equations of the two given conics can be arranged in the form 
8 = ax + 2(hy+g)x+ (by? +2fy+c) = 0, 
s =a'x?+2(h'y+g')xt+(b'y*?+2f'y+c’) = 0. 
The coordinates of any common point of these must satisfy the 
equation in y obtained by elimination of x. Since this equation will 
in general be quartic in y, there are 4, 2 or no possible values of y 


(apart from possible coincidences). By eliminating x? only, we see 
that to each value of y corresponds at most one value of x, given by 


2{(a’h—ah')y + (a'g—ag')} x 
+ {(a'b —ab’) y? + 2(a'f—af’)y+(a’c—ac’)} = 0. 
Hence, ignoring coincidences, the number of possible intersections of 
two conics is 4, 2 or 0. 


19.62 s=ks’ 


This equation has already been discussed when s = 0, s’ = 0 repre- 
sent lines (15.41) or circles (Ex. 15 (d), no. 16). 


(1) If s = 0, s’ = 0 are conics and k 1s constant, then s = ks’ is also 
the equation of a conic, which passes through the meets (if any) of s and s’. 

For if P satisfies both s = 0 and s’ = 0, then it also satisfies s = ks’. 
Since k is constant, this last equation is of second degree and therefore 
represents a conic (or nothing). 


(2) If s, s’ meet in four points A, B, C, D, then any conic o through 
these points has an equation of the form s = ks’. 
If P, is on o, & can be chosen so that s = ks’ passes through P,, 
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viz. k = s,,/s}, (assuming that P, is not on s’ = 0: see the Remark 
below). For this k, the conics ¢ and s = ks’ have five points in common, 
and hence coincide (19.5, ex. (i)). 

Exceptions to the last statement may arise when three of the five 
points are collinear. Since P, is an arbitrary point of o, P, need not 
be collinear with any two of A, B, C, D. If A, B, C are collinear, then 
s, 8’ must be of the forms «f, ay where « = 0 is the line ABC and 
f = 0, y = 0 are lines through D (19.5, ex. (ii)). Every conic through 
A, B,C, D then consists of « = 0 and a line £ = ky through D. Hence 


og =a(P—ky) =s—ks’, 


and the theorem is still valid. 

Remark. The only conic through the meets A, B, C, D of s and s’ 
which does not have an equation of the form s = ks’ is s’ itself. This 
exception can be avoided by using As = A's’, where A and A’ are 
independent constants; but usually the equation s = ks’ is adequate. 

For different & or A:A’, the equation s = ks’ or As = X's’ represents 
a family or system or pencil of conics through the intersections (if 
any) of s and s’. 


19.63 Degenerate cases 


The results in 19.62 apply when one or both of s, s’ degenerate, and 
these cases are particularly useful. 
(i) s = kaf. This represents a conic through the meets (if any) 
of the distinct lines a = 0, = 0 with s = 0 (fig. 190). 


Fig. 190 Fig. 191 


(ii) s = ka?. When £ > a in (i), we have the equation of a conic 
touching s at each of its intersections (if any) with a = 0. It is said 
to have double contact with s along « = 0 (fig. 191). 
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(iii) s = kar, where 7 is a tangent tos. When f£ > 7 in (i), we have 
a conic meeting s at its intersections (if any) with « = 0, and touching 
it at the contact of 7 = 0 with s (fig. 192). 

(iv) s = kaf, where a, B meet on s. If one meet of « and s coincides 
with one meet of # and s in (i), we obtain a conic meeting s at a point 
on « and at a point on f, and touching s at the meet ofa and / (fig. 193). 


T Z 
Dy 
Sos 
B 


Fig. 193 


8 


Fig. 195 


Fig. 196 Fig. 197 


(v) 8 = kar, where « passes through the contact of r. If one meet of 
« and sin (iii) coincides with the contact of 7, we obtain a conic meeting 
sat a point on « and touching s at the meet of « and 7 (fig. 194). 
(vi) s =kr®. If «->7 in (v), we get a conic touching s at its 
contact with 7 (fig. 195). 
(vii) af = kyé is a conic through the meets of the lines a, ~, y, 6 
(fig. 196). 
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(viii) af = ky. Ifd > y in (vii), we have a conic touching the lines 
a, B at their meets with y (fig. 197). 
(ix) a? = ky? represents the two lines « = +.,/ky, which pass 
through the meet of «, y if this exists. 
In the next two cases s’ represents a single line. 
(x) s = ka is a conic through the meets (if any) of s and a. 
(xi) s = kr is a conic touching s at its contact with 7. 


19.64 Examples 
The ‘s = ks’’ principle has already been used for conics in Ex. 15 (/), 
no. 15; Ex. 16 (6), no. 1; and in the alternative method in 17.41. 


(i) Find the equation of the conic through (3, 0), (0, — 2), (5, 0), (0, 1), (15, 6). 
The lines joining the first four points in pairs are as follows. 


(3,0), (0, — 2): ag l= 0 (5,0), (0, 1): ety-1=0; 


(0, —2), (0,1): & = 0; (3,0), (5,0): y =0. 
Hence any conic through the first four points is (by 19.63, (vii)) 


x Yy x ~ 
(-% 1) (Z-+y—1) = bey. 


This passes through (15, 6) if 1.8 = k.15.6, ie. k = 4. The required conic is 
therefore 3(2x— By — 6) (x + Sy —5) = Bay. 

(ii) Find the equation of the circumeircle of the triangle formed by the lines 
aaz* + hay + by? = 0 and la+my+n= 0. 

Let the tangent at O to the required circle be px + qy = 0. Then by 19-68, (iii) 


its equation will be 
ax + Zhary + by® = (la + my +n) (pa+qy) 


provided we choose p and q so that 
a—pl=b—qm and 2h=mp+tiq. 
If we arrange the above three equations in terms of p and q, we have 
(la + my +n) ap + (la + my +n) yq — (ax* + 2hay + by*) = 0, 
lp —mq—(a—b) = 0, 
and mp +lq—2h = 0. 
By eliminating 7p, gq, we obtain 
| (lat+my+n)x (le+my+n)y aa*+ 2hey+by* 
L —m a—b = 0 
m t 2h 
as the equation of the required circle. 
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(ili) Concyclic points on the ellupse 
a2 y* _ 
ab? 


The chords ¢,¢, and ¢,¢, are « = 0, 8 = 0, where 


1. 


a= = 608 ($1 + Pa) + : sin $(¢, + 62) — cos 3(¢, — $2); 


f = = 008 H(b5-+ $4) +4 sin H(b5-+ $4) — 008 H($5— $4). 


The points ¢,, ds, $s, 4 Will be concyclic if and only if one conic of the system 


is a circle. This requires that the coefficients of 2? and y? shall be equal, and the 
coefficient of xy zero. In general it is not possible for the single number k to 
satisfy these two conditions; but the coefficient of xy is zero if 


cos $(¢, + $a) sin $(p3 + G4) + cos $( + P,) Sin 3($,+ 2) = 0, 
i.e. sin (9+ 2+ 3+ $4) = 0, 


i.e. Pit Got beth, = Int 
for some integer n. 
The coefficients of x? and y? are then equal if 


1 1 
ce Es = Cee Cos 4(P, + po) cos 4(ps + 4) = Be sin 4(d, + de) sin 4(P3 + a} 


az 62 


1 


= oe cos? 4(¢, + b_) + 55 sin? 3(¢, + $0} cosnTr, 


and here the coefficient of k is non-zero. 

Hence if &¢, = 2n7, k can be chosen uniquely to satisfy the second condition. 
Thus the relation XU, = 2nz7 is necessary and sufficient for the points $1, be, Pa, Pa 
of the ellipse to be concyclic. Compare the example in 17.32. 


*(iv) Normals at the extremities of the chords la+my = 1, l’x+m’y = 1 of the 
ellipse 


Ee i 
we a 
The coni oe 
e€ conic tan — k(la + my — 1) (Ve+m’y—1) 
a 


passes through the extremities of the chords, by 19.63, (i). Jf the normals at 
these extremities are concurrent, say at (x, y,), then their feet lie on 


(a? — 6) wy + b®y, 2 —a*a,y = 0 
by Ex. 17 (c), no. 10. Consequently this conic must belong to the above system. 
Comparing coefficients of x”, y?, and the constant terms, we have 


1 , 1 , 


Hence if the normals at the extremities of the chords lan+my = 1, Vx+m’/y=1 
of x*/a? + y?/b? = 1 are concurrent, then a*ll’ = b*mm’ = —1. Also see Ex. 19(d), 
no. 14. 
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*(v) A conic passes through four given points A, B, C, D on s = 0 and also 
through the meet P, of tangents at A, B. Prove that it passes through the meet P, 
of tangents at C, D. 

Since the equations of the chords of contact AB, CD are respectively s, = 0, 
8, = 0, theconiciss = ks,s, by 19.63, (i). This passes through P,, so 8, = ks, 849; 
hence k = 1/8,., and the conic has equation 8,8 = 8,8,. Clearly this is satisfied 
by P,. 


*(vi) Pascal’s theorem. If 1, 2, 3, 4, 5, 6 denote six points 3 
on a conic, then the meets of the lines 5 


12,45; 23,56; 34,61 

are collinear. l 6 

For suitable & and I, the line-pair (12) (56) has equation 
8s = k(25)(16), and the line-pair (23)(45) has equation 
s = (25) (34). The points X(12,45) and Y(23, 56) lie on o 
both pairs, but do not lie on ¢ = 0 or on (25). Hence they 2 
lie on the line (16) = (34), which passes through Fig. 198 
2(34, 61). 

The argument holds even when s = 0 is a line-pair provided that the sets 
1, 3, 5 and 2, 4, 6 lie on different lines; the result is then known as Pappus’s 
theorem. 


19.65 Contact of two conics 


Although in general two distinct conics intersect in at most four 
points A, B, C, D, there may be coincidences of the following types: 


AACD 2-point contact at A (figs. 192, 193), 
AACC double contact along AC (fig. 191), 
AAAD 3-point contact at A (fig. 194), 
AAAA 4-point contact at A (fig. 195). 


Since a circle can be determined to pass through only three general 
points, we may expect that in general a circle cannot have more than 
3-point contact with a conic at A.t By regarding such a circle as the 
limit when P — A along the conic of a circle touching the conic at A 
and cutting it at P, we see from 8.42 (2) that the circle having 3-point 
contact at A is the circle of curvature of the conic at A. 

A conic having 3-point contact with s = 0 at A is s = kar, where 
T = 0 is the tangent at A to s and a = 0 is any chord through A. If 
k and a are chosen so that this conic is a circle, it will be the circle of 
curvature at A. It is known (e.g. Ex. 16(b), no. 16(i); Ex. 17 (a), 
no. 13) that « and 7 must be equally inclined to the axes. 


+ For examples of exceptions, see Ex. 19(b), nos. 9, 10. 
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Example 


Find the circle of curvature of y? = 4ax at the point t. 
The tangent at the point ¢ is 7 = x—ty+ a = 0, and has gradient 1/t. The 
chord through (aé?, 2at) with gradient — 1/t is 


1 
y—2at = —7 (2—at"), 


1.6. a= x2+ty—3at? = 0. 
The required circle is 
y? — 4ax = k(a + ty — 3at*) (x —ty + at’), 
where k must be chosen so that the coefficients of x? and y? are equal (the 
xy-term is already absent). This gives k = —k#?—1, ie. k =~—1/(1+%*), so 
that the circle is x? + y? — 2a(3t + 2) x + 4afy — 3a7t4 = 0. 
The centre of curvature at t is therefore (2a + 3af?, — 2at’); and the radius of 


curvature is found to be 2a(1+#2)*. These results can of course be obtained by 
the methods of Ch. 8. 


Remark. If f(x) and g(x) are polynomials, then Remark («) in 6.72 
shows that when the curves y = f(x), y = g(x) have mth-order contact 
at x =a, they have (m+ 1)-point contact in the sense of the present 
section, and conversely. For general curves the concepts are not 
equivalent. 


19.7 Equations of a type more general than s=ks’ 


If f = 0, g = 0 represent any two curves, their intersections (if any) satisfy 
every equation which can be deduced algebraically from f = 0 and g = 0. The 
new equation need not be of the form f = kg; and even when it is, k may not be 
constant. The problem in 15.54 is of this type. 

Sometimes the equations are combined in such a way that the deductions 


do not hold for all the common points. 


Examples 
(i) Circle through the feet of conormal points on a parabola. 
The points in question satisfy the equations 
y2=4ax and xy+(2a—h)y—2ak = 0, 
where (h, k) is the point of concurrence of the normals (see 16.32, ex. (iii) (5)). 
Hence they also satisfy xy? +(2a—h)y" = 2aky, 
x(4ax)+(2a—h) y? = 2aky, 
4a(a? + y?) —(2a+h) 4ax = 2aky, 
and ety?—(2a+h)a = thy. 
This is the required circle; cf. 16.32, ex. (ii). 
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(ii) Find the equation of conics through the meets, other than the origin, of 
8 = ax* + 2hay + by? + 2gx+ 2fy = 0 
and 8’ = a’x* + Qh’xy + b’y? + 29’x + 2f’y = 0, 
where fg’ + f’g. 
The given equations can be written 
x(ax + 2hy + 29) = —y(by + 2f), 
x(a’x + 2h’y + 29’) = — y(b’y + 27’). 
Coordinates other than (0, 0) which satisfy both these equations also satisfy 
oO = (ax+ 2hy + 2g) (b’y + 2f’) — (a’a + 2h’y + 29’) (by + 2f) = 0. 
This is therefore one conic through the meets of s, s’, and does not pass through O. 
Clearly re es aoe (i) 


also passes through the same points for all k, k’. 

If s, s’ meet in three points other than O, then k, k’ can be chosen to make the 
conic (i) pass through two other general points. Hence any conic through the 
three points has an equation of this form. The system (i) is called a net of conics. 


Exercise 19(b) 


Find the equation of the conic through 

1 (0,0), (0,1), (3,0), (2,1), (2, —3). 

2 (2,3), (—1,1), (4,0), (3, —2), (5,3). 

3 Assuming that ax?+ 2hay+by?=c and a’x*+2h’xy+b’y? = 1 intersect 
in four points, find the condition for these points to be concyclic. 

4 Find the common chords of 2? + y? = 25 and 2?+a2y+y? = 36. 

5 Two chords are drawn through a focus of an ellipse, and a conic is drawn 


through their extremities and the centre of the ellipse. Prove that this conic 
cuts the major axis in another fixed point. 


6 (i) Prove that, for any c, 
(140%) (y2— daw) + (w—ty + at?) (w+ ty +c) = 0 


is the equation of a circle which touches y? = 4az at the point ¢. 

(ii) PSQ is a focal chord of a parabola. Circles are drawn through the 
focus S to touch the parabola at P, Q respectively. Prove that these circles 
cut orthogonally. 

7 Acircle has double contact with az? + by?+c = 0. Prove that the chord of 
contact is parallel to either z = 0 or y = 0. [Let the chord be la+my+n = 0.] 

8 Find the equation of the circle touching the ellipse x?/a* + y?/b? = 1 at each 
end of a latus rectum. 

9 Find the equation of the circle which has 4-point contact with 


[The circle has equation s = kr*, where T = x—a.] 


10 Show that a circle can have 4-point contact with a parabola only at the 
vertex. 
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11 Write down the equation of the tangent at the point ¢ of z?/a? + y?/b? = 1, 
and find the equation of the chord through ¢ which has the same inclination to 
Oz as this tangent. Hence show that the circle of curvature at ¢ is 


2 ane? 2 ain? ey 
(b? cos? ¢ + a? sin? d) (5+4-1) 


+ (a? — 6?) (Zoos $+¥sin g—1) (Ecos g —¥sin 4 —cos 24) = 0, 


and find its centre and radius. 

12 Find the circle having 3-point contact with zy = c? at the point ¢, and 
deduce the centre and radius of curvature at this point. 

13 Prove that the circle of curvature of axz?+ 2hxay+ by? = 2y at O is 
a(a? + y?) = 2y. 
*14 Use example (iv) in 19.64 to prove that ¢f normals at the ends of the chords 
$19, and $4, of x?/a?+ y?/b? = 1 are concurrent, then 


cos $(P, + Pz) cos $(h3 + $4) + cos 3(¢, — Ps) cos 3(p3 — $4) = 0 


and sin $($, + dg) sin $(G, + 4) +c08 P1 — pz) Cos 3(P;— 4) = O. 


By subtraction, deduce that U¢, = (2n+1)7 is a necessary (but not sufficient) 
condition for the points ¢,, $, ds, , to be conormal. (Cf. 17.52, ex.) 

*15 (i) Write down the equation of a conic circumscribing the quadrilateral 
whose opposite sides are the lines a, f; y, 6. 

(ii) If p is the length of the perpendicular from P, to the line a = 0, prove 
that p = constant x dp. 

(iii) If a conic circumscribes a quadrilateral, prove that the ratio of the 
product of perpendiculars from any point P, of the conic onto two opposite 
sides, to the product of perpendiculars from P, onto the other two sides, is 
constant (a result due to Pappus). 

*16 Show that the feet of normals from (h,k) to y? = 4azx lie on the parabola 

x*+ (2a—h)a = tky. [See 19.7, ex. (i).] 

*17 Explain why the conic Xk,(%—t,y + at?) (w—t,y + at?) = 0 passes through 

the vertices of the triangle formed by the tangents to y? = 4az at t,, ty, ts. 
Find the ratios k,:k,:k, for which this conic is a circle, and verify that the 

circle passes through the focus. State this result as a geometrical theorem. 


Miscellaneous Exercise 19(c) 


1 A pair of tangents to ax? + by? = 1 intercepts a constant length 2c on Ow. 
Prove that the point from which the tangents are drawn lies on the curve 
by?(ax? + by? — 1) = ac*(by? — 1)?. 
2 Prove that chords of y? = 4ax which subtend a right-angle at (at?, 2at,) 
are concurrent at (a(2 +4), — 2aty). [Use 19.4, ex.] 


3 Through a fixed point O a line is drawn to meet a conic at P and P’. 
A point Q on OPP’ is chosen so that 


a ae 
OQ? OP? OP?’ 


Prove that @ lies on a conic. [Use the distance quadratic. ] 
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4 If ax*+ 2hry + by? + 29x + 2fy+c = 0 represents a line-pair, prove that 
the pair (other than the coordinate axes) passing through the meets of these 
with the axes has equation ax? + 2(2fg/c —h) xy + by? + 29x + 2fy+e = 0. 

5 The lines bz?+ay? = 0 (a+b + 0) meet the conic s = 0 in four points 
A, B, C, D. If the diagonals not through O of the quadrilateral ABCD are 
perpendicular, prove that 


a—-b hg} 
h b-a f\|=0 
g f ¢ 


6 ABCD is cyclic; AB, DC produced meet at H; BC, AD produced meet 
at F. Prove that the bisectors of angles CHB, CFD are perpendicular. [With A 
for origin, let the pair 4B, DC bet = px? + 2ray+qy? = 0, and BC, ADbes = 0. 
Express the condition for ¢ = ks to be a circle, and use 15.52 (3).] 

7 Prove that the points of intersection of 2? — 2xy + 3y?+ 9x — l6y+24 = 0 
and 5x? + 6xy — y? — 43a + 60y — 62 = 0 are concyclic. [Eliminate zy.] 

8 Find the equation of the rectangular hyperbola through the meets of the 
ellipse x?/a? + y?/b? = 1 and the line-pair y? = m?z?. Show that when m = b/a, 
this rectangular hyperbola cuts the ellipse orthogonally. 

9 Acircle through the origin touches the rectangular hyperbola xy = c? and 
meets it again at P, Q. Prove that the foot of the perpendicular from the origin 
to PQ lies on 4xy = c?. 

*10 Obtain the general equation of conics through (3, 2), (—3,2), (2, —3), 
(—2, —3). Show that this family contains a parabola, and find its equation. 
[Use Ex. 16(e), no. 26(i).] 

*11 The normal to y? = 4axz at the point P(t) meets the parabola again at 
Q(@), and the normal at Q meets the curve again at R. Prove that the equation 
of the parabola which passes through P, R and touches the given one at Q can 
be written 


A(y? — 4ax) + (ta + y — at? — 2at) (6x + y — a? — 2a8) = 0, 
where A = (@—#)?/40¢. Prove that its axis is parallel to SN, where S is the focus 


of y? = 4ax and N is the point where the normal at P to y? = 4axz cuts Oy. [In 
the last part use 0 = —t—2/t.] 


*12 Prove that the tangent at P, to the conic obtained in ex. (v) of 19.64 is the 
line joining P, to the meet of AB and CD. [Use Ex 19(a), no. 4.] 
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20 


POLAR EQUATION OF A CONIC 


20.1 The straight line 

Polar coordinates and equations have been used in various parts 
of the book, particularly in calculus applications. The purpose of this 
chapter is to obtain and use the polar equation of a conic to prove 
geometrical properties, especially focal ones. We begin with short 
sections on the straight line and circle, in which we assemble the 
material required. 


20.11 Distance formula 


Given two points A(r,,6,) and B(r,,6,), the length of AB can be 
found by applying the cosine rule to triangle AOB (fig. 199): 


AB? = r}+72— 21,7, 008 (0, — 8). 


Fig. 199 Fig. 200 


20.12 Line joining two points 
Let P(r,6) be any point on AB. If P lies between A and B, then 


ng) AAOB = AAOP +APOB, 

i.e. $r,r, sin (6, —9,) = $ryrsin (0 —4,) + $rr,sin (0, —9), 

2. sin (0, —9,) _ sin (0—9,) sin (0, —0) (i) 
r Ys 1) 


If P lies on AB produced or on BA produced, the reader should 
show similarly by considering areas that the same result holds. 
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Accordingly, since this equation is satisfied by any point (7,0) of 
the line AB, it is the equation of the line. 

Remark. The line joining O to the point (p,«) has equation 0 = a. 
This fact, already noticed in 1.63 (c), is obvious from first principles. 


20.13 Line in ‘perpendicular form’ 


Let the perpendicular from O to the given line have length p and 
make angle a with Ox. If P(r,@) is any point on the line, then from 


triangle ONP we h 
riangle we have See at (i) 


This (cf. 15.28) is the equation of the line in ‘perpendicular form’. 


Fig. 201 


Remark. The foot N of the perpendicular from O has polar co- 
ordinates (p, a). 


20.14 General equation of a line 

When converted to polar coordinates, the general linear equation 
Az + By = C becomes C 
A cosd+Bsind = —. (iii) 


Example 
Any line perpendicular to (iii) has an equation of the form 


- 


A cos (9+ 47) +Bsin (6+437) = 


For any line perpendicular to Az + By = C has equation 
—Bu+Ay+C’ = 0, 


C’ 
i.e. ~—Asind+Beos6 =—, 


- 


y C 
ie. A cos (6 +47) + Bain (0 + 47) = ra 
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20.2 The circle 


20.21 Polar equation 


Let P(r,0)be any point on the circle with centre C(p, ~) and radius a 
(fig. 202). From the distance formula (20.11), 


a® = CP? = p*+7°—2prcos (0—a). 
Hence the circle has equation 


r? — 2or cos (0—a) = a? — p?. 


. 7 P(r, 0) 


O x 
Fig. 202 


We notice the following particular cases. 
(a) If C lies on Oz, then a = 0; the equation is 


r2_ 2or cos 6 = a*— p*. 
(6) If O lies on the circle, then p = a; the equation becomes 
72 — 2ar cos (0 —a) = 0, 
so that r = 2acos(0—«a) represents a circle through O. | 


(c) If C lies on Ox and O lies on the circle, then a = 0 and p = a; 
the equation is then r = 2acos9, which is easily written down from 
fig. 203. 


20.22 Chord P, P, of r=2acos 6; tangent at P, | 


Let the required chord have equation p = rcos(@—«). This is 
therefore satisfied by (2a cos 6,,6,) and (2a cos 6, @,), so that 


2a cos 0, .cos (6,—a) = p = 2aCos 0,.c08 (0, —«), (i) 


cos (20, —a)+cosa = cos (20,—a)+ cosa, 
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and hencet 20,-a = —(20,—a), 


i.e. a = 0,464. 


From (i) we now have p = 2acos 6, cos@,, and the equation of the 
choty-becorne: r cos (0 —6,—6,) = 2a.cos 0, cos 0g. (ii) 
By letting 0, > 0, we obtain the equation of the tangent at P,, viz. 


r cos (9 — 20,) = 2acos?6,. (iii) 


20.23 Examples 


(i) Simson’s line.t From any point O on the circumeircle of triangle ABC, 
perpendiculars are drawn to the sides. Prove that their feet are collinear. 
Choose O for pole, and the diameter through O for initial line. The equation 
of the circumcircle is then r = 2acos 0. 
Let A, B, C correspond to the values 0 = a, f,y. Then the chord BC has 


oaueion 2acos 8 cosy = rcos(9—f-Y), 


and hence by the Remark in 20.13, the foot of the perpendicular from O to 
BC has polar coordinates (2acos f cosy, 8+). Similarly, the other feet are 


(2acosy cosa,y+a), (2acosa cosf, a+). 
These three points clearly lie on the line whose polar equation is 
2a cosa cosf cosy = reos(0—a—fP—vy). (iv) 
This is known as the Simson line of O wo triangle ABC. 


(ii) Hatension of ex. (i). If D is another point on the circumceircle of triangle 
ABC, then A, B, C, D can be selected three at a time in 4 ways, and hence there 
are 4 Simson lines wo O corresponding to the 4 possible triangles. 

By the Remark in 20.13, the foot of the perpendicular from O to (iv) is 
(2a cosa cos f cosy, a+f+-). Similarly, if D corresponds to the value 6 = 6, 
the feet of the perpendiculars from O to the other Simson lines are 


(2a cos cosy cosd, B+y+9), (2acosy cosd cosa, y+d+a), 
(2a cos 6 cosa cos f, 6+a+ £). 
Clearly these four points lie on the line 
2a cosa cos f cosy cosdé = rcos(9—a—B-—y—d). 

This result is likewise capable of extension. 

ft The general solution (1.52 (3), ex. (iv)) is 20, —a = 2mm + (26,—a). The sign + is 
inadmissible since we are assuming P,, P, to be distinct. The sign — gives 
a =0,+0,—nn. Using this value of « and the fact that cos nw = (— 1)", we find that 
p = 2a(—1)" cos @, cos 6, and cos (@—a) = (—1)" cos (9@— 9, —9,), so that the result 


(ii) is unchanged. 
$¢ Robert Simson (1687-1768). 
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Exercise 20(a) 

1 Sketch the figures for the cases in 20.12 when P lies on (a) AB produced; 
(6) BA produced. Verify for each that the equation (i) still holds. 

2 Show that the area of the triangle whose vertices are A(r,,0,), B(1s:92)s 
Cir, 95) is d{rgr,sin (0,—9,) +757, sin (0, —0,) +7,17,8in (0,—6,)}. Deduce the 
condition for A, B, C to be collinear. 

3 Prove that the perpendicular from (r,,6,) to the line rcos(9—a) = p has 
length + {p—7,cos (0,—a)}. 

4 A variable line through a fixed point O meets three given lines at points 
P,, P;, P;. On this line is taken a point P such that 

Lad a: 1 ‘ 1 
OP OP, OP,’ OP,° 
Prove that the locus of P is another straight line. 


5 (i) Write down the polar equation of (a) the circle whose centre is (9, a) 
and which touches the initial line; (6) the circles of radius a which touch the 
initial line at the pole. 

(ii) Explain why the circles r = acos(@—«a), r = bsin(@—a) cut ortho- 
gonally. 

6 Find the centre of the circle r = acos0+bsin 0. 


7 If OPQ is a chord of the circle r?— 2prcos (0 —a) + p?—a? = 0, prove that 
OP .OQ = p?—a*. Deduce the ‘product property’ that, for chords OPQ, ORS 
through O, OP.OQ = OR.OS. 


8 Let ON be the perpendicular from O to the tangent at A(r,,0,) on the 
circle r = 2acos 0, and P(r, 6) be any point on this tangent. By expressing ON 
in two ways as rcos (0 — 20,) and r, cos 0,, obtain equation (iii) of 20.22. 


*9 Prove that the normal to r = 2acos 0 at 0 = a has equation 
rsin (2a —0) = asin 2a. 
10 Find the equation of the chord joining the points of the circle 
r = 2acos(0—«) 


for which 6 = 6,,0,. Deduce the equation of the tangent at 0). 


11 Two circles meet at O, and a line through O meets them again at P, Q 
respectively. Find the locus of the mid-point of PQ. 


12 Find the condition for the line 1/r = acos@+bsin9 to touch the circle 
r = 2ccos0. 


*13 Prove the Simson line property (20.23, ex. (i)) by pure geometry. 


20.3 Conics: pole at a focus 


20.31 Polar equation of all non-degenerate conics 

Choose a focus S of the conic for pole, and the perpendicular from 
S to the corresponding directrix for initial line. Let the latus rectum 
LL’ have length 21, and let P(r, 0) be any point on the conic. 
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In figs. 204 and 205, P lies on the same side of the directrix as S. 
Fig. 206, where P and S are on opposite sides, will arise when P is on 
that branch of a hyperbola which is remote from S. We have 


r=SP=e.PM=e.ND 


e(SD — SN) 
in 204 e(SD—rcos@) (l—ercosé 
_ leisp+gny | in 204,205 | in 204, 205, 
— | in 2050 e(rcos9—SD) |lercos@—1 
e(SN — SD) in 206 in 206, 
in 206 


Fig. 204 Fig. 205 


since 1 = SL = e.SD. Hence 


in figs. 204,205 -=1+ecos0; 


in fig. 206 = —1l+ecos8. 


Fig. 207 


If we replace r by —r-and 0 by 0—7 (i.e. if we use the notation of 
fig. 207), then the equation J/r = —1+ecos@ becomes: 


= = —1+ecos(@—7) = —1-—ecos8, 


: l 
1.e. re 1+ecos0 
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as for figs. 204 and 205. Hence the equation J/r = 1+ecos0 will 
represent the branch of a hyperbola remote from S if r is allowed 
to take negative values. 

It follows that, if negative values of r are allowed, then every proper 
(i.e, non-degenerate) conic is completely represented by l/r = 1+ ecos0. 


Remarks 


(x) If the line DS (in the sense from D towards S) is taken as 
initial line, this is equivalent to replacing 9 by 7—@ in the above 
discussion. The equation becomes l/r = 1—e cos@; it will completely 
represent all proper conics if r is allowed to take negative values. 

(f) The equation I/r = —1+ecos0, obtained from fig. 206, also 
completely represents all proper conics (with the same proviso about 
negative values of r). Indeed, the two equations l/r = —1+ecos6 and 
l/r = 1+ecos0 represent the same conic, but any chosen point of the 
conic will of course correspond to different pairs of values of r, 6 in 
the two representations. This fact is used in 20.33, ex. (iii). 

(vy) The equation of a conic whose major axis is inclined at angle a 
to the initial line is J/r = 1+.ecos(9—«a). For, wo its axis SD as initial 
line, the equation is l/r = 1+ ¢cos9; rotation of the initial line clock- 
wise through angle a gives the new equation. 


20.32 Tracing of the curve J/r=1+ecos @ 


(1) When e = 1, the conic is a parabola whose equation can be 
written 1 
-= 1+cos0 = 2cos? 40. 


3+ St 


Fig. 208 Fig. 209 


It is represented completely by 


—m7<@O<7 and r>0. 
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(2) When e < 1, the conic is an ellipse which is completely repre- 


sented by —-n<O<7 and r>0. 


(3) When e > 1, the conic is a hyperbola. The branch enclosing S 


is given b 
gt y —nm+seclte<@0<7-secte and r>Q0; 


and the branch remote from S by 
nm—secte<@<7+secle and r< 0. 


The reader should check the above statements. 


Fig. 210 


20.33 Examples 
(i) Equations of the directrices. 


(a) From the focus-directrix definition, SL = e.SD, so that SD = l/e. 
If (r, @) is any point on the directrix corresponding to S, then 


rcos@ = SD = l/e. 
Hence this directrix has equation 


l 
-= ecos@. 
r 


*(6) For central conics we obtain the equation of the directrix remote from 
S' as follows. 


Fig. 211 Fig. 212 


If e < 1 (fig. 211), then 
rcos(7—0) = SD’ = DD’—SD 
_ 2a | _l 


2a 1); 
ee e\l ‘i 
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and since l/a = 1—e? (see Ex. 20(b), no. 1), this becomes 


L/ 2 L1+e 
- 0=- —1}=-——. 
ice sia el—e?* 
Let+1 
Hence the equation is rcos@ = =. 
ee? — 


If e > 1 (fig. 212), 
reos@ = SD’ = SD+ DD’ 


t 2a 1 2a 
ait tai (ed 
e e e l 


=; (1 2 ) te=+l . 


e—1 eet—]’ 


since l/a = e?— 1. The equation is thus the same for each case. 


*(ii) Equations of the asymptotes of a hyperbola. 

The asymptote whose cartesian equation is y = ba/a is inclined to Ox at 
angle A, where tanA = b/a and hence cosA = a/,/(a? +6?) = 1/e. Therefore the 
perpendicular from S to this asymptote makes angle 27—sin~1(1/e) with Oz; 
its length is b b 


= b, 


Fig. 213 


and so its equation is (20.13) 
1 
b = rcos (0-27+sin-+2) ; 


Since b = 1/,/(e*— 1), this can be written 


1 l 
1 ~1_ = ————_-"""-. 
7 COs (0-+sin :) Wea) 
Similarly, the asymptote y = —bz/a has polar equation 
1 1 l 
= —gsin-1_— i —gin-1—} = —————_-, 
b = rcos (6 gin *) » Le. 70s (0 sin :) eo) 


(iii) Z’wo conics have a common focus. Prove that two of their common chords 
pass through the intersection of the directrices which correspond to that focus. 
The conics can be taken as 


¢ 


== l+ecos@ and een 1 +e’cos(9—a). 


20.34] POLAR EQUATION OF A CONIC 693 


If we subtract these equations, we obtain 
l I’ 

-—ecos@ = ——e’cos(@—a), 

r r 


which is the equation of a line. Since it is satisfied by the points (r,0) which 
satisfy the equations of both conics, it represents a common chord. Clearly it is 
also satisfied by the points (r, 0) which satisfy both the equations 

l - 

-~—ecos? = 0, =e bbe (0—a) = 0, 

r r 


and these represent the directrices corresponding to S, by ex. (i). This common 
chord therefore passes through the meet of these directrices. 
The first conic is also given by 
L 
-=-—1+¢ecos? 
Tr 
(see Remark (f) in 20.31). Proceeding similarly, another common chord is 
l v 
-—ecos9+——e’cos(?—a) = 
Tr r 


which also passes through the meet of the same directrices. 


20.34 Chord and tangent 

Let P, Q be the points of the conic J/r = 1+¢cos0 corresponding 
to@ =a,0 = f. Since by 20.14 the polar equation of any line can be 
written C 
A cos@+Bsiné = 7 


let the required chord have equation 


pcosd+qsind =" 
Then pcosat+qsina = 1+ecosa 
and peosh+qsin£B = 1+ecosfZ; 
i.e. (p—e)cosa+qsina =1, (p—e)cosf+qsin£# = 1. 


Solving these, 
sina —sin B 


p-e= ane) = cos 4(a + £) sec 4(a — f) 


and q= ee BG = sin }(a +f) sec4(a—f). 


The chord PQ is therefore 


; = ecos4 + sec $(a — £) {cos 8 cos 4(a + 6) + sin @ sin $(a + £)}, 
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ie. : = ecos6 + sec $(a— f) cos ( =a) 


For an alternative method, see Ex. 20 (6), no. 7. 
By letting £ > a we find that the tangent at the point 0 = a is 


c = ecos0 + cos (0—«a),. 
For a calculus method, see Ex. 20 (6), no. 24. 


Examples 


(i) The tangents at the points P, Q corresponding to 0 = a, B meet at the point 
T(r, 0), where 0 = $(a +). 
For the coordinates of 7' satisfy 


ecos 6+ cos (@—«a) = : = ecos 6 +-cos(0—£), 


i.e. cos (9 —a) = cos (0 — £), 
from which 6 = $(a+). 


Remark. The general solution is 0—a = 2nm+(0—). The sign + is in- 
admissible since P, Q are assumed to be distinct; the sign — gives 


G6=nr+4(a+/). 


Since —7<a<7 and —17<f <7, also —7 < }(a+) <7, and so there is 
no loss of generality by taking n = 0 because any point in the plane can be 
specified by an angular coordinate which lies between +77. 


(ii) With the notation of ex. (i), ST’ bisects PSQ. 
If P, Q are not on different branches of a hyperbola (fig. 214), 
PST = 3(a+ £)—% = 4(f—a) 
and | TSQ = B-Ha+f) = Hb-2). 


Hence ST bisects PSQ (internally). 
If P, Q are on different branches of a hyperbola, let Q be on the branch remote 
from S. Then f is the angle xSQ’, and }(« + £) is angle xS7”, as shown in fig. 215. 


PST" = a+ )—a = (6-2) 
and T’SQ’ = B—4a+f) = 16-2), 
so that S7' bisects PSQ externally. 


(iii) Find the equation of the circumcircle of the triangle formed by three tangents 
to a parabola, and verify that this circle passes through the focus. 


Taking the parabola as //r = 1+cos 6, the tangents at the points A, B, C 
corresponding to 6 = a, £,y are 


<= cos@+cos(9@—«a), ete. 
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Tangents at A and B meet where 6 = 4(a+£), by ex. (i), and hence 


~ = cos H(a-+ f) +008 (8 —a) = 2e0s ja cos 48, 


i.e. at the point (4 sec $a sec $8, 3(a+ f)). Similarly the other meets are 


(ls0ec $8 sechy, HB+y)), (Bsec ty sec da, Hy+4)). 
These three points satisfy the equation 


r = dlsec $a sec $f sec $y cos (o-“*5*7) > 


which by 20.21 (b) represents a circle of radius R = 41sec 4a sec $f sec dy, centre 
(R, da+tP+ Y))» and passing through the pole S. 


Fig. 215 


(iv) If a variable chord of a conic subtends a constant angle at the focus, then 
tangents at the extremities of the chord meet on a fixed conic, and the chord itself 
touches another fixed conic. 

Let the angle subtended at the focus be 2f, and take the angular coordinate 
of one extremity to be a — £; then that of the other is «+ £. The chord thus has 
equation 1 

a> ecos 0 +sec £ cos (0—«a), 


reese = ecos f.cos 8+ cos (9—«). 
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This is the equation of the tangent at « to the conic 
l 
a = 1+ecosf cos, (i) 


whose eccentricity is ecos # and Jatus rectum 21 cos f. 
The tangents at the extremities of the chord are 


= ecos 0 +%cos (9—a + f), <= ecos 6 +cos(@—a—£), 


and these meet where (by ex. (i)) 0 = a and l/r = ecosa+cosf. This point lies 
on the conic 

l 

= ecos 6 +cos f, 


i.e. = 1+esec f cos8, (ii) 


Esec B 
r 


which has eccentricity esec # and latus rectum 21sec f. 
The conics (i), (ii) have the same focus and directrix as the given one. 


Exercise 20(b) 
1 Ifa, b are the semi-axes of l/r = 1+ ecos 0 (e + 1), prove that when e < 1, 
a=If(l—e*?) and 6b =1/,/(1-e?). 


Give the corresponding results when ¢e > 1. 
2 What locus is represented by a = rsin? 0? Sketch this curve. 
3 What is represented by k/r = a+bcos@+csin 6? 


4 If P(r,,a) is an extremity of a focal chord of 1/r = 1+ecos 0, show that 
the other extremity Q has coordinates of the form (r,, 7+). Prove that 


1 2 ee 
SP’ SQ 1’ 

i.e. that half the latus rectum is the harmonic mean of the segments of any focal 
chord. 

5 Prove that the sum of the reciprocals of the lengths of two perpendicular 
focal chords of a conic is constant. Express this constant in terms of e and l. 

6 Prove that mutually perpendicular focal chords of a rectangular hyperbola 
are equal in length. 

7 Obtain the equation of the chord joining the points of l/r = 1+ecos@ 
which correspond to 6 = a, # from the result in 20.12. 

8 Find the equation of the chord of l/r = 1+cos(@—y) which joins the 
points 6 = a, 8. Deduce that the tangent at « is l/r = ecos(9—y) +cos(A—«). 

9 Find the common points of the conics 


1/3 =1r(/3+cos0) and 1,/3 = 2r{./3+cos (9+ 47)}, 


and show that they touch there. 

10 Prove that the tangents at the extremities of a focal chord meet on the 
corresponding directrix. x 

11 Ifthe tangent at P meets the directrix at Z, prove that PSZ is a right-angle. 
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12 Achord of l/r = 1+ecos 6 subtends an angle 2a at the focus. If the bisector 
of this angle meets the chord at M, prove that M lies on the conic 


lcosa 


= 1+ecosa.cos@. 


13 P is any point on a conic with focus S. A line through S making a given 
angle with SP meets the tangent at P in 7’. Prove that T lies on a conic which 
has the same focus § and corresponding directrix as the given conic. 

14 Two conics have a common focus, about which one of them rotates. Prove 
that the common chord touches a conic which has the same focus as the given 
conics, and whose eccentricity is the ratio of the eccentricity of the fixed conic 
to that of the rotating one. 

15 An ellipse of eccentricity e and a parabola intersect at the ends L, L’ of 
a common latus rectum, and S is their common focus. If a common tangent 
touches them at P, Q respectively, prove that SP, SQ are each inclined to DL’ 
at an angle sin-! {4(1+e)}. Explain geometrically how the two cases arise. 

16. P,Q are the points of the conic l/r = 1+ cos@ corresponding to 0 = a, f. 
If the tangents at P, Q meet at T, prove that 7 has coordinates 


l 
(seryanarewanarn t+?) 
17. If P, Q are points on a parabola with focus S, and the tangents at 
P, Q meet at 7, prove that SP.SQ = ST*. 
18 (i) P, Q are the points 6 = a, f of the parabola l/r = 1+cos0. Prove that 
the tangents at P, Q contain an angle $|a— Al. 

(ii) Tangents to a parabola with latus rectum 27 contain the constant 
angle ¢. Prove that they meet at a point on a hyperbola having the same 
focus as the parabola, and give the latus rectum and eccentricity. [Use no. 16.] 
*19 Prove that the chord of contact of tangents from (7, 6,) to l/r = 1+ecos0 
has equation I I 

(-—¢00s 0.) ( ~ec0s4) = cos (9—4,). 
ty r 
[If its extremities are given by 0 = a, f, the chord is 


cos $(a — P) (--ecoe0) = cos ( ~2+8) : 
Use no. 16.] 


*20 Show that the tangents at the points 0 = a, f of l/r = 1+ ecos@ are per- 
pendicular if and only if e?+(cosa+cosf)e+cos(a—f)=0. [Change the 
equation of the tangent into cartesian coordinates. | 

*21 Prove that the meet of perpendicular tangents to 1/r = 1+ ecos@ lies on 
the locus 21(1/r—ecos@) = r(1—e*). If e + 1, show that this locus is a circle 
concentric with the given conic (the director circle). What is the locus when 
e=1f 

*22 Tangents are drawn to the parabola I/r=1+cos@ at G=a,f,y,0. 
Prove that the circumcentres of the four triangles so formed lie on the circle 


ter) 


r = ilsec 40 sec $8 sec fy sec $6 cos (4 9 


which passes through the focus. [Use 20.34, ex. (iii).] 
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*23 Show that the equation of any line perpendicular to the tangent at a to 
l/r = 1+ecos6 has an equation of the form 


a = ecos (0+ 47) +cos(0+47—2). 


[See 20.14, ex.] If this line passes through the point a, prove that 
k = —esina/(1+ecosa). 
Deduce that the normal at a has equation 


esina 1 : : 
—_—_——-- = esin@+sin (9—a). 
l+ecosar 


*24 Prove that the tangent at A(p, a) to the curve r = {(@) has equation 


7008 (0- a)— = (3). sin (9—a) =— 


[If P(r, @) is any point on the tangent at A, apply the sine rule to triangle OAP, 
and use cot ¢ = dr/rd0 (8.14).] Deduce the equation of the tangent to 


l/ir=1+ecos0 at O=a. 


*25 Obtain similarly the equation of the normal at (p,a) to r = f(@), and use 
it to obtain the result of no. 23. 


Miscellaneous Exercise 20(c) 
1 A, B are the points (7,,0,), (72,92), and M(r, 6) is the mid-point of AB. 
Prove that 
r= 4 /{r2+7r2+2r,r,cos(0,—0,)} and tan? = Bice siited Lated 
> Peace ~ 7,008 0; +7, C08 Og 


2 A variable line meets n given lines through O at P,, P., .... P,, respectively. 
n 
If & (1/OP,) is constant, prove that it passes through a fixed point. 


r=1 

3 Find the equation of the common chord and of the line of centres of the 
circles r = 2acos(0—a), r = 2bcos (0—f). 

4 Obtain the polar equation of the circle whose diameter is the join of 
(a, a) and (8, A). 

5 Prove that the chord of contact from (7,,6,) to the circle r = 2acos @ is 


cos 0 as cos@, _ cos(8—9,) 
r, r a 


[Use the cartesian equation of the circle and chord.] 

6 If PSP’ and QSQ’ are mutually perpendicular focal chords of a conic, 
prove that 1/PS.SP’+1/QS.SQ’ is constant, and express this constant in 
terms of / and e. 

7 (i) Prove that the locus of the mid-points of chords through the focus S 
of l/r = 1+ cos 0 is r(e? cos? 6 —1) = el cos 0. 

(ii) By changing this equation to cartesian coordinates, show that the 
locus is a conic with the same eccentricity as the original one. 


POLAR EQUATION OF A CONIC 699 


8 (i) If the tangent to the parabola a = rcos*? 40 at the point P given by 

6 = a meets the initial line at 7, prove ST = asec? 4a = SP. 
(ii) Find the equation of the circle SPT. 

9 Find the value of « for which the tangent at a to l/r = 1+ecos @ is parallel 
to the initial line. Hence find the locus of the ends of the minor axis of this 
ellipse as e increases from 0 to 1. 

10 Prove that the line l/r = acos9+bsin 6 touches the conic l/r = 1+ecos0 
if and only if (a—e)?+6? = 1. 

11 Two parabolas have a common focus and their axes perpendicular. Prove 
that the directrix of either passes through the point of contact with the other 
of their common tangent. 

12 Find the locus of the foot of the perpendicular from the pole to the line 
l/r = ecos9+cos(9—«a) when « varies. Interpret the result geometrically. 

13 The perpendicular from the focus S to the directrix meets the conic at A. 
Prove that if the foot of the perpendicular from S to any tangent lies on the 
tangent at A, then the conic is a parabola. [Do not prove the converse result. ] 

14 A variable chord PQ of the ellipse J/r = 1+ecos@ with focus S is parallel 
to the major axis. If its extremities are the points 0 = 2a, 28, prove that 
cos(a+f)+ecos(a—f)=0. | 

If the internal bisector of PSQ meets PQ at K, prove that 


28SP .SQ 
SP+8SQ 
and deduce that K lies on a parabola whose vertex is S. 


*15 PQ is a focal chord of a conic, and its mid-point is M. The normals at 
P, Q meet at N. Prove that MN is parallel to the (major) axis. [Use no. 7 (i) 
and Ex. 20(b), no. 23 to prove that rsin 0 is the same for M and N.] 


SK= cos 4PSQ, 
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COORDINATE GEOMETRY IN SPACE: 
THE PLANE AND LINE 


21.1 Coordinates in space 


21.11 Rectangular cartesian coordinates 


The method of locating points in a plane by coordinates z, y referred 
to two intersecting lines Or, Oy (15.11) can be extended to points in 
space, Clearly three axes of reference will be required, and for sim- 
plicity we shall choose them to be mutually perpendicular. 

Take any two intersecting perpendicular lines; let them meet at O. 


Fig. 216 Fig. 217 


On each select a positive sense, indicated by an arrow, and label 
these directions Ox, Oy. Through O draw a line perpendicular to both 
Ox and Oy (and therefore to the plane zOy), and choose the positive 
sense along it to be the direction of advance of a right-handed screw 
turned in the sense from Ox towards Oy; label this direction Oz. 
Then we have constructed a right-handed system of rectangular axes 
Ox, Oy, Oz.t The planes zOy, yOz, zOx determined by these axes are 
also mutually perpendicular, and are called the coordinate planes. 
Given a point P in space, we can draw the perpendiculars PL, PM, 
PN to the planes yOz, 2Oz, xOy. The rectangular box having OP for 
diagonal and PL, PM, PN for edges can now be completed; let its 


+ If the direction of any one axis is reversed, we should obtain a left-handed system. 
We use only right-handed axes in this book. 
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edges through O be OA, OB, OC along Ox, Oy, Oz respectively. The 
distances OA, OB, OC can be specified in magnitude and sense by 
signed numbers 2, y, z, and the ordered triplet of numbers (z, y, z) are 
the rectangular cartesian coordinates of P wo the axes Ox, Oy, Oz. In 
particular, observe that L has coordinates (0, y, z), M(x, 0,z), N(x, y, 0); 
and that A is (x, 0,0), B(0, y, 0), C(0, 0, z). 

Conversely, given three signed numbers 2, y, z, the points A, B, C 
on the axes can be determined, and the box then completed. The 
corresponding point P is the extremity of the diagonal through O. 

It follows that to each point P in space there corresponds a unique set 
of coordinates x, y, z wo the axes Ox, Oy, Oz; and to each ordered set of 
numbers x, y, z corresponds a unique point P in space. 

The three coordinate planes divide space into eight regions called 
octants; to each corresponds a distribution of + and — signs in the 
coordinates (see Ex. 21 (a), no. 1), the number of such possible sign- 
distributions being 2° = 8. In fig. 217 all coordinates of P are positive. 

Finally, observe that A in fig. 217 is the point in which Oz is met 
by the plane through P drawn parallel to the plane yOz. Hence PA 
is perpendicular to Ox, so that A is the orthogonal projection of P 
on Ox. Similarly, B and C are the projections of P on Oy, Oz respec- 
tively. The coordinates of a point P are therefore the (signed) lengths 
of the orthogonal projections of OP on the axes. 

Notation. In the remainder of: this book P, is the point whose 
coordinates are (2, ¥,, 2,), and so on. 


21.12 Other coordinate systems 


(1) Cylindrical polar coordinates. We may replace the coordinates (x, y) in 
the plane xOy by polar coordinates (p,¢), where p = ON and ¢ is the angle 


Fig. 218 
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xON, measured positively in the sense from Ox towards Oy. P is then deter- 
mined by the triplet of numbers (p, ¢, 2), called the cylindrical coordinates of P. 


(2) Spherical polar coordinates. Further, in the plane zONP the coordinates 
p and z can be replaced by polar coordinates (r,@), where r = OP and @ is the 
angle zOP, measured positively from Oz towards ON. P is then determined by 
(7, 0, d), the spherical coordinates of P. 


If the sphere in fig. 220 represents the Earth and xOy, Oz are the planes of 
the equator and Greenwich meridian, then @ is the colatitude and ¢ is the 
longitude of P. 


21.2 Fundamental formulae 


21.21 Distance formula 

Given two points P, and B,, let the perpendiculars from them to the 
plane zOy be P,N,, P,N,. The coordinates of 
N, are (x,,y,,0), and of N, are (2, Yo, 0). 
Regarded as points of the plane xOy, their 
cartesian coordinates wo axes Ox, Oy are 
(71, Y1), (Xe, Ya), 80 that N, N, is given by 


N,N} = (%1— 2a) + (Y1— Ye). 
Through P, draw P,R parallel to N,N,; 
since P,R lies in the plane of P,N, and P,N,, 


it meets P, N,, say at R. From the right-angled 
triangle P, AR, 


P,P} = P, B+ PR = (2,—2,)°+ N,N} 
== (2, — 2) + (4, — Xq)® + (Y, — Yo), 
and hence P,P, = Jf {(% —%q)? + (Y1 — Yq)? + (2% — 22). 


In particular, the distance of P(x, y,z) from O is ./(a? + y? +2?) 
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21.22 Section formulae 

Given two points P,, P,, let P(x, y,z) be the point dividing P,P, in 
the ratio k:1; then P, P/PP, = k/l. 

Draw P,N,, P,N,, PN perpendicular to plane zOy. Through P 
draw PR parallel to N,N, to meet P,N, at R; and through P, draw 
P,Q parallel to N,N, to meet PN at Q. 


P Ps 
R 
P, P, 
N, Ns 
N V, 
Fig. 222 


From the similar triangles P, PQ, PP, R we have PQ/P,R = P, P| PP,,. 
(i) If the division is internal (fig. 222), it follows that 


2-2, &k 
Za—z UL? 


_ lat kz, 


from which ay a 


Similarly, by dropping perpendiculars from P,, P,, P to plane yOz, 
we find that 2 = (la,+ka,)/(1+k); and by perpendiculars to plane 
zOx, that y = (ly, + ky,)/(l+ &). . 

Alternatively, since N divides N,N, internally in the ratio k:1 and 
has the same z- and y-coordinates as P, the last two results follow 
from the section formulae in the plane xOy (15.14). 

(ii) If the division is external (fig. 223) we have 


from which Z= 


There are similar expressions for the x- and y-coordinates of P. 
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Hence, with the convention in 15.14 (3), the point dividing P,P, in 
the (signed) ratio k:l has coordinates 


lx, tka, ly,+ky, a) 
l+tk > l+k ”? Ul+k 


Examples 

(i) The line joining A(1,2, —3) and B(3,0,2) meets the coordinate planes 
xOy, yOz, 20x at P, Q, R. Find the coordinates of these points, and the ratios in 
which they divide AB. 

The point dividing AB in the ratio k:1 has coordinates 


t+3k 2 —31+2k 
es: "U+k’) l+k ). 

It lies in the plane zOy if and only if its z-coordinate is zero, i.e. 2k = 31. Hence 
P has coordinates (43, #,0), and divides AB internally in the ratio 3:2. 

The point lies in yOz if and only if its x-coordinate is zero, i.e. 1 = —3k. 
Hence Q is (0, 3, — 54), and divides AB externally in the ratio 1:3. 

The point lies in plane 20x if its y-coordinate is zero, i.e. = 0. Thus R is 
(3, 0, 1) and coincides with B. This is evident since B already lies in zOz. 


(ii) The four lines joining the vertices of a tetrahedron to the centroids of the 
opposite faces are concurrent at a point one-quarter the way up each line from the 
corresponding face. 

If the vertices are P,, P,, P;, P,, let G, be the centroid of triangle P, P,P3, 
etc. The mid-point M of P, P, has coordinates 


(a YitY, % +1) 
Qe ae ay 
and G, is the point dividing MP, in the ratio 1:2 (cf. Ex. 15(a), no. 1). Hence 
G, has coordinates ipa a A yey Bee Pe. 
3 . 3 , 3 j 
Consider the point G dividing G, P, in the ratio 1:3; its coordinates are 


4 ; 4 ‘ 4 
which are symmetrical in those of P,, P,, P3, P,. Therefore G is also the point 
dividing each of the lines G, P,, G,P,, G,P, in the ratio 1:3, and the results 
follow. 


The point G of concurrence is called the centroid of the tetrahedron P, P,P; P,, 
and the lines P, G4, ..., P,G, are called its medians. 


@taoa** YrtYatYstys % nates) 


Exercise 21 (a) 


1 If the negative x-axis is labelled Ox’, and similarly for Oy’, Oz’, give the 
signs of the coordinates of points in each of the octants 


Oxyz, O2x'yz, Ox’y’z, Oxy’z, Oxyz’, Ox’yz’, Ox'y’2’, Oxy’2’. 


21.3] THE PLANE AND LINE 70S 
2 What points have 
(i) x =0; (ii) y = 0; (iii) 2 = 0; 
(iv) y=O=2; (v)z=O0=2; (vi)r=0=y? 


3 In fig. 217 prove that PA = ,/(y?+2?), and give expressions for PB, PC. 

4 Prove that the points (2, 3,7), (5, —1, —5), (—10,8,7) are the vertices 
of an isosceles triangle, and find the length of the base. 

5 Show that (1, 2, — 1) is the centre of the sphere through the points (4, 6, 11), 
(13, —1, 3), (6, 14, —1), (—3, — 10, 2). 

6 For A(3, —1, 2), B(5,3, —6), C(—1, 1, 7), D(9, 1, —11), prove that AB 
and CD bisect each other. 

7 Prove that the points (1, 3, —4), (2, —1, —3), (7, 1, 8), (6, 5, 7) are the 
vertices of a parallelogram, and find the lengths of the diagonals. 

8 Find the ratios in which the coordinate planes divide the join of the points 
(3, —5, 2) and (—4, 7, 1). 

9 Show that the point (6, 2, 0) lies on the line joining (— 4, 6, 2) and (— 9, 8, 3), 
and also on the line joining (7, — 5, 1), (4, 16, — 2). 

10 Prove that the lines joining the mid-points of opposite edges of a tetra- 
hedron are concurrent at the centroid of the tetrahedron. [With the notation 
of 21.22, ex. (ii), P, P, and P,P, are a pair of ‘opposite edges’.] 

11 Change of origin. If new axes P, x’, P,y’, P,2’ are taken through P, parallel 
to Ox, Oy, Oz respectively, show that the new coordinates of P(a,y,z) are 
(x’, y’,2’) where 2’ = 7-21, y’ =y—-Yy, 2 = 2-2. 

12 (i) By using triangle ONP in fig. 217, prove OP? = #?+y?+2?. 

(ii) Obtain the formula for the distance P, P, by first changing the origin 
to P,. 


The notation of 21.12 is used in the following examples. 
*13 Express 2, y in terms of p and ¢, and conversely. 
*14 If k and a are constants, what points have (i) p = &; (ii) 6 = a; (iii) p =k 
and ¢ = a? 
*15 Express 2, y, z in terms of r, 0 and ¢, and conversely. 
*16 Ifk, a, @ are constants, what points have 
(i) r=k; (ii) O=a; (iii) 6 = £; 
(iv) 9=aandg=f; (v) r=kand¢g=Af; (vi) r=kand0=a? 


21.3 Direction cosines and direction ratios of a line 


21.31 Direction cosines 


We now consider how to specify the direction of a line, i.e. we seek 
the space analogue of ‘gradient’. Whereas the latter is defined to be 
the tangent of an angle, we shall find that in space the cosine is the 
important trigonometrical function. 

Let PQ be a line in space, described in the sense from P towards Q. 
Through O draw a line OA of unit length parallel to and in the same 
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sense as PQ (fig. 224). We call OA the wnit ray corresponding to the 
(sensed) line PQ. 

The direction of OA, and therefore that of PQ, will be determined 
by the coordinates of A. Since these coordinates are the orthogonal 
projections of OA on the axes Ox, Oy, Oz, hence A is the point 
(cosa, cos #, cosy), where «a = OA, PB =yOA and y =z0A. It is 
customary to write 

l=cosa, m=cosf, n= cosy, 
and call {1,m, n} the direction cosines of PQ (and therefore of any line 
parallel to and in the same sense as PQ). 

Since OA has unit length, the distance formula shows that 


2+m?+n? = 1. (i) 


Fig. 224 Fig. 225 


Remarks 

(«) If the line is described in the sense from @ towards P, then the 

corresponding unit ray through O is OA’, where A’ is the point 
(cos (7 —a), cos (7 —), cos (7 -y)); 
i.e. (— cosa, —cosf, —cosy), ie. (—1, —m, —n). 

(f) A line parallel to the plane yOz has « = 47, so that 1 = 0. 
Similarly, a line parallel to zOx has m = 0, and one parallel to xOy 
has n = 0. 

(vy) In particular, the coordinate axes described in the positive 
senses Ox, Oy, Oz have direction cosines {1, 0, 0}, {0, 1, 0}, {0, 0, 1}. 


21.32 Angle between two lines 


If RS is another line, described in the sense from R towards S, let 
its direction cosines be {I’, m’, n’}. If OB is the corresponding unit ray 
through O, then B is the point (l’, m’,n’). 
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The angle between the (sensed) lines PQ, RS (intersecting or not) is 
defined to be the angle AOB for which 0 < AOB < m (fig. 225). 

Let AOB = 6; then from triangle AOB, in which OA = 1 = OB, 
we have by the cosine rule that 


AB* = 2—2cos0. 
Using the distance formula for AB, we also have 
AB? = (l—I’)2 + (m—m’)? + (n—n')? 

= P+m?+n?4+12+m’? +n’? — 2’ — 2mm’ —2nn' 

= 2—2(ll’+mm’+nn’), 
since by (i), 127+ m?+ n? = land similarly l’? + m’+n’? = 1. Comparing 
the two expressions for A B?, we find 

cos 6 = ll’ +mm'+nn’. (ii) 


In particular, the directions {l,m,n}, {l’,m’,n’} are perpendicular 
if and only if Il’ +mm’ +nn' = 0. They are parallel (in the same sense) 
if and only if 1 =U’, m =m’, n= n’; and ‘antiparallel’ if and only if 
L=-l',m=—-m',n=-—n. 


21.33 Direction ratios 


It is often convenient to specify the direction of a line by a set of 
three numbers which are proportional to the direction cosines /, m, n 
Any such three numbers are called direction ratios of the line. For 
example, the line in the plane zOy which bisects the angle zOy has 
a = 4a, 8 = ja, y = 4, 80 that its direction cosines are {1/,/2, 1/,/2, 0}; 
a convenient set of direction ratios for this bisector would be 1:1: 0. 

In general, suppose /:m:n = p:q:r;f then l = Ap, m = Aq, n = Ar 
where A is determined from equation (i) by 


VM p+ge+r) = 1. 


Hence when the direction ratios p :q:7 are given, the direction cosines 
can be written down as 


{pl/(p?+e+r*), all(p?+e+7*), rl(p?+e +r}. 
In any problem it is important to observe whether the numbers 
+ An equation a:b =a’:b’ in which a’ = 0 is understood to mean that a= 0; if 


b’=0, the equation means that 6 =0. An equation a:b:c =a’:b’:c’ in which (for 
example) c’ = 0 means that a:b = a’:b’ and c= 0, and so on. Cf. 11.43 (2). 
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Pp, Y, r specifying a direction are meant to be direction cosines or 
direction ratios. We remark that direction ratios do not distinguish 
the two senses of a line. 


Examples 
(i) If @ is the acute angle between two lines having direction ratios spi qit, 
p :q':7’, then by equation (ii) 
+ (pp’ +49’ +17") 

Ap? tq?+r?) lp? +g +72)’ 
where the sign is chosen so that the expression is positive. 

In particular, the lines will be perpendicular if and only if 

pp’ +aq' +rr’ = 0 

(the ‘perpendicularity condition’). 

They will be parallel or ‘antiparallel’ if and only if p:q:r = p’:q’:1’. 


cos @ = 


(ii) If P is (x,y,z), the direction cosines of OP are {x/OP,y/OP,2z/OP}; for 
cos a = 2/OP, etc. A convenient set of direction ratios for OP is x: y:2z. 


(iii) The projections of P,P, on Ox, Oy, Oz are %2—2%1, Ya— Yi» 2g — 2. Thus 
a set of direction ratios for P,P 18 %_— 22 Yg~— Y1 22, — 2. 

(iv) The lines OP, OQ have direction ratios l:m:n, UV:m’:n’. Find direction 
ratios for the line OR which is perpendicular to both OP and OQ. 

Let OR have direction ratios p:q:r. Then by the perpendicularity condition 
merc): lp+mq+nr=0 and I’p+m’'gqt+n’r=0. 
Solving these for p:q:7r (see 11.43 (2)), we have 


pair =m’ —-m nin —n'1: lm’ —I'm. 


Exercise 21(b) 
1 For A(3, 2, 5), B(—1, 6, 4), C(5, ~ 3, 7), D( —3, 5, 5), prove AB || CD. 
2 For A(2, —4, 3), B(3, 2, —1), C(—4, —3, 0), D(6, —2, 4), prove AB | CD. 
3 Prove that the points (—5, 2, 7), (—9, 3, 6), (3, 0, 9) are collinear. 
4 Prove that (2, 3, 0), (1, 5, 2), (3, 7, 1), (4, 5, — 1) are the vertices of a square. 


5 Find the direction ratios of the lines through O which make equal angles 
with the coordinate axes. 


6 Calculate the angle between any two diagonals of a cube. 

7 Find the angles between the diagonals of a rectangular box whose edges 
are a, 6, c. 

8 Calculate the angles of the triangle whose vertices are A(2, 1, 3), 
B(6, —2, —9), C(5, 1, —1). 

9 From P(z,y,z) a perpendicular is drawn to meet the line through O with 
direction cosines {l,m,n} at N. Prove that N has coordinates (pl, pm, pn) 
where p = ON, and write down direction ratios for PN. Hence prove that 
p=le+mytnez. 
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10 If M is the foot of the perpendicular from N to OP in no. 9, find the 
coordinates of M. 


*11 Ifthe directions p, :q1:71, De: Je: 1a» Pg? Vs 173 are parallel to the same plane, 
prove that 

ma i 

Ps % 1% |= 9. 

Ps Qs 3 


(They are perpendicular to the normal to the plane.] 
*12 Prove that the converse of no. 11 is true. [Use Theorem II of 11.43.] 


*13 If Oz, Oy, Oz and Oz’, Oy’, Oz’ are two systems 
S, Ff of rectangular axes with the common origin O, 
let Ox’, Oy’, Oz’ have direction cosines (1,,7m,7), 
(2g; Ma, 2) (Ug, Ms, Ms) wo S. 

(i) Prove that 


B+ m2+nt = B+ mi+n =B+mi+n2 = 1 
and 
[gly +MmgmMms + Ngng = gl, +mgm +NgNy 


= Ll,+mymegt+n Ng = 0. 


(ii) Verify that (1,,1,, Zs), (71, Mg, M3), (11, Na, Ng) are 
the direction cosines of Oz, Oy, Oz wo /’, and hence 
that 

2+2+12 = m?+mi+m2 = ni+ni+n3 = 1 


and MN, + NgNgt M3gNg = Nl, +Nglyt nels = I,m, +1,m,+l,m, = 0. 


*14 Rotation of axes. 
(i) If P has coordinates (2, y,z) wo SF and (z’,y’,2’) wo S’, prove that 
e=Laetmyt+nz, y =lxt+meytngz, 2 =1,2+mMgy+Ng2. 


[z’ = projection of OP on Oz’; use no. 9.) 
(ii) Also prove that 


eale’ thy +)z, y= me t+mey’+m,2, 2= N42’ +Ngy +732’. 


(Symmetry; or multiply 2’, y’, 2’ by 1,, 1,, 7, in (i), add, and use no. 13 (ii).] 


*15 Explain geometrically why 2?+y?+2? = 2/?+y%+2%, and verify this 
algebraically. 


21.4 The plane 


In this section we obtain the equations of planes determined by 
various conditions, and show that the general linear equation in 
x, y, zis the equation of some plane in space. The reader should note 
resemblances to some of the equations obtained in 15.2. 
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21.41 Equation of a plane in ‘perpendicular form’ 


Let the perpendicular from O to the given plane have foot N. If 
ON has length p and direction cosines {1,m,n}, then NV is the point 
(pl, pm, pn). 

If P(x, y, 2) is any point of the plane, 
then PN 1 ON. Hence the direction 
given by x—pl:y—pm:z—pn is per- 
pendicular to that given by {l, m,n}, 
and so 

(~— pl) 1+ (y—pm)m + (2—pn)n = 0, 
Le. le+my+nz = p(2?+m?+n?) = p. 


N(pl, pm, pn) 


The equation 


Fig. 227 


lan+my+nz = p, 


which is satisfied by the coordinates of any point of the plane, is 
consequently the equation of the plane. We observe that it is linear 
in 2, Y, Z. 


21.42 General linear equation Ax + By+Cz+D=0 


(1) Let P, and P, be two distinct points which satisfy the above 
equation; then 


Az, + By,+C2z,+D=0, Az.+ By, +Cz,+D = 0. (i) 
Multiply the first of these by 1/(1+4), the second by k/(1+4), and add; 


we get 
le, + kx, ly, +ky, lz, +kz, _ 
4( LEE )+3( aE +C T+ +D=0, 
which shows that the point dividing P, P, in the ratio k:1 also satisfies 
Az+By+Cz+D = 0. (ii) 


Since k:1 is arbitrary, this means that all points of the line R.A 
satisfy (ii). 

By definition a plane is a locus in space (or surface) such that the 
line joining any two points of it lies entirely on the locus; hence 
equation (ii) represents some plane. 


(2) The normal to this plane has direction ratios A:B:C. For if 
P, and P, are any two points in the plane, then by subtraction of 
equations (i) we have 


A (% —%_) + Bly, — Ya) + C(% — 2) = 9. 
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This shows that the direction A : B: C is perpendicular to the direction 
XL — Hy: Y,—Yqi2%,—%, ie. to P,P,, for any line P,P, in the plane. 
Hence the direction A :B:C is perpendicular to the plane. 

(3) Atleast one of the coefficients in (ii) is non-zero. On dividing by 
it we obtain an equation containing three arbitrary coefficients. This 


confirms the geometrical fact that a plane is determined by three 
independent conditions. 


21.43 Conditionsfor Ax + By +Cz+D = 0,A’x+ B’y+C’z+D’ =0 
to represent the same plane 


The planes are parallel if and only if their normals are parallel, i.e. 


The equation of the second plane can therefore be written 
k(Az+ By+Cz)+D’ = 0. 
These parallel planes will be the same plane if and only if they have 
a point in common, say (po, Yo, %); and then 
Axy+ Byy+Cz+D=0, k(Axy+By)+Cz)+D' = 0, 
so that k(-D)+D’ =0, ic. k=D'/D. 
Hence the planes are identical if and only if 
ros La 
A BC OD’ 
i.e. if corresponding coefficients are proportional; in general the latter 
will not be equal. 


21.44 Plane having normal /:m:n and passing through P, 


By 21.41 the plane with normal in direction 1: m:n has an equation 
of the form Let my ios: 
even when l, m, 7 are direction ratios and not direction cosines. Since 
the plane passes through (,, ¥,, 23), 


le, +my,+n2, =p. 
By subtraction, 
Ux—2x,) + my —y,) +n(z—z) = 0. (iii) 
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This relation holds for any point (2, y,z) of the required plane, and 
therefore is the equation of the plane. 

Alternatively, consider the equation (iii). It is linear in x, y, z and 
therefore represents some plane (21.42(1)), whose normal has direc- 
tion 1:m:n (21.42 (2)). It is satisfied by (21, y,,2,). Hence it is the 
required equation. 


21.45 Plane P, P,P, 
Method 1. Suppose this plane has normal /: m:n; then by 21.44 its 


equation is 
? Ua — 2) + mly —y4) + n(z—2,) = 0. 


The points P,, P; must satisfy this, so 
U(aty — £4) + M(Y2—Y3) + M(%,—%) = 0 
and U(atg — £4) + M(Ys— yx) + (23 — 2) = 0. 


Elimination of 1, m, n from this homogeneous system of three 


equations gives 
L- Hy YY %—-%y 


Te—% YoY. %q—-% | = 0 
%3g—%y Ys Yr 2g % 
as the equation of the plane P, P, P,. 


Method 2. Let the required equation be 
Axr+By+Cz+D=0. 
This is satisfied by P,, P, and P;, so 

Ax, + By, +Cz,+D = 0, 

Az, + By,+ Cz,+D = 0, 

Ax,+ By, + Cz,+D = 0. 
Elimination of A, B, C, D from this homogeneous system of four equations 
gives : an 
% Y & | 
Lp Yo % 1 
XY Ys 2% 1 


as the required equation. It is easy to reduce this fourth-order determinant to 
the third-order one just obtained, and vice versa. 
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21.46 Intercept form: plane making intercepts a, b, c on the 
coordinate axes . 


The required plane passes through the points (a,0,0), (0,6, 0), 
(0, 0,c). Any plane through (a, 0, 0) has an equation of the form 


Ux—a)+my+nz = 0. 
This is satisfied by (0, b, 0), (0, 0, c) if 
—al+bm=0, —al+cn=0. 


Hence al = bm = cn, 
111 
so that I:m:n =-:=:-, 
abe 
and the required equation is 
x Z 
al 
abe 


21.47 Angle between two planes 


The angle between two intersecting planes (a dihedral angle) is by 
definition the acute angle between the perpendiculars drawn in each to 
the common line, and is clearly equal to that between their normals. 

Given two planes 


Az+By+Cz+D=0, A’x+ By+C'2+D' =0, 


their normals have directions A: B: C, A’: B’: C’. The angle 6 between 
the planes is therefore given by (see 21.33, ex. (i)) 


+ (4A'+ BB’ +CC’) 
(A? +.B? +0?) ,/(A2 +B? +07) 


In particular, the planes are perpendicular if and only if 
AA’ + BB’ +CC’ = 0. 
They are parallel if and only if their normals are parallel, i.e. 
A:B:C=A':B':C. 


cos @ = 


Exercise 21(c) 


1 Find the locus of points equidistant from (2, —1, 3) and (1, 3, — 2). 

2 Find the equation of the plane which bisects AB and is perpendicular to 
CD, where A(3, —2, 1), B(5, 4, —2), C(2, 4, —3),-D(—1, 3, 2). 

3 Find the equation of the plane through (— 2, 4, 0) and (—3, 2, —9) which 
is parallel to the line joining (3, 5, — 1) and (6, 3, 2). 
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4 Obtain the equation of the plane through (2, 2, — 1), (7, 0, 6), (3, 4, 2). 

5 Find the equations of the two planes through (0, 4, — 3) and (6, —4, 3), 
other than the plane through O, which make intercepts on the axes whose sum 
is zero. 


6 If A(3, 0, 0), B(2, 3,0), C(1, 1,1), find (i) the angle between planes OBC, 
OAB;; (ii) the angle between line BC and plane OAB. 
7 At three points O, X, Y on a horizontal plane, where OX = c = OY and 


XOY = 47, vertical shafts are sunk to meet a seam of coal at depths p, q, r 
respectively. Assuming that the coal face is plane, find the angle between this 
plane and the horizontal, and the distances from O of the points where this 
plane meets OX and OY. 

8 If A(a,0,0), B(0, 6,0), C(0, 0, c), P(a, b,c), prove that the angle between 
OP and plane A BC is sin (3q/p), where p? = a? +b? +c? andq-? = a~?+4+b-?+c-*. 
Also prove that the distance between the feet of the perpendiculars from O and 
P to ABC is ./(p? — 9q*), and find the angle between planes PBC, PCA. 


9 Find the equation of the plane bisecting P, P, at right-angles. 
*10 Show that the two determinantal equations in 21.45 are equivalent. 


11 Prove that the plane through P, and P, which is parallel to the direction 
p:q:7r has equation 
G-% YY #71 


U_—Xy Ye Yy %q—% | = 0. 
Pp q r 
12 Prove that the plane through P, which is parallel to each of the directions 
p:q:7, p’:q’:7" has equation 
B—-X YY. %-% 
p q r = 0. 
‘ , 7 


Pp q r 


13 Sides of a plane. Find the value of &:1 if the point dividing P, P, in the 
ratio k:1 lies in the plane Ax+ By+Cz+D = 0. Deduce that P,, P, are on the 
same or opposite sides of this plane according as Ax,+By,+Cz,+D, 
Az, + By,+Cz,+D have the same or opposite signs. 


21.5 The line 

A straight line in space can be determined by (a) the meet of two 
planes ; (b) the join of two points; (c) a single point together with a set 
of direction ratios. 

We begin most conveniently with case (c). 


21.51 Line through P, in direction /:m:n 
Let P(x, y,2) be any point on the line; then a set of direction ratios 
for the line is x—2,:y—y,:2—2,. Since 1: m:n is also such a set of 
direction ratios, hence 
L-ByY—-Yy 22-2 =lbimen. 
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This can be expressed in the formt 


L m n 


v— Uy Yoge & Cee (i) 


These equations are satisfied by any point of the line, and are therefore 
the equations of the line. 
Notice that two equations are necessary to determine a line in space: 
a single linear equation represents a plane. The two equations (1) are 
in fact the equations of two planes, each of which contains the line; 
e.g. 
tei GUY Maat 


l m ”’ l nN 


represent two such planes. 
We refer to (i) as the symmetrical equations of a line. 


Example 


Equation of the line P, P, (case (b) above). 
Direction ratios of the line P,P, are 7, —%_:¥;—Y_:%1—%_- Hence the line 


has equations 
C-% _ YW _ *&-h% 


Uy—-Xe Yr—-Yo 4%, 


21.52 Parametric equations of a line 


Putting each of the ratios in (i) above equal to A, we have 
2=%,+Al, y=yytaAm, 2=2,+An. (ii) 


These are the parametric equations of the line through P, in direction 
l:m:n, A being the parameter (cf. 15.26{). They are particularly 
useful when dealing with intersections of the line with a line, plane, 
or other surface. 


¢ If the line is parallel to a coordinate plane, say to yOz, then n = 0. The equation 
L— Ly ty —Y,22—-2%, =1:m:0 (i)’ 


then means (see the footnote on p. 707) that x—2,:y—y, =t:m and z—z, = 0. This 
is consistent with the geometrical situation, since every point of the line has its 
z-coordinate constant, say z= z,: the line lies in the plane whose equation is z = 2,. 
B—-B  YAYr zy 

a ae 
understanding when two of i, m, n are zero. 

t Unless 1, m, n are direction cosines, A is not the distance of the point 
(a, +Al, y, +Am, 2,+An) from P,; but it is proportional to this distance. 


48 GPMII 


We continue to write as alternative to (i)’, with a similar 
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Examples 
(i) Find the length of the perpendicular from A(3, 7, —2) to the line 
z-10 yt+8 2+65 
fe ea 
and find the coordinates of its foot N. 
The parametric equations of the line, obtained by putting the ratios in its 
equations equal to A, are 


x=8A+10, y=—4A-8, z= A-5. 
Calling this general point P, the direction ratios of AP are 
8A+7:—4A—15:A-3. 
AP will be perpendicular to the given line (whose direction ratios are 
3:—4:1) if and only if 
3(3A +7) — 4( —4A— 15) + 1(A—3) = 0, 
from which A = — 3. Hence the foot N of the perpendicular from A to the line 
is obtained by putting A = —3 in the coordinates of the general point P; this 
gives N(1, 4, —§8). 
It now follows that 
AN? = 224374+67= 49, «. AN=7. 


(ii) Find the image of the point P(3, — 5, 2) in the plane 2a + Ty — 32 = 27. 
By definition, the image P’ of Pin the plane is such that PP’ is perpendicular 
to the plane and is bisected by it. 
Since the normal to the plane has direction ratios 2: 7:—3, the equation of 
the norma] through P is 


or parametrically w=2A4+38, y=7A—5, 2=—38A42. 


This point will be P’, the image of P, provided that the mid-point of P’P 


lies on the plane, i.e. 
2(A + 38) + 7(ZA— 5) — 3( — $A 4+ 2) = 27, 


from which A = 2. Hence P’ is the point (7, 9, — 4). 


(iii) Find the image of the line 


in the plane «—2y + 3z = 5. 

We find (a) the point Q where the line and plane meet; (b) the image P’ of 
the point P(2, 1, — 8) of the line; (c) the required line as the join of FYQ: 

(a) The parametric equations of the given line are 

w= 38A+2, y=2A4+1, z= 5A-3. 
The line cuts the given plane at the point Q for which 
(3A + 2) —2(2A + 1) + 3(5A— 3) = 5, 

i.e. A = 1; hence Q is (5, 3, 2). 
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(6) The method of ex. (ii) shows that the image of P in the given plane is 
P'(4, ~—3, 3). 
(c) The line P’Q has direction ratios 1:6: —1, so its equations can be written 


(iv) Condition for two lines to be coplanar. 
Suppose that the lines 


mm nN ee mon 
are coplanar. Then either they are parallel, or they intersect. 
If they are parallel, then 1:m:n =1':m’:n’. 
If the lines intersect, then the common point has coordinates 
(a+Al,b+Am,c+An) for some A, 
and also (a’+ pl’, b’+pm’,c’+ yn’) for some 4. 
Hence there exist values of A and yu for which 
a—a’+Al—pl’ = 0, 
b—b’+Am-— pm’ = 0, (iii) 
c—c’ +An— pn’ = 0. | 
Elimination of A, yz (11.43, Corollary I (6)) gives the condition 
a-av tl I? 
b-b m m’ |=0. 
c-’ n n’ 
The condition is also satisfied when the lines are parallel, for in this case the 
second and third columns of the determinant are proportional. 
This necessary condition for two lines to be coplanar is also sufficient. For 


when it is satisfied, then by 11.43, Theorem II, there exist numbers a, £, y 
not all zero such that a(a—a’) + fl+yl’ = 0, 


a(b—b’)+im+ym’ = 0, 


and a(c—c’)+fn+yn’ = 0. 


If a = 0, then /:m:n =I':m’:n’, so that the lines are parallel, and hence 
coplanar. 

If a +0, the above equations can be written in the form (iii), which show 
that, for some pair of values of A and y, the point (a+ Al, b+ Am, c+ An) of the 
first line coincides with the point (a’ + yl’, b’ + um’, c’ + un’) of the second. The 
lines therefore intersect, and hence are coplanar. 


21.53 Line of intersection of two planes 
Given two planes 


ax+by+cz+d=0, a’x+b'y+c'z+d' =0 
48-2 
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which intersect, we require to express the equations of their common 
linet in the symmetrical form. 
The planes will not be parallel if and only if not all of 


be'—b’c, ca’—c’'a, ab’—a'b 


are zero. When this is so, let the common line have direction ratios 
L:m:n. Then since this line lies in each plane, it is perpendicular to 
the normal to each plane, i.e. to the directions a:b:c, a':b’:c’. Hence 


alt+tbm+cen=0, a/l+b'm+c'n = 0, 
from which (11.43 (2)) 
l 


We now require the coordinates of one point on the line of inter- 
section. This can be chosen in infinitely many ways; e.g. we may find 
the point where the line meets any one of the coordinate planes. 


Example 
Find symmetrical equations for the line of intersection of the planes 
2e—3y+z2=6, 54+4y—32 = 7. 
If the required line has direction ratios 1: m:n, then 
2i—-3m+n=0, 514+4m—3n = 0, 
and hence i:m:n = 5:11:23. 
Let us find the point where the line cuts the plane x = 0. The y- and z- 
coordinates are given by _ Sy+e= 8, 4y—3e = 7; 
hence y = — 5, z = —9, and a point on the line is (0, —5, —9). Symmetrical 
equations of the line are therefore 
L yrs _2+9 


5 ll 23° 


21.54 Distance of a point from a plane 

Given a point P, and a plane ax+by+cz+d = 0, let N be the foot 
of the perpendicular from P, to this plane. We require to find the 
length of PN. 

The normal through P, to the plane has equations 


te 9S ea 


a b Cc 


? 


+ The two equations just written are equations of the common line (case (a)). 
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or parametrically 


2=2,+dAa, y=y,+Ab, 2z=%y4AC. 


These expressions will be the coordinates of N if they satisfy the 
equation of the plane, i.e. if 


a(x, + Aa) + b(y, +Ab) +.c(z,+Ac)+d = 0, 


aa, + by, +z +d 
a®+b?+c2 ° 


With this value of A we have, by the distance formula, 
P, N2 = (Aa)? + (Ab)? + (Ac)? = A2(a? + 6? +c?) 


_ (axe, + by, +02z,4+d)? 
a* +b? +c? 


from which A= 


_ ty + by, +cz,+d 
Hence PN=+ —Nat+B*pc8) Ba)? 


where the sign is chosen so that the expression is positive. 


Example 


Planes bisecting the angles between two given planes. 
If P(x, y,2) is any point on a plane which bisects an angle between the planes 


az+by+cz+d=0, a’x+b’y+c'z+d' = 0, 
then the perpendiculars PN, PN’ to these two planes are equal. Hence 


ax+by+cz+d _ eat bytcztd 
V(at+b24+0%) — ~ J(a@+b2+40%) ’ 


and these are the equations of the two bisector planes. 


21.55 Areas and volumes 


(1) Area of triangle P,P,P,. Let a, 8, y be the angles between the plane 
P, P,P; and the coordinate planes yOz, zOx, xOy. Then cosa, cos f, cosy are 
the direction cosines of the normal to this plane, and hence 


cos? a + cos? 8 + cos? y = 1. (iv) 


Let A be the area of the triangle P, P,P;, and let the areas of its orthogonal 
projections on the planes yOz, zOx, xOy be A,, Ag, Az. Then by 17.24 (4), 


A, = Acosa, A,=Acosf, A, = Acosy, 
and hence by (iv), A? = A®+ A? + Ai. (v) 
The projections of P,, P,, P, on plane yOz are the points (0, y;,2,), (0, Ys, 22), 
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(0, ys, 23) of space. Regarded as points of the plane yOz referred to axes Oy, Oz, 
they have coordinates (¥,, 21), (Yes 22) (Yg%3)- Hence by 15.16 (2), 


W% % I 

A,=+h] y. % 1 

Ys % 1 
XH, & 1 ty yy | 
Similarly A,= +4 a 2 1), As=+3] tq y 1 
X, %z, 1 tz Ys 1 


On substituting these expressions in (v), we obtain a formula for A in terms 
of the coordinates of the vertices of the triangle. 


(2) Volume of tetrahedron P,P,P,P,;. The volume is given by 
} x (area of one face) x (perpendicular to that face from the remaining vertex). 


If V is the required volume, A the area of triangle P, P,P;, and h the perpen- 
dicular from P, to the plane P, P,P;, then 


V = 4Ah. (vi) 
The plane P, P, P, has equation (see 21.45, Method 2) 
wy z it 
ty Yr % 1 at); 
Ly Ye 2% I 
Te Ys 2% XI 


If we expand this determinant by the first row, we obtain (11.7) 


WY % 21 my % 1 m Y 21 My YW %4 
®) Yn % L|—-y) x, 2 1 |+2| Ye L|—| w YY, 2% |= 0. 
Ys % 1 %, % | vz, Ys 1 vz Ys %% 
The coefficients of x, y, z are numerically equal to the expressions 2A,, 2A,, 
2A, in (1). 


The perpendicular distance hf of P, from the plane P, P,P, is obtained (see 
21.54) by writing Xo, Yo, % for x, y, z in the left-hand side of this equation, and 
then dividing by the square root of the sum of the squares of the coefficients 
of 2%, Y, 2: 
% Yo % 1 


my YM % 


1 
h=t + 2,/(A3 + A2+ A3). 
Le Ye 2% 21 
ty Ys % 421 
Using (vi) and (v), we now have 
% Yo % 1 
Va+4t 1 Y % 1 : 
Le Yo 2% 1 


Xy Ys 2% 1 


where the sign is chosen to make the result positive. 
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Example* 

With the notation of Ex. 21(6), no. 18, let I, J, K be the points which have 
coordinates (1, 0, 0), (0, 1, 0), (0, 0, 1) wo Oz’y’z’. Then triangle OJ K has area 4, 
and tetrahedron OLJK has volume 3. 

Referred to axes Oxyz, the points are I(l,,m,, 71), J(Lg, Ma, 3), K(1g, mg, %); 
and so 

0 0 0 1 
Lo om mn 1 
volume OIJK = +4 
2 M, Ny 1 
1 


1, Ms, Ng 


Hence le m ng {=H+1. 


Exercise 21(d) 
1 Find the point where the line 
w-l y+3_ 2-4 


2 5 3 


cuts the plane 3x—2y+z = 8. Also find the distance between (1, —3, 4) and 
this point. 

2 Find the points where the line through (a, 6,c) in direction 1:m:n cuts 
the coordinate planes. 

3 G is the centroid of the triangle whose vertices are the points where the 


plane lz+my+nz =p cuts the coordinate axes, and /?+m*+n*= 1. The 
perpendicular at @ to this plane meets the coordinate planes at A, B, C. Prove 
1 1 1 3 
GA a GB + Go7 rs p 
4 Find the perpendicular distance of (5, 4, 1) from the line 
e-6_yt15_2—14 
| ee | 8 
5 Obtain the equations of the line through (1, 2, 3) which meets the line 
w+1_yn2_et4 | 


2 1 2 
and is parallel to the plane 7+ 5y+z = 7. Give the point of intersection. 
6 Prove that the line z—1 = —9y+18 = —3z—9 is parallel to the plane 
3a —3y+10z = 26. Find the image of the line in this plane. 


7 Find the image of the line 


+1 y—-2 2-3 


2 —6 
in the plane 32+ 2y—5z = 24. 
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8 Obtain the equation of the plane which contains the parallel lines 


ew-l yt+2 2-4 «-4 y-3_ 2+1 
2 ~3 4 - = 


9 Prove that the lines 
e—-2 y-3_ 2+4 «&-3 yt+l 2-1 


2 —1 3 


are coplanar. Find their common point, and the equation of the plane con- 
taining them. 


10 Obtain the condition in ex. (iv) of 21.52 by using Ex. 21 (c), no. 12. 


11 Prove that the line 37+2y+z = 4, x+y—2z = 1 is perpendicular to the 
line 22—y—z = 16, 7x+10y—8z = 2. 


12 Find the equation of the plane through O which is perpendicular to the 
common line of the planes x+y+z = 2, 3u—y+2z2= 1. 


13 Q is the point (2, 4, 4), and a line / through Q has direction ratios —4:1:1. 


3° 393 


The line OQ meets the line l’ at P, where I’ has equations 37—3y+4 = 0, 
x+2y+2z = 12. Prove that OPQ is perpendicular to both J and I’. 

If R is a point on I’ and S is a point on J such that PR = QS, prove that 
OR? ~ OS? is constant, and state its value. 


14 A plane makes angle 60° with the Jine x = y = z and 45° with the line 
x =0=y-z. Find the angle which it makes with the plane z = 0. 


15 Find the equations of the two lines through O which meet the line 


at angles of 60°. 
16 Find the equations of the lines which meet the line 


at 60° and which lie in the plane 7+ y+ 2z+1 = 0. 
17 Calculate the distance of the point (3, — 1, 2) from the plane 
5a — by — 302 = 23. 
18 Find the equations of the planes which bisect the angles between the 
planes 27 —3y+6z = 1, 4vr+3y—12z24+2=0. 


*19 Find the area of the triangle formed by the lines in which the plane 
le+my+nz = p cuts the coordinate planes (mn + 0). 


*20 Interpret geometrically the determinant 
% YW % 
Le Yo 22 


3, Ys 23 
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21.6 Planes in space 


21.61 Planes through a common line 


Consider the equation « + ka’ = 0, where / is constant and 
asaxrtbyt+et+d a =a'xt+b'yt+ec2z4+d. 


It is linear in z, y, z, and therefore represents some plane. It is satisfied 
by the coordinates of any point P which satisfies both a = 0 and 
a’ = 0,i.e. by any point on the common line of these planes. 

Hence «+ka’ = 0 represents a plane through the line of intersection 
of the planes « = 0, a’ = 0, provided that such a line exists. If « = 0, 
a’ = Oare parallel, then clearly «+ka’ = 0is a plane parallel to both. 

Conversely, every plane through the common line of a = 0, a’ = 0 
can be represented by an equation «+ka’ = 0 for some value of k 
(except the plane a’ = 0 itselft). For if P, is a point (not on the com- 
mon line) of such a plane, then a, + ka, = 0 gives a unique value of k, 
viz. —&,/a,, and the required equation is aa, = oa. 

A case of a +ka’ = 0 arose in 21.54, example. 


Examples 
(i) Find the equations of the orthogonal projection of the line 
z-l_ y+l_z-3 


2 -1 4 
on the plane x+2y+z = 8. 
Two planes through the given line are 


a-1_yt+] . , 2-1 253 
es | 2 #4’ 
i.e. e+2y+1=0 and 27-24+1=0. 


Hence any plane through the line has an equation of the form 
(2a—z2+1)+k(x2+2y+1) = 0, 
i.e. (2+k) a+ 2ky—z+(1+k) = 0. 


The orthogonal projection of the line is the meet of the plane 2+ 2y+z = 8 
with the plane through the line and perpendicular to this given plane. We 
therefore choose k so that the directions 1:2:1 and 2+k:2k:—1 are per- 


pendicular: (2+h)+4k—1 =0, 
so that k = —4. The required plane through the line is therefore 
24—z2+1-—4(ex+2y+1) = 9, 
i.e. 9a —2y—5z = —4. 
This and 7+ 2y+z = 8 are the equations of the projection. 
+ This exception can be avoided, if necessary, by using the equation A«+A’a’ = 0. 
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(ii) If the direction ratios of a vertical line are 1:0:—2, find direction ratios 
of a line of greatest slope of the plane 2x—y—3z = 4. 

Let the vertical through the origin O cut the given plane at P, and let PQ 
be the line of greatest slope through P. Then the plane OPQ must be per- 
pendicular to the given plane. 

The equations of OP are 


which are equivalent to y= 0, 22@+z2=0. 
Hence any plane through OP has an equation of the form 
2a+z+ky = 0. 


This will be the plane OPQ if k is chosen so that the direction 2:%:1 is per- 
pendicular to 2:—1:—3 (the normal to the given plane): 


4-k-3=0, ie. K=1. 


Hence the plane OPQ is 2x+y+z=0, and this equation together with 
2a —y —3z = 4 determines the line of greatest slope through P. Its direction is 
i:m:n, where 2+m+n=0 and 2l—-m—3n=0; 
hence /:m:n = 1:—4:2. 

(iii) Show that the planes 8a-+y+3z = 4,x—y—6z = 2, and 64+4y+15z2 =7 
pass through a common line, and find direction ratios for this line. 

Any plane through the line of intersection of the first two planes has an 
equation of the form 


Ba +y+32—4+kh(x—y—5z—-—2) =0, 
i.e. (k+3)2+(1—k)y+(3—5k)z = 2h+4. 
This will represent the same plane as 6a + 4y+ 152 = 7 if and only if (21.43) 
k+3_1-k 3—5k _ 2k+4 


s=es>—_— — 


6 4 15 7 


The first of these equations gives & = — 2; and this value is found to satisfy 
the second and third. Hence the three given planes possess a common line, whose 
direction ratios 1: m:n are given by any two of the equations 


3l+m+3n=0, l—-m—5n=0, 614+4m+4+15n= 0. 
Thus Ilimsn = —2:18:-4=1:—9:2. 


21.62 Incidence of three planes 
Let a, =a,e+by+e,z2+d, = 0, 


Oy, = a,x+b,.y+c,z2+d, = 0, 
Oh, =a,x+bsy+csz+d, = 0, 
be the equations of three distinct planes. 
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If (x, y, 2) satisfies all three equations, then as in 11.41 we have 


Az= A Ay=A®, Az= A®, (i) 
wpere a Ob Gy —d, bh y 
A=| a, by cg |, AM =| —d, by Cg |, 
a, bs Cy —d, bs ¢, 
a —-d, GY a b —d 
A®=|a, -—d, c¢,|, A®=| a, bs —d, 
ag —ds Cz a, 6b; —d, 


If 4 +0, the equations possess a unique solution (2, y,z), ie. the planes 
Qj, hg, dy have a unique common point. 
If A = 0, then by Theorem II of 11.43 there exist numbers 1, m, 7 not all 
zero such that a,l+b,m+o,n = 0, 
a,l+b,m+c.n = 0, 
a,l+b,m+ce,n = 0. 


Hence the line with direction ratios 1:m:n is perpendicular to each of the 
directions @,:b,:C,, @g:bg:C,, @3:63:C,. Since these are the directions of the 
normals to @,, &», &, these planes must all be parallel to some line. 

Conversely, if the planes are all parallel to a line having direction ratios 
l:m:n, then the above three homogeneous equations in three unknowns 
l, m, n hold, and so A = 0 by 11.43, Theorem I. 

Hence &,, &, & are parallel to some line if and only if A = 0. There are various 
possibilities; to illustrate them, let a plane perpendicular to this line cut 
Oly, Qe, &y in lines Aj, Ag, Ag. 

(i) All of a, &, a are parallel (fig. 228). This is so if and only if 
G, 26,20, = Ag: bg: Cy = Ag: bg: Cs. . 
(ii) Two of a1, %, & are parallel, and the third intersects them (fig. 229). This 
happens if and only if just two of the ratio-sets a, :b,: 0, Gg: bg: Cy, Gy 103 2Cg Are 
equal. 


Fig. 228 Fig. 229 


In both of these cases we certainly have A = 0 since at least two columns 
are proportional. 


(iii) No two of a, &, a, are parallel. This occurs when no two of the above 
ratio-sets are equal. The planes may 

(a) meet in pairs in three parallel lines (fig. 230), or 

(6) meet in a common line (fig. 231). 

Unless AY = A® = A® = 0, the three planes cannot possess any point in 
common; this follows from equations (i) (and the general hypothesis that A = 0). 


726 THE PLANE AND LINE {21.62 


Since (iii) (@) and (ii) (6) are mutually exclusive, (iii) (a) occurs when and only 
when A = 0 but at least one of AM, A®, A® is non-zero; and the planes have a 
common line (case (iii) (b)) if and only if A = A® = A@ = A® = 0, 

The algebra in 11.42(1) corresponds to the case (iii)(b), but includes the 
possibility that two of the planes may coincide; that of 11.42 (2) corresponds to 
the possibility of all the planes coinciding. 


Fig. 230 Fig. 231 


Exercise 21(e) 

1 P is the point (—2, —3, — 2), and / is the line 
e-2 y-1_ 2+3 
a Come aw 


Find the equation of the plane determined by P and l. 
2 Find the equation of the plane through the line 


and parallel to the line 27 + 5y + 3z = 8, x—y— 5z = 3. 
3 Find the plane through y-3 2-5 


: = "3 3 


and perpendicular to the plane 27+ 7y—3z = 4. 
4 Find direction ratios for the projection of 


w-l oy _2+2 
2 -1 1 


on the plane 27 +y—3z = 9. 
5 Find the equations of the projection of the line 
8a—yt+22=1, x+2y—-z=2 
on the plane 32+ 2y+z = 0. Verify that (—1,1,1) lies on the projection, and 
obtain its equations in symmetrical form. 

6 Taking Oz to be vertical, find direction ratios for a line of greatest slope 
of the plane through (0, 0,0), (3, 5, — 2), (4,1, 1). 

7 Find the equations of the planes through the line 3x = 2y = 3z which make 
angle 30° with the plane z = 0. If Oz is vertical, prove that the lines of greatest 
slope of these planes make an angle tan—!} with the given line. 

8 Obtain the equations of the projection l’ of the line 1 whose equations are 
2e+y—4 = 0, y+ 2z—8 = 0on the plane a whose equation is 2x—y—z+3 = 0. 
If 7’ is a line of greatest slope in « and the angle between l’ and the vertical is 60°, 
find direction ratios for either possible vertical. 
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9 Find the equations of the three planes which pass through the line of 
intersection of two of the planes 

et+y+24+3=0, 2Zw+yt+2z2+5=0, x+3y+2z2+6=0 

and are perpendicular to the third. 

Prove that the planes so obtained have a common line, and that the plane 
through O perpendicular to this line is 7z + 5y — 2z = 0. 

10 Show that the planes 2+ 2y—z = 0, 3a—4y+z = 3, and 4a+ 3y— 22 = 24 

form a triangular prism, and that the lengths of the sides of a normal cross- 
section are in the ratio ./13:./58:5./3. [Use the sine rule.] 


21.7 Skew lines 


21.71 Geometrical introduction 


Two lines in space may (i) intersect, (ii) be parallel, or (iii) neither 
intersect nor be parallel. In cases (i) and (ii) the lines are coplanar; 
in (iii) the lines are said to be skew. 


Fig. 232 


Two skew lines have infinitely many common transversals; for any 
point on one can be joined to any point on the other. Cf. the example 
below. We now prove that there is exactly one transversal which cuts 
both lines at right-angles, and that the distance between the inter- 
sections is the shortest distance between the two lines. 

Let AB, CD be the given skew lines. Through any point X on AB 
draw XY parallel to CD. Then the plane AX Y contains AB, and is 
parallel to CD; for if CD met plane AX Y, say at H, we could draw 
a line through FH parallel to XY, i.e. parallel to CD; and this is im- 
possible. 

Let the orthogonal projection of CD on plane AX Y be the line PF, 
meeting AB at P. (If PF did not cut AB, then PF || AB; and since 
CD is parallel to plane AX Y, therefore CD || PF. Hence we should 
have CD || AB, contradicting the hypothesis of skewness.) The point 
P is the projection of some point of CD, say Q. 


728 THE PLANE AND LINE {21.72 


We prove that PQ is the unique common perpendicular of AB and 
CD. For since PQ is perpendicular to plane AXY, hence PQ is 
perpendicular to AB and to PF. Also, since CD||PF, PQ is per- 
pendicular to CD. The uniqueness follows from the steps of the 
construction for PQ. 

If H, K are any two points of AB, CD respectively, then HK > PQ. 
To prove this, let the perpendicular from K to plane AXY have 
foot NV; then WN lies on PF, and KN 1 NH, so that HK > KN (the 
hypotenuse being the longest side of triangle KNH). Since both 
PQ and NK are perpendicular to PF and coplanar, hence PQ || VK; 
and since QK ||P, PQKN is a rectangle, so that PQ = KN. Thus 
HK > PQ. 

It follows that PQ is the shortest distance between the two skew 
lines. It is equal to the perpendicular distance from any point K on 
CD to the plane AXY. 


Example 


Prove that through a given point there is a unique common transversal of two 
skew lines l, I’. 

Let the given point be P, not on either line J, l’. If a line through P meets 1, 
it must lie in the plane (P, 1). If a line through P meets I’, it must lie in the plane 
(P,l’). Hence a line through P meeting both / and l’ would have to lie in both 
these planes. Now these planes certainly intersect, because P lies in both; 
hence they have a unique common line which passes through P, and this is 
the common transversal of 1, l’ through P. 


21.72 Length of the common perpendicular 
Let the lines 4B, CD in 21.71 have equations 


t-a@_y-b_z-c x—-a'_y—b' 2-c¢ 


> 


l mm nN I m n 
Then the plane AX Y, which is parallel to CD and contains AB, has an 
equation of the form 
p(x—a)+q(y—6)+r(z—c) = 0, 


where plt+qm+rn = 0 
and pl’ +qm'+rn’ = 0 
since its normal is perpendicular to both AB and CD. Elimination of 
Pp, 9, 7 gives e—-a y—-b z-c 
l m n |=0 
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as the equation of plane AX Y. Its normal therefore has direction 
ratios ’ ’ t , ’ ’ 
mn’ —m'n:nl' —n'l:lm' —Um. 
The length of PQ is equal to the perpendicular distance of any point 
K of CD from this plane. Since (a’, b’,c’) is a point on CD, we have 


l’ 
V{(mn! —m'n)? + (nl’ — n'1)? + (lm — I'm)’ 


PQ = 


where the sign is to be chosen so that the result is positive. 


21.73 Equations of the common perpendicular 
The line PQ is the line of intersection of the planes QAB, PCD. 
The plane QAB has an equation of the form 
f(—a)+g(y—6) +h(z—¢) = 9, 
where fl+gm+hn =0 
and f(mn' —m'n) +9(nl’ —n'l) +h(lm' —U'm) = 0, 


since its normal is perpendicular to both AB and PQ. Elimination of 


f. 9, 2 gives 
x—a y—b z—C 


l m n = 0 
mn'—m'n nl'—n'l lm'—l'm 
as the equation of QAB. Similarly, plane PCD has equation 
2—a’ y—b’ z—C 
V m' n' = 0; 
mn'—m'n nl'—n'l Im'—I'm 


These are the two equations of the line PQ. 


21.74 Alternative method 
Although the methods in 21.72, 21.73 give the results for two general 
lines, it is often more convenient in a given particular case to find the 


coordinates of P, Y, and from these deduce the length and equations 
of PQ, as follows. 
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Since P lies on AB, its coordinates are of the form 
(a+Al,b+Am, ¢+An). 


Similarly, @ on CD has coordinates (a’+yl’,b’+ym’,c’+n’). 
Direction ratios for PQ are therefore 


a—a'+Al—pl':b—b' +Am—ypm':c~—c'+An— pr’. 
As PQ is perpendicular to AB (whose direction ratios are 1:m:n) and 
to CD (l':m':n’'), hence 
l(a—a’)+m(b—b’)+n(c—c’) 
+A(?2 +m? +n?) —p(ll'+mm’' + nn’) = 0 
and = l’(a—a’)4+m'(b—b’)+n'(c—c’) 
+A(W’ + mm’ +nn')— (U2 +m’? +n?) = 0. 


From these A, » can be calculated, and then the coordinates of P 
and Q found. 


Example 
Find the shortest distance between the lines 
ec ey 2 w-2 y-1l_ 2+2 
Sag 1 Oe Fe ae aoe 


and find equations for the line along which it lies. 
Any point P on the first line is (2A, — 3A, A), and any point Q on the second is 
(2+ 3y, 1—5y, —2+ 2). Hence PQ has direction ratios 


2A — 3u—2:—3A4 5u—1:A- 24+ 2. 
If PQ is perpendicular to the first line, 
2(2A — 34 — 2) —3( — 3A+ 5u—1)+(A— 24 2) = 0, 
i.e. 14A — 23n+1 = 0. 
If PQ is perpendicular to the second line, 
3(2A — 34 — 2) — 5( — 8A 4 Bu —1) + 2A(A— 24+ 2) = 0, 
i.e. 23A—38u+3 = 0. 


On solving we find A = 33, »=42. Hence P is (82, —31, 32), and Q is 
(21, — 2, 82). By the distance formula, 
PQ? = (3)? + (§)? + (4)*, 
and so PQ = },/3. 
Hquations of PQ are 


i.e. e—21=y+%2 = 2-82, 
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21.75 Standard form for the equations of two skew lines 


Calculations for proving properties of skew lines can be simplified 
by a suitable choice of coordinate axes as follows. 

If AB, CD are the skew lines, let their common perpendicular PQ 
be chosen for z-axis. To introduce as much symmetry as possible, 
choose O at the mid-point of PQ, and through O draw lines OB’, OD’ 
parallel to AB, CD respectively. For Oz, Oy choose (again with a 
view to symmetry) the bisectors of the angles between OB’, OD’, and 
label them in such a way that Ozyz is a right-handed system. 


Fig. 233 


From the construction, the plane xOy is parallel to both AB and 
CD, and hence is perpendicular to PQ, i.e. to Oz; also aOy is a right- 
angle. The coordinate axes are thus mutually perpendicular. 

Let angle B’OD" be 20; by definition this is the angle between AB 
and CD (21.32). Then OB’ makes angles 47 — 0, 0, 42 with Ox, Oy, Oz, 
and therefore has direction cosines {sin 0, cos0, 0}; these are the 
direction cosines of the parallel line AB. Also OD’ makes angles 
47 +0, 0, $7 with the axes, and its direction cosines are 


{—sin 0, cos 8, 0}, 

which are also those of CD. 

If PQ = 2c, then P is (0, 0, —c) and Q is (0, 0,c). The equations of 
AB, CD are therefore 

GE YY | zZ+e C YY _2-€ 
sinOd cosO 0’ —sinO cosO 0° 
Putting m = cot 6, these can be written in the standard forms 
y—mz=0=2+¢c, y+mer=0=2-C. (i) 
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Example 

A line is drawn to meet the lines (i) and to make a constant angle with Oz. Prove 
that the locus of the mid-point of the intercept is an ellipse. 

The point P on the first line having x-coordinate A has y = mA, z = —e, 
and so is P(A, mA, —c). Similarly, a point Q on the second line is Q(u, — mp, c). 
If M(z, y,z) is the mid-point of PQ, then 

x= HA+p), y= Fm(A—p), 2=0. 

Direction ratios for PQ are A— ju: m(A+p):—2c. If PQ makes angle a with 

Oz, which has direction cosines {0, 0, 1}, then 


— 2c 
V(A= p)2+ mA + 1)? + 40%” 
On squaring and rearranging, and using the above equations to eliminate 


cosa = 


A and LB; Qy\2 

(=) +m?( 2x)? + 4c2 = 4c? sec? a, 
x y? 
1.6. 12/m2 * km? = 1, 


where k = ctana. The fact that the z-coordinate of M is zero shows that M lies 
in the plane zOy; and the above equation in (x, y) represents an ellipse in this 
plane. 


Exercise 21(f) 

1 Obtain direction ratios of the line through O which meets each of the lines 
x-l y-2 2-3 w+2 y-3 2-4 
ae i es ae a 

[Method of 21.71, ex.] 
2 Find the equations of the line through (— 6, —4, —6) which meets each 
of the lines % 1 


Also find the points of intersection. 

3 Prove that there are two lines which meet Oz at right-angles and also 
meet the lines pa¥rt 2-38 etl yt2_ 2-9 
Soe ip = ag oe 3” 
and find the points where they meet Ox. [Use the parametric equations of the 
lines. } 

4 Prove geometrically that three given skew lines have infinitely many 
common transversals, no two of which intersect. 


Find the shortest distance between the following pairs of skew lines. 


5 ew+2 y 2+2 and +5 yt6 2-1 
RO? eae a ee 


6 y=0=2+4+22-17 and —— = > = —_—. 
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+7 y-5 2-4 a w+4 y 2-19 
—8 31 4 $3 —2 


[use the formula in 21.72] 


and find equations of the line along which it lies. 


8 A fixed line APB passes through A(2, 2,2) and B(—1, —1, —3), and a 
variable line CQD passes through C(2,3,1) in such a way that the common 
perpendicular PQ has direction ratios 0:5:— 3. Find the equations of the locus 
of Q and the length of PQ. 


9 From the result of 21.72 deduce the condition for the lines 


tA , 


w-a_y-b_ z-c w-a’ yb’ z-c¢ 


— =_-—_ > eee — 
l m n l’ m’ n’ 


to intersect. 


Two skew lines I, l’ are met by their common perpendicular at A onl and B onl’; 
P, Q are variable points on I, I’ respectively, and M is the mid-point of PQ 
(nos. 10-18). 

10 If AQ 1 BP and I,’ are not perpendicular, prove that M lies on a hyper- 
bola whose asymptotes are parallel to J, I’. [Choose axes as in 21.75.] 

11 If AP?+ BQ? is constant, prove that the locus of M is an ellipse. 

12 If PQ = AP— BQ and 22 is the angle between I, l’, prove that (with axes 
as in 21.75) PQ makes an angle 47 —a with Oz, and that the meet of PQ with 
the plane x = 0 lies on the circle whose diameter is AB. 

13 Prove that AP.BQ is constant when (a) the lines AQ, BP are perpen- 
dicular, or (b) the planes APQ, BQP are perpendicular. 

14 Prove that the coordinates of any point equidistant from the lines 
y—ma = 0 =z+c,y+mez = 0'= z—c satisfy the equation mxy = (1+m?) cz. 


Miscellaneous Exercise 21(g) 


1 If AB?+CD? = AC*?+ BD*, prove BC | AD. 

2 Two edges AB, CD of the tetrahedron ABCD are perpendicular. Prove 
that the distance between the mid-points of AC, BD is equal to the distance 
between the mid-points of AD, BC. 

If also the edges AC, BD are perpendicular, prove that the third pair BC, 
AD are perpendicular. 

3 Find the ratio in which N, the foot of the perpendicular from O, divides 
the join of A(4,6,0) and B(1, 2, —1); and prove that N does not lie between 
A and B. 

4 P moves with uniform speed in a straight line from A(0, 0, 12) to B(3, 4, 0) 
in 13 seconds. Find the coordinates of P after it has been moving for ¢ seconds. 
For what value of ¢ is P nearest to O? 

If C is (5, 7, 2) and CP meets the plane z = 0 at Q, find the speed of Q at the 
instant when P leaves A. 


5 Ifa moving rod has direction cosines 
{l,m,n} at timet and {l+6l,m+ém,n+6n} at time t+t, 


prove that the angle 6@ turned through in time d¢ is given approximately by 
(80)? = (d1)?+ (dm)? +(dn)®. [Use cosa = 1— 42?2+0(zx"): see Ex. 6(b), no. 21.] 
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6 Find the equations of the line through O which intersects and is per- 
pendicular to the line x+2y+3z+4= 0, 2a+3y+4z+5=0, and find the 
point of intersection. 

7 Find the angle between the line 6x+4y—5z = 4, x—5y+2z2 = 12 and 


the line 


Prove that these lines intersect, and obtain the equation of their plane. 


8 Prove that any point equidistant from the lines through O which have 
direction cosines {1, m, n}, {l’,m’,n’} lies in one of the planes 


(4+) c+(m+m’)y+(nt+n’)z=0, (l—-V’)x+(m—m’)yt+(n—n’)z=0. 


Hence find the equations of the lines which bisect the angles between the 
given lines. 

9 Find the coordinates of the point P on the intersection of the planes 
2a + 2y—z = 0, x +y—32z = 0 which has least distance from the line / joming 
the points (— 2, 3, 2), (—5, 5, —3). Find the point Q on / which is nearest to P. 

10 The plane 42+ 7y+4z+81 = 0 is rotated through a right-angle about its 
line of intersection with the plane 52+ 3y+10z = 25. Find the equation of the 
plane in its new position. Also find the distance between the feet of the per- 
pendiculars from O to the plane in its two positions. 


11 Obtain the equation of the plane through the origin and the line 
x-l1 y—-2_ 2-38 


“2° lO =e 
Find the equations of the line meeting Oz at right-angles whose projection on 
this plane coincides with the given line. 


12 Write down the equation of the plane 71,, which bisects the line AB at 
right-angles, where A is (a,b,c) and B is (d,e,f). Prove that, for any points 
A, B, C, the planes 77,3, 7302 M4 have in general a common line A. If A(1, 0, 1), 
B(0, 1,1), C(2, 2, 0), show that the distance of O from A is =8, /22. 

13 Prove that the planes rpy—pz =p, Az—vx = q, wa—Ay =r possess a 
common line if and only if Ay+yq¢+vr = 0, and show that this line lies in the 
plane px+qy+rz = 0. 

14 A line meets the planes a = 0, a’ =0 at P, P’, and meets the planes 
a+Aa’ = 0 at Q, Q’. Prove that Q, Q’ divide PP’ internally and externally in 
the same ratio. 

15 Prove that the two lines through (a, a, a) which lie in the plane x+y +z = 3a 
and are inclined at 30° to the plane x = 0 have equations 

Z-a@ Yy-a Z2-@ “£-a y-a z—a 


2 14/5 1-/87 2  1-J5 145° 
Find the angle between these lines, and also the angle between their pro- 
jections on the plane x = 0. 

16 Show that the line of shortest distance between Oz and the join of the point 
P(p, p,c) on the line x = y, z = c, to O(g, —g, —c) on the line x = —y, z = —¢, 
divides PQ in the ratio p?:g?. Prove also that this line makes angle tan~1(p/q) 
with the first line and angle tan-1(q/p) with the second. 
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17 Verify that the line x = p, cy = mpz cuts each of the three lines 
y=O0=2z, y-me=0=2-c, ytme=0=2+¢0. 
As p varies, prove that all such lines lie on the surface whose equation is 
cy = maz. 
18 If7 is any transversal of the three lines 


y-m@ =O0=2-c, y=O=2z, ytme=0=Z2+¢6, 
and s is any transversal of the three lines 
y—-mz=0=2-c, y=0=2, y+mz2=0=7+¢, 


prove that 7 and s intersect. 

19 Points P, P’ are taken on the lines y = v7, 2 = 1; y = —2, z = — 1 respec- 
tively, such that OP = 30P’. Prove that the meet of PP’ with the plane z = 0 
lies on the curve 2x? — Say + 2y?+1=0,z = 0. 

20 The common perpendicular to two skew lines y—mx=0=2z+¢, 
y+mxz = 0 = z—c meets them at A, B respectively. Points P on the first and 
Q on the second line are such that AP = BQ. Prove that PQ lies on one of the 
surfaces maz+cy = 0, yz+cemax = 0. 

21 Discuss the intersections of the line 


T-X YY 2-%y 
l m n 


and the plane az+by+cz+d = 0 (a) algebraically, (6) geometrically, showing 
that: 
(i) if al+bm-+cn + 0, there is a unique point of intersection; 
(ii) if al+6m-+cen = 0, the line and plane are parallel unless also 
(iii) ax, + by, +cz,+d = 0, in which case the line lies in the plane. 
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THE SPHERE; SPHERICAL 
TRIGONOMETRY 


22.1 Coordinate geometry of the sphere 


22.11 Equation of a sphere 


The distance formula shows that the sphere of centre C(a, b,c) and 
radius r (defined as the locus of points P in space such that CP = r) 
nastequanor (2 —a)?+(y—b)?+(z-c)? = 7. (i) 
When expanded, this takes the form 

v2 + y% +2274 Quxe+ Qvy+2wz+d = 0. (ii) 


Conversely, (ii) can be written in the form (i) by separately com- 
pleting the square for the terms involving z, y, and z: 


(a+u)?+(ytv)?+ (2+)? = v+2+w?-d. 


If u2+ 2+ w? > d, (ii) is therefore the equation of the sphere having 
centre (—u, —v, —w) and radius ./(u? + v?+ w*—d), 

If u2+v2+w? = d, (ii) represents the single point (—u, —v, —w). 
We may call this a point-sphere. 

When wu? +2?+w? < d, the equation does not represent any locus. 

The slightly more general equation 


cx? + cy? +622 + Qua + 2vy+2we+d = 0, 


where c + 0, can be written in the ‘normalised’ form (ii) on dividing 
by c, and hence in general this also represents a sphere. We therefore 
take (ii) as the standard general equation of a sphere, and observe 
that it involves four arbitrary coefficients wu, v, w, d. Consequently 
a sphere can be determined by four independent conditions. 


22.12 Some definitions and results from pure geometry 


A line and sphere, a plane and sphere, or two spheres are said to 
(a) intersect when they have more than one point in common; 
(b) touch when they have exactly one point in common. 

The following results are proved in elementary solid geometry. 


* 
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(i) If a plane and sphere intersect, they do so in all points of a 
circle (whose centre is the foot of the perpendicular from the centre C 
of the sphere to this plane). 

If the plane already passes through C, the circle cut on the sphere 
is called a great circle of the sphere; otherwise it is a small circle. 

(ii) If two spheres intersect, they do so in all points of a circle 
(whose plane is perpendicular to the line of centres and whose centre 
lies on this line). 

(iii) If a line touches a sphere at P, it is perpendicular to the radius 
CP. Conversely, all lines through P which are perpendicular to CP 
will touch the sphere at P. All such lines therefore lie in a plane through 
P which has PC for normal. 

(iv) If a plane touches a sphere at P, it is perpendicular to the 
radius CP. Conversely, a plane through P and perpendicular to CP 
touches the sphere at P. 

It follows that just one plane can touch a sphere at a given point P, 
and that all tangent lines at P lie in this tangent plane. 


Example 


Sphere on diameter P, Py. 

If P(x, y,z) is any point on the required sphere, then the plane PP, P, cuts 
the sphere in a great circle having diameter P,P,, and hence (by ‘angle in a 
semi-circle’) PP, | PP,. Since PP,, PP, have direction ratios 


L—-LyIY—-YyiZ— 2, L—A_t Y—YqiZ—2y, 
hence by the perpendicularity condition, 
(@ — 2&4) (w@— ag) + (y—Y1) (Y— Yo) + (2 — 2%) (2-2) = O. 


This relation, satisfied by any point P of the sphere on diameter P, P,, is the 
required equation. 


22.13 Tangent plane at P, 


We employ some of the results in 22.12. Algebraical treatments 
using the ratio quadratic or the ‘distance quadratic’ are indicated 
in Ex. 22 (a), nos. 26-30, 23-25; these are applicable to surfaces more 
general than the sphere, whereas the present is not. 

For simplicity we first discuss the sphere of radius r and centre the 
origin O; its equation is 24 42422 = 72, 

Given a point P, on this sphere, the direction ratios of OP, are x, : y, : 2. 
The plane through P, and perpendicular to OP, therefore has equation 
(4-21) + Yi(Y¥— 41) +2 (2 -—%) = 9, 

1.€. LL, + YY, +22, = LF4+ y} +23. 
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Since P, lies on the sphere, we have x?+ y?+ 2? = r?, and the above 
equation becomes wet, + yyy bet = 1. (iii) 


By 22.12, (iv) this represents the tangent plane at P,. 
If P, is a point on the general sphere 


ety? +224 2ux+ 2vy+2wze+d = 0, 
whose centre is C(—u, —v, —w), then direction ratios for CP, are 
Ly +UY, +V:2%,4+U. 
The plane through P, and perpendicular to this direction has equation 
(@+U) (©— 2) + (Y. +2) (Y— Ys) + (41 +) (2—%) = 9, 
Le. (t+ U)E+ (yy +0) yt (2, +W)2 = Bit yi t 234 Ua, + LY, + WZ. 
Since P, lies on the sphere, 
| v2 + y2 +224 Qua, + 2vy,+2wz,+d = 0. 
By adding the last two equations, 
(2, +u)e+(y,t+v) yt (24; +w)z2+u%,4+0vy,+02z,+d=0, (iv) 
which is the equation of the tangent plane at P, to the general sphere. 
Since (iv) can be arranged as 
xe, + YY, +22, +u(e+2,)+v0(y+y,) + w(2+2,)+d = 0, 


we see that the ‘rule of alternate suffixes’ (15.63, Remark) is still 
valid as a mnemonic for writing down the equation of a tangent plane 
to a sphere. 


22.14 Examples 


(i) Condition for the plane lx+my+nz = p to touch the sphere x* + y? +2? = 7%, 
The plane and sphere will touch if and only if (22.12, (iv)) the perpendicular 
distance of the centre from the plane is equal to the radius, i.e. 


tpl /(P+m +n’) =1, 
i.e. p? = r(P?+m?+n*). 
Also see Ex. 22 (a), no. 17. 
(ui) Find the equations of the tangent planes to the sphere 
x? + y* +22— 6x + 6y + 2z—2 = 0 
which pass through the line x—2z2+4=0,y = 0. 
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The sphere has centre (3, — 3, — 1) and radius ,/{( — 3)? + 3?+ 12—(—2)} =,/21. 
Any plane through the given line is (21.61) 


(x—-22+4)+hy = 0, 
and this will touch the sphere if and only if (as in ex. (1)) 


3—3k+2+4 
+ P+ +(—-2)) = /21, 
i.e. (9— 3k)? = 21(5+k?), 
from which 2k? + 94+4 = 0 and so k = —4or —}. The required tangent planes 
are therefore e—4y—224+4=0, 2a—y—4248=0. 


(iii) Plane of contact from P, to the sphere x? +y? +2? = r?. 
Let a line through P, touch the sphere at P,. Then the tangent plane at P, is 
LL, + YY_t 2%, = 7? 
and (since this contains the tangent line P, P,) it passes through P,. Hence 
Ly Le + Yi Yo +222 = 1, 
which shows that the coordinates of P, satisfy the linear equation 
UC+yyyteyz=r. (v) 


Therefore the points of contact of all tangent lines from P, lie in the plane (v), 
which is called the plane of contact from P,. Its normal has direction ratios 
#1 :Y,:%, so that the plane is perpendicular to OP,. 

This plane cuts the sphere in a circle, and hence the points of contact of 
tangent lines from P, lie on this circle. The tangent lines themselves lie on a right 
circular cone with vertex P,, called the tangent cone from P,. 


(iv) Condition for the line 
2 ne rp eRe Bae 
l ™ n 

to touch the sphere x* + y* +22 = r*; tangent cone from P,. 

The point (x, +Al, y, +Am,z,+An) of the line also lies on the sphere if and 
oe (2 +N? + (ys + Am)? +(e, + An)? = 0 
i.e. if A satisfies 

A*(7? +m? +n?) + 2A(la, + my, + nz) + (22+ y? +22 —7?) = 0. (vi) 


In general this quadraticf gives two values of A (confirming algebraically 
that a line can meet a sphere in at most two points); but the line and sphere 
will touch when there is a repeated root, i.e. 


(la, + my, + nz)? = (P+m? +n?) (ait+yit+z—r?). 


When this condition is satisfied, the line lies on the tangent cone from P,. 
Elimination of 1: m:n from the condition and the equations of the line gives 


(Zar, (w—a,)}* = (L(a—2,)9} (e2 +y2 +2219). 
This equation is satisfied by the coordinates of any point P on any tangent line 


through P,, and therefore represents the tangent cone. A more convenient 
form of the equation is given in Ex. 22 (a), no. 28. 


+ The ‘distance quadratic’: see footnotef on p. 715. 
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(v) Orthogonal spheres. 

The angle of intersection of two spheres at a common point P is defined to be 
the angle between the tangent planes at P. If C, C’ are the centres, then this 
angle is equal to that between the radii C’P, CP because these are normal to 
the respective tangent planes. When the angle is a right-angle, the spheres are 
orthogonal; in this case triangle CPC’ is right-angled at P, and so 

C’C? = CP? +C'P*. 
vit y? +27 + 2ux+ 2vy+2uz+d = 0, 
ety? +224 2u’e+ 20’y+ 2w’z+d’ = 0, 


If the spheres are 


then C(—u, —v, —w), C’(—w’, —v’, —w’), and the orthogonality condition 
becomes 
(u~w’)? + (v—v’)? + (w—w’)? = (u2 + 02+ w? —d) + (uw? +0%+w"—d’), 

which reduces to 2uu’ + 2vv’ + 2ww’ = d+d’. (vii) 

Conversely, if this condition is satisfied, then by adding the expression 
w+vi+w?+u2+v’2+w’2 to both sides we obtain the previous equation, 
which is equivalent to C’C? = CP*+C’P*. The converse of the theorem of 
Pythagoras then shows that CP | C’P, so that the spheres are orthogonal.f 


Exercise 22(a) 


1 A point moves so that the square of its distance from (— 1, 2, 1) is equal to 
its distance from the plane 22 —3y + 6z = 8. Show that it lies on a sphere, and 
state the centre. 


2 A, B are fixed points, and P varies so that AP: PB =A:1, where J is 
constant. Find the locus of P. [Choose axes so that A is (a, 0, 0), B( —a, 0, 0).] 


Find the equation of the sphere through 

3 (0, 1,3), (1, 2, 4), (3, 0, 2), (2, 3, 1). 

4 (1,2,1), (0,3,1),(—1, 1,2) and having its centre in the plane 3y+ 2z = 1. 

5 (1,0, 0), (0, 1,0), (0,0, 1) which has its radius as small as possible. 

6 O and the points where the plane 2x+ 3y+z= 6 cuts the coordinate 
axes, and find its diameter. 

7 Find the equation of the sphere which circumscribes the tetrahedron 
whose faces lie in the planes « = 0, y = 0, z = 0, + 2y +32 = 4. 

8 Asphere of radius r passes through O. Show that the ends of the diameter 
parallel to Oz lie one on each of the spheres x? + y? +z? + 2rz = 0. 


9 Spheres are drawn through (2,0,0) and (8,0,0) to touch Oy and Oz. 
Prove that there are four such spheres, and give their equations. 


10 Find the centres of the two spheres which touch the plane 3x+ 42 = 47 
at (5, 4, 8) and which touch the sphere 2? +y?+2? = 1. 
11 Find the centre and radius of the sphere which touches the plane 


3a + 2y—z+2=0 
at (1, — 2, 1) and cuts orthogonally the sphere 2? + y?+-z?— 4% + 6y+4 = 0. 


+ When (vii) is satisfied, the spheres certainly do intersect; for it implies that the 
sum of the radii is greater than the distance between the centres. 
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12 Find the centres and radii of the two spheres whose centres lie in the octant 
for which all of x, y, z are positive, and which touch the planes 2 = 0, y = 0, 
2=0, 2x+2y+z2= 4, 

13 A sphere is inscribed in the tetrahedron whose faces lie in the planes 
z=0,y=0,z=0, 27+ 6y+3z = 14. Find its equation. 

14 Three spheres have centres (0, 0, 0), (3a, 0, 0), (0, 4a, 0) and radii a, 2a, 3a 
respectively. Two planes, including an acute angle ¢, are such that every one 
of the spheres touches both planes. Prove that cos ¢ = +5. 

15 Spheres s,, 8,, 8, have centres (0, 0, 0), (3, 0, 0), (0, 30, 0) and radii 1, 1, 19 
respectively. Find the equations of all common tangent planes 7 of the spheres 
such that s, and s, lie on opposite sides of 7, and 8», 8, lie on the same side. Show 
that two such planes exist, and that the acute angle ¢ between them satisfies 
9cos¢ = 7. [Use Ex. 21(c), no. 13.] 


16 Find the tangent planes to the sphere 2?+y?+z?— 22+ 4y—6z+10=0 
which pass through the line 


——_——_ = ——_———- 


17 Obtain the result of 22.14, ex. (i) by comparing the equations 
le+myt+tnz=p and 2a,+yy,+22, = 7%. 

Hence obtain the point of contact when the condition is satisfied. 

18 Find the condition for the plane lz +my+nz = p to touch the sphere 

x? + y? +27 + Qua + Qvy + 2we+d = 0. 

19 Find the equation of the sphere having centre (5, — 2, 3) and touching the 

mee @-1_ytl_ 2-12 
6 2 —3 

Also find the equation of the tangent plane which contains this tangent line. 

20 Prove that a tangent line from the point P, outside the sphere 

8 = 28+ y? +224 2ue+ Qoy+2uz+d =0 

has length ./8,,, where 8,, = 22+ y2+2?+ 2ua, + 2vy,+ 2wz,+d. 

21 Show that the points from which equal tangents can be drawn to the three 
spheres 


e+yi+227=1, a8+y?+z22+4+ 22—2y+2z-1=0, 
and v+y?+z224—-2+4y—6z2—2=0 
, ; xz—1 —2 z-Il1 
lie on the line SS: 
Also find the point of this line from which the length of the tangents is least. 
22 (i) Prove that the points from which tangents to the spheres 
8 = 2? 4+y? +274 2ux+ Qy+ 2uz+d = 0, 
8 = e+ y? +224 Qua + Qo’y+ 2w’z+d’ =0 
are of equal length lie in the plane s—s’ = 0. 


(ii) If the spheres s, s’ intersect, explain why the plane s—s’ = 0 contains 
their common circle. 


*23 By taking P, on the sphere in 22.14, ex. (iv), use the ‘distance quadratic’ 
(vi) to show that the line through P, in direction /:m:n will have no point 
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other than P, in common with the sphere (i.e. will be a tangent line at P,) if 
and only if lz,+my,+nz,=0. (This confirms that the tangent line is per- 
pendicular to OP: see 22.12, (iii).) 
*24 If P,(%2, Y2, 2) is any point on the tangent line at P, in direction J: m:n, 
prove that (x, —2,) 21 + (Yg—Y1) Y1 + (22 —21) % = 0. [Eliminate /:m:n from the 
result of no. 23 and the equations (%,—2,)/l = (y,—Yy,)/m = (Z,—2)/n.] 
Deduce that all tangent lines at P, lie in the plane vz, + yy, +zz, = r? (the 
tangent plane at P,). 


*25 Use the ‘distance quadratic’ (vi) to show that the mid-points of all chords 
in direction 1: m:n lie in the plane lx + my +nz = 0 (which is clearly normal to 
this direction). 

*26 The ratio quadratic. Show that the point dividing P,P, in the ratio k:1 
lies on the sphere s = 0 if and only if 


8y,h? + 238, kl + 31,0? = 0. 


(Here s may denote x?+¥y?+z?%—7r? or the general expression in no. 20; the 
notation of 19.12 is used, extended to three variables in the obvious way.) 


*27 Taking P, on s = 0, deduce from no. 26 that P, lies on a tangent line 
at P, if and only if s,, = 0. Hence show that the tangent plane at P, iss, = 0. 


*28 By expressing the condition for equal roots, deduce from no. 26 that the 
tangent cone from P, has equation ss,, = 83. 


*29 Prove that the plane of contact of tangents from P, has equation s, = 0. 


*30 A line through the fixed point P, meets s at A, B, and P, is chosen so that 
P,, P, divide AB internally and externally in the same ratio. When the line 
through P, varies, prove that P, moves in the plane s, = 0. 


22.2 s=ks’ 
22.21 The general principle 


If s = 0, s’ = 0 represent any two loci in space or in a plane, then 
s = ks’ represents some locus which passes through their common 
points (if any). For, points whose coordinates satisfy s = 0 and s’ = 0 
will also satisfy s = ks’. 

In this section we consider the equation s = ks’ when k is constant 
(i.e. independent of x, y, z) and one of s = 0, s’ = O represents a sphere, 
while the other represents either a plane or a sphere. 


22.22 Spheres through a given circle 
(1) If 8 = at+y?4274 2ux+ 2vy+2wz+d =0 
represents a sphere, and 
8 = Azr+By+Cz+D=0, : 
then provided that these loci intersect, they do so in a circle. The pair 


of equations s = 0, s’ = 0 are therefore sufficient to determine a circle 
in space, and can be referred to as the equations of the circle. As for 
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the straight line, more than one equation is needed; a circle cannot be 
specified more simply than by one linear and one second-degree 
equation, although the latter may not be the equation of a sphere: 
e.g. see ex. (iii) below, where it represents a cylinder. 

The equation s—ks’ = 0 (k constant) will represent a sphere, a 
single point, or nothing, since it has the form appropriate for the 
general equation of a sphere (22.11). If s, s’ intersect, then the locus 
is a sphere through the circle determined by s = 0, s’ = 0. If s, s’ 
touch, then s = ks’ represents a sphere through their common point, 
i.e. touching s at its contact with s’. In both cases the constant k can 
be chosen to make the sphere satisfy one further condition. 


(2) If 8 =xz+y2+2274+ 2ur+ 2vy+2wz+d = 0 
and ss at y? +2274 Que +2Qv'y+2w'z4+d' = 0 
both represent spheres, then s = ks’ (k constant) will represent a 
sphere, a single point, or nothing, provided that k + 1; if k = 1, it 
represents a plane. 

If s, s’ intersect, then they do so in a circle, and s = ks’ represents 
a sphere through this circle unless k = 1, in which case the locus 
becomes s—s’ = 0 and is the plane containing the common circle 
(cf. Ex. 22 (a), no. 22 (ii)). The two second-degree equations s = 0, 
s’ = 0 could be taken as equations of the circle of intersection, but 
this circle can be represented more simply as in (1) by the linear 
equation s—s’ = 0 and one second-degree equation, say s = 0. 

If s, s’ touch, then s = ks’ represents a sphere (k + 1) or a plane 
(& = 1) through their single common point, i.e. touching both s and 
s’ at this point. 

Examples 
(i) Find the equation of the sphere having the circle 
vi+y*+227=16, 2e—3y+62=7 
as a great circle, and give its centre and radius. 
Any sphere through the given circle has an equation of the form 
a+ y2-4+22— 16+4k(2x—3y +6z—7) = 0. 


Since the centre of a great circle coincides with the centre of the sphere, hence. 
the centre (—k, $k, — 3k) must lie in the plane 2x —3y+ 6z = 7. The condition 


for this gives k = —2, so that the required sphere has centre (2, —#, $) and 
eguatios x? +y2-+22—16—2(22— 3y + 6z—7) = 0, 
i.e. vi+y*+22—47 +4 $y—12z2-14= 0. 


Its radius is therefore ,/{( —%)?+ (3)?+ (—$)?+14} = ./15. 
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(ii) Find the equation of the sphere which touches the sphere 
e+y+22+2+3y—6z2—3 =0 
at (1, 2,3) and passes through (2,0, 1). 
The point (1. 2,3) certainly lies on the given sphere. The tangent plane at 
(1, 2,3) has equationt 
e+ 2y+ 324+ $(e+1)+F(y+2)—3(z+3)—3 = 0, 
1.6. 3z+Ty—17=0. 
Any sphere touching the given sphere at (1, 2, 3) has an equation of the form 
v+y?+227+a+ 3y—62—3+kh(382+ 7Ty—17) = 0. 
It passes through (2, 0, 1) if 4+1+2—6—3+k(6—17) = 0,ie.k = —-2;. Hence 
the required equation is 
11(z? + y*? +27) + bv + 19y —66z24+1=0. 


(ili) Find the equation of the sphere through the circle 
e+y?—d4de+2y=1, 2z=0 
which is orthogonal to the sphere x* + y* +22 + 3x—5y + 6z+8 = 0. 
The equation 2?+y?—4a2+2y = 1 does not represent a sphere but a right 
circular cylinder: see 22.3, ex. (i). 
The given circle is that in which the plane z = 0 cuts the sphere 
v?+y2+22-—4%42y-—1=0. 
Any spheret through this circle can be written 
(x? ++ y? +2%—4a+ 2y—1)+kz = 0. 
It will be orthogonal to the given sphere if (22.14, ex. (v)) 
3(—2)—5.14+ 3k = 8-1, 
ie. if k = 6. The required sphere therefore has equation 
et+y*+22— 42+ 2y+6z2-—1=0. 


22.3 Surfaces in general 


An equation f(z, y,z) = 0 explicitly involving some or all of z, y, z represents 
a locus in space called a surface (cf. 9.23). For example, when the function is 
linear in x, y and z, the equation represents a plane surface or plane; when of 
the type considered in 22.11, it represents a spherical surface or sphere. A fow 
other special classes of equations will be noticed here because of their geo- 
metrical significance. 


Examples 


(i) f(z, y) = 0. The points in the plane xOy whose coordinates satisfy this 
equation lie on a curve @ in that plane. If P(2,, y,, 0) lies on @, then the point 
Q(21, Y1, 2) satisfies f(z, y) = 0 for arbitrary z, (since f(x, y) does not involve z). 
Hence Q can be any point on the line through P which is parallel to Oz. As P 


+ Written down by using ‘alternate suffixes’. 
{ Had we used the two given equations, we should not be writing down the equation 
of a sphere. 
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varies on @, the line PQ generates a right cylinder whose cross-section by the 
plane «Oy is @. Thus f(z, y) = 0 represents a cylinder with generators parallel 
to Oz. 

Thus in ex. (iii) of 22.22 the equation x? + y? — 4x + 2y = lrepresents a cylinder 
whose section by the xy-plane is the circle with centre (2, — 1, 0) and radius ./6. 


(ii) Homogeneous equation f (x,y,z) = 0. If f(x, y, z) is homogeneous of degreen 
in (x, y, 2), then (1.52 (4)) 
f(Ax, Ay, Az) = A*f(x, y,z) 


for all A and 2, y, z for which the functions are defined. If P(x, y,z) is a point 
on the surface f(x, y,z) = 0 other than O, then (Az, Ay, Az) also lies on this 
surface for all A; i.e. every point of the line OP lies on the surface, which is 
therefore a cone with vertex O. 


(iii) Surface of revolution. Let the curve f(x, y) = 0 in the zy-plane be rotated 
about Ox, thereby generating a surface of revolution with axis Ox. Let Q(29, Yo; 9) 
be any point on the curve, and P(x, y,z) be its position in space at some stage 
of the rotation; then P lies on a circle whose plane is perpendicular to Ox and 
passes through Q, and whose centre C lies on Ox. Thus 


Yo = CQ = CP = J(y?+2"), x4 =OC=x. 
Since Q lies on the curve, we have f(x», yp) = 0, and hence 


f(a, Ay? +23) = 0, 


which is the equation of the surface of revolution. Cf. the Remark in 7.5. 

If two surfaces intersect, they do so usually in points of a curve (although 
they may possess isolated points in common). In general this curve does not lie 
entirely in one plane (as was the case for the intersection of two spheres), and 
consequently is called a twisted curve or a skew curve or a space curve. It is 
determined by two equations, viz. those of the surfaces of which it is the inter- 
section. Any other pair of surfaces through the curve would equally well serve 
to determine it. 


Exercise 22(b) 


1 Write down the centre and radius of the circle of intersection of the sphere 
x? +y*+z? = 16 and the plane 3x+ 2y—z = 0. 

2 Ifa sphere of radius r is cut by a plane distant c from the centre (c <r), 
prove geometrically that the circle of intersection has radius ,/(r*—c*). What 
happens when c = r? 

3 Show that the meet of the sphere x? + y?+2?— 2% — 4y—6z—11 = 0 and 
the plane 27 —y+ 2z—15 = 0 is a circle of centre (3, 1, 5), and find its radius. 
[Use 22.12, (i).] 

4 Find the equation of the sphere which has its centre in the positive 
quadrant of the zy-plane, and cuts the planes x = 0, y = 0, z = 0 in circles of 
radii 3. 4, 5 respectively. 

5 Obtain the equation of the plane through A(1, 0, 0), B(0, 3, 0), C(0, 0, —1), 
and also that of the sphere through these points and the origin. Hence find the 
centre of circle ABC. 
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6 Find the circumcentre of the triangle whose vertices are (2, 0, 4), (2, 4, 2), 
(0, 2, 4). 


7 Prove that the spheres 
(@—a)?-+ (y—b)*+ (2-0)? =r 
and (c—a—l)(x%—a)+(y—b—m) (y—b) +(2-—c—n) (2-—¢c) = 7? 
cut along a great circle of the former. 
8 Find the equations of the two spheres through the circle 
vty2+22-Ww—d4dy=0, x+2y4+32z = 8, 
which touch the plane 4% + 3y = 25. 
9 Find the equations of the spheres through the circle 
vty +224 2%+2=0, xt+y+z24+4=0, 
which intersect the plane x+y = 0 in circles of radius 3. 


10 Find the equation of the sphere through the circle z?+y?+ 27% = 0,z =0 
and the point (1, 2, 1). 


11 Spheres are drawn through the circle 2?+y? = a?, z = 0. Prove that the 
locus of the ends of their diameters parallel to Ox is the rectangular hyperbola 
a2—2? = a2, y= 0. 


12 Show that every sphere through the circle 2? + 2? = a, y = 0 is orthogonal 
to every sphere through the circle 27+y?+4ax+a? = 0, z= 0. Find the two 
spheres (one from each of the above systems) which cut the sphere 

3(x? + y? +2?) + 2a( 2a + 2y—z) = a? 
in the same great circle. 

13 Find the equation of that sphere through the intersection of the spheres 
8 = e+ y2+274 4e—Qy4+224+5=0, 8 =x? +y24+224+ 27-—8y4+224+9=0 
which has the smallest radius, and state this radius. [The system of spheres 
is best written s+ k(s—s’) = 0.] 

14 Prove that the circles 


xv? + y? 4+ 22— 9x + 4y+ 52— = 0, Ta—2y+z2= 4, 
ety*+22+ 6e—1l0y+6z—7=0, 44-—by=1 


lie on the same sphere, and find its equation. 


15 Show that the spheres 2? + y?+2? = 36,2? + y? +22 — 62 — 8y — 242+120 =0 
touch, and find the common point. 


16 Find the sphere which touches the sphere x? + y? + 2? — 22+ 6y— 4z24+6 =0 
at (3, — 1, 2) and passes through O. 


17 Asystem of spheres is such that any two touch at the fixed point O. Prove 
that any sphere which cuts each sphere of the system orthogonally will pass 
through O. If such spheres also pass through a fixed point A, prove that they 
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pass through a fixed circle. [Choose O for origin, and the common tangent plane 
at O for zy-plane.] 

*18 Interpret the following: 

(i) fly,2) = 05 (ii) f(w,z) = 05 (iii) f(y, (a? +2")) = 03 (iv) F(z, lle? +y?)) = 0. 
*19 Write down the equations of the projection on the plane zOy of the circle 
in no. 1. 


*20 Show that the right circular cone with vertex O, semi-vertical angle a, 
and axis Oz has equation 2? + y? = z? tan? a. 


22.4 The spherical triangle 
22.41 Some definitions and simple properties 


Consider a sphere of centre O and radius r. In 22.12, (i) we defined 
a great curcle of the sphere to be the section made by a plane through O, 
and a small circle to be any other plane section. Thus although all 
great circles have radius r, a small circle can have any radius between 
r and zero. 

The ends of a diameter of the sphere are called antipodal points. 
There is a unique great circle through two non-antipodal points 
P, Q; for there is a unique plane through O, P, Q, and this cuts the 
sphere in a unique great circle. Consequently there are just two great 
circle arcs joining P, Q, viz. the minor and major arcs of this great 
circle. The minor arc is called the arc PQ, its length is the spherical 
distance between P and Q. 

The axis of a circle on the sphere is that diameter of the sphere 
which is perpendicular to the plane of the circle. Its extremities are 
poles of the circle, and the nearer one is called the pole. 

A circle on the sphere which passes through the poles of a given 
circle is called a secondary to that circle. Hence every secondary is a 
great circle; and a given circle has infinitely many secondaries. Two 
great circles have a unique common A 
secondary: it lies in the plane deter- 
mined by their axes. W 

Defining the angle between two curves 
at a common point to be the angle be- 


c 
tween the tangents there, let the arcs Nice - 
AB, AC of great circles meet their 
common secondary at B, C; and let 
AB’, AC’ be the tangents to these arcs = 

ig. 234 


at A. Since AB’, AC’ are both perpen- 
dicular to OA and lie in the planes AOB, AOC respectively, the 
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angle B’AC’ between the arcs is the angle BOC between their 
planes. Hence 


the angle between two great circles 
= the angle between their planes 
= the angle at O subtended by the arc intercepted on their 
common secondary. 


A lune is the figure on a sphere formed by two great semi-circles. 
The angle between the semi-circles is called the angle of the lune. 
Assuming that areas of lunes on the same sphere are proportional to 
their angles, then for a lune of angle 0, 


area of lune _ 0 


area of sphere 27 


since the whole sphere can be regarded as a lune of angle 27. Since 


the sphere has area 47r?, 
area of lune = 2770. (i) 


22.42 Sides and angles 


The figure on a sphere formed by three minor ares of three great 
circles is called a spherical triangle. Its sides a, b, c are the three arc- 
lengths, and the angles between the arcs 0, c; ¢, a; a, b are its angles 
A, B,C. 

There are two different ways of joining two non-antipodal points 
by an arc of a great circle. Hence if no two of the pointst A, B, C are 
antipodal, there are eight different figures having these for vertices. 
Only one such figure is a spherical triangle, viz. that formed by the 
minor arcs BC, CA, AB. 

Taking the sphere to have unit radius,t the length of an arc of a great 
circle is the radian measure of the angle subtended by it at the centre O. 
Hence the sides a, b, c are the angles at O subtended by the arcs 
BC, CA, AB; and since these are minor arcs, each of a, b, cis less than 7. 


The side a of the spherical triangle ABC is BOC, a plane angle; and the 
angle A is that between the planes OBA, OCA (a dihedral angle). Therefore 
relations between sides, angles of a spherical triangle are equivalent to relations 
between plane angles, dihedral angles of a trihedral angle. It follows that 


any two sides of a spherical triangle are together greater than the third, (ii) 
+ We use the same letter for a vertex, the angle at the vertex, and the measure of 


this angle, as in plane trigonometry; similarly for a side and its measure. 
{ Except in 22.44 and 22.54, this will be the case throughout. 
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since in a trihedral angle the sum of two plane angles is greater than the third;t 
aud the sum of the sides of a spherical triangle is less than 27, (iii) 
(i.e. less than the circumference of a great circle) since the sum of the plane 


angles of a trihedral angle is less than four right-angles.t Cf. Ex. 22(d), no. 20. 
A 


B a 
Fig. 235 


Each angle of a spherical triangle is less than 7. For if possible suppose 
B27; let arc AB be produced to meet are CA again at A’. Then 
A, A’ are antipodal, and arc CA > arc AA’ = 7, i.e. 6 > 7, contra- 
dicting the definition of ‘spherical triangle’. 

However, a spherical triangle may have one, two, or three of its 
angles obtuse; and one, two, or three may be right-angles. Also see 
22.48 (3). 


22.43 Polar triangle; supplemental relations 


(1) If A’ is that pole of BC which is on the same side of the plane OBC as A 
and B’, C’ are defined similarly by cyclic interchange of the letters, then 
A’B’C’ is a spherical triangle} called the polar triangle of ABC. We now prove 
the following reciprocal property. 


A’ 


Fig. 236 


If A’B’C’ is the polar triangle of ABC, then ABC is the polar triangle of A’B’C’. 
Proof. Since B’ is the pole of CA, B’A = 47; and since C’ is the pole of AB, 
C’A = 47. Therefore A is a pole of B’C’. 


t This is proved in solid geometry (Euclid x1, 20, 21). 
} The reader should verify this statement. 


50-2 
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As A’ and A are on the same side of plane OBC, and the distance of A’ from 
any point on BC is 47, hence AA’ < 47. Thus, since the distance of A from any 
point on B’C’ is 47, A and A’ must be on the same side of the plane OB’C’. 

Therefore A is that pole of B’C’ which is on the same side of plane OB’C’ as 
A’; and B, C have the corresponding properties obtained by cyclic interchange. 
Hence ABC is the polar triangle of A’B’C’. 


(2) Sides, angles of the polar triangle are respectively the supplements of the 
corresponding angles, sides of the original triangle. 

Proof. Let C’A’ cut AB at X, and BC at Y. Since C’A’ is secondary to AB 
and BC, therefore X Y = B. Also C’X = 3m = YA’. As YA’ = XY+XA’, then 
O'X+XY+XA’ =7, 80 that C’A’ = 1—-XY, ie. b’ = 7—B. We infer the 
supplemental relations 


a=nm—-A, b =n7-B, c=1-C. (iv) 
Since ABC is the polar triangle of A’B’C’, we also have 
a=n7-A’, b=7-B’, c=n-C. (v) 


(3) The sum of the angles of a spherical triangle lies between 2 and 6 right-angles. 
Proof. By applying (iii) to the polar triangle A’B’C’, 


0<a’+b’+c' < 27. 
From (iv) this becomes 0 < 37—(4A+B+C) < 22, 
i.e. m<A+B+C < 32. (vi) 


The expression # = 4+B+C-—z7 is called the spherical excess 
of the spherical triangle ABC; it is the amount by which the sum of 
the angles of the spherical triangle exceeds the sum of those of any 
plane triangle. By (vi), 0 < E < 27. 


22.44 Area 


Given the spherical triangle ABC on a sphere of centre O and 
radius r, produce the sides AC, BC to cut the great circle 4B again 
at A’, B’. By considering areas on the hemisphere shown (fig. 237), 


ama 
TERE) 4RGe. 5. lune ABA’C = 2Ar*, 
ABC+ 8s, = lune BAB’C = 2Br’, 


ABC+CB'‘A’ = lune with angle C = 2Cr?. 
Adding, 2ABC+area of hemisphere = 2(4+8+(C)r?. 
.. area of triangle ABC = (A4+B+C—7)r? 


= Er. (vii) 


22.5] SPHERE; SPHERICAL TRIGONOMETRY 751 


22.5 Triangle formulae 
We continue to assume that the sphere has unit radius until 22.54. 


22.51 Cosine rule 


cos a = cos bcosc+sinbsinccos A, (viii) 


and two similar formulae which can be obtained from this by cyclic 
interchange of the letters. 


Fig. 237 Fig. 238 


The cosine rule is important because all the remaining triangle 
formulae can be deduced fromit. In calculation it can be used to find 
(a) a side of the triangle when the other two sides and the included 
angle are known; (b) an angle when the three sides are known; this 
is exactly the situation in the plane case. 


First proof, using projection (fig. 238). 

Let N be the projection of C on the plane AOB, and P, Q be the 
projections of V on OA, OB respectively. 

Since OP is perpendicular to CN and NP, therefore OP is per- 
pendicular to the plane CNP, and hence OP 1 PC because PC is a 
line in this plane. Similarly OQ 1 QC. 

Projecting on OB, 


proj. of ON = proj. of OP + proj. of PN, 
i.e. OQ = OP cosc+ PN cos (47 —c). 
Now OQ = OC cosa, OP = OC cosb, 
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and since CPN is the angle between the planes OAB, OAC, viz. A, 


PN = PC cosA = OC sinb.cos A. 
Substituting, we get formula (viii). 


Second proof, using coordinates (fig. 239). 


Choose axes at the centre O of the sphere, with Oz along OA, and let the other 
vertices B, C have cartesian coordinates (X,,Y1,21), (%gs Yo,%,) and spherical 
polar coordinates (1, 8,, $1), (1, As, $a): see 21.12 (2) and Ex. 21 (a), no. 15. 

Since OB, OC have direction cosines {%1, Y1, 21}, {%as Ya: 2}; 


COSA = 2% t+ Yi Yot 212 
= sin 0, cos ¢,.sin 0, cos ¢, + sin 4, sin ¢,.sin , sin ,+ cos O,.cos Og 
= cos 0, cos 0, +sin 9, sin 0, cos ($, — $a) 
= cose cos6+sine sinb cos A 
because 0, = c, 0, = b, and ¢,—¢, = +A. 


Example 


Median of a spherical triangle. 

The arc of the great circle joining a vertex A to the mid-point A’ of the 
opposite side BC is called a median of the triangle ABC (fig. 240). 

Since angles CA’A, AA’B are supplementary, 


cosCA’A+cosAA’B = 0, 
By applying the cosine rule to each of triangles AA’C, ABA’, this becomes 
cos b—cos AA’ cos $4 : cosc—cos AA’ cos fa ae 
sin AA’ sin fa sin AA’ sin fa : 
and on solving for cos AA’, 
cos AA’ = 


cos b + cosc 
2 cos $a 


22.52 Sine rule 


sina sinb sinc (ix) 
—{2 5 OO > x 
sinA sinB sinC 
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Geometrical proof. 
From fig. 238 we have 
NC = PCsinA = OCsin6b sin A, 

and NC = QCsin B = OC sina sinB 
since CON is the angle between the planes OBA, OBC, viz. B. Hence 
sinb sin A = sina sin B, 

sina sind 

sind sinB’ 


Similarly, by projecting from A onto plane OBC, we can prove 


from which 


sinb sinc 
sinB sinC’ 


Deduction from the cosine rule. 
sin? A = 1—cos? A 


(cos a—cos b cos c)? 
sin? 6b sin? ¢ 
(1 — cos?) (1 — cos? c) — (cosa — cos b cosc)? 
7 sin? 6 sin?¢ 
‘ 1 — cos? a — cos? b — cos? + 2 cosa cos 6 cose 
sin? 6 sin?c : 


sn A +,/(1—Xicos?a+ 2 cosa cosb cos c) 
sin a sina sin b sine 


? 


and this expression is symmetrical in a, b, c. Hence it is also equal to 
sin B/sin b and to sin C/sinc. The sine rule can therefore be written in 
the ‘completed form’ 


smA sinB_ sinC  +.,/(1—Xcos?a+2cosa cosb cose) 


sina sind sinc — sina sinb sinc 


» (x) 


where the positive sign of the square root is taken because all the 
sines are positive (all sides and angles lying between 0 and 7, 22.42). 
The reader may verify that the expression under the square root sign 


written 
can be t 1 cosc cosb 
COSC 1 COS a@ 


cosh cosa 1 
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Examples 
(i) If A’ is the mid-point of BC, B = BAA’ and y = A’AC, prove 
sin C 
cot 2 = cot A ey ean sin B 
aa decor ts 
and coty —cotf — sin (6 +c) sin (6—c) 


sin b sinc sin A 
By applying the sine rule to triangles ABA’, AA’C in fig. 240, 
_sinf sinja _ siny 
snB sinAA’ sinC” 
.. sinfsinC = sin(A—f)sinB, 
sin f (cos A sin B+sinC) = cosf sin A sin B, 


sin C 
and tf = cot A+ ———-.. 
nd so cot = co tee Dank 
io sin B 

Similarly, coty = cot A+ 


sin A sin C0” 
sin? B — sin? C 


ty—cotp = 
ChYe Oth eae an 


sin? 6 —sin?c ie ihes 1 
= e 
sin A sin b sinc y ene ee 


__ sin (6+¢) sin(6—c) 


: : : after reduction. 
sin 6 sinc sin A 


sin(B+C) cosb+cose 
snA  1+cosa ~ 
sn(B+C) sinB sin C 
mo Tea aaa 


sin b cosc—cosacosb- sinc cosb—cosc cosa 


(ii) Prove that 


cos B, and by using both rules, 


sin a sina sin b sina sinc sina 


sin b sin c(cosc — cosa cos b) + sin 6 sin c(cos b— cose cosa) 


sin?a sin 6 sine 
sin 6 sin c(cos b + cosc) (1—cos a) 
(1 —cos? a) sin b sine 


= cos 6+ cose 
1+cosa 


22.53 Supplemental formulae 


If the formulae (viii), (x) are applied to the polar triangle A’B’C’ and the 
relations (iv), (v) are used, new formulae are obtained for triangle ABC. Thus 
the cosine rule ; ; Pte ee pep ant , 
cosa’ = cosb’ cose’ +sin b’ sinc’ cos A 


with a =n7—-A, A’=7-a, ete. 
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gives —cosA = cos B cosC —sin B sinC cosa, 
i.e. cos A = —cos B cosC+sin B sinC cosa. (xi) 


Similarly the sine rule in its completed form gives 


sna sinb sine _+./(1—Zcos? A—2cosA cos B cosC) 
snA snB sinC sin A sin B sin C 


(xii) 


22.54 Triangle on the general sphere 


When the sphere has radius r + 1, the sides of the spherical triangle 
ABC are no longer equal to the angles which they subtend at the 
centre. If we continue to denote these angles by a, 6, c, and call the 
sides a, £, y, then 


a=-, 
r 


pak. cal, 
r r 


All the preceding formulae remain valid because their proofs used the 
angles at the centre and not the actual sides of the triangle. 


Example 


By using the expansions of cos, sing (Ex. 6(6), nos. 21, 20), the cosine 
formula (viii) can be written 


1—4$a?+... = (1—4$b?+...)(1—4e? +...) +(b—-...) (e—...) cos A, 


where the dots denote terms of order 3 or 4. 
On introducing the sides a, £, y and simplifying, this becomes 


1 
a= f2+y?—2hbycos A +0(5) : 


When r -> 00, the spherical triangle ABC tends to the plane triangle ABC 
with sides a, #. y, and in the limit we obtain the cosine rule of plane trigono- 
metry. The sine rule can be treated similarly. 


Exercise 22(c) 


1 Write out the formulae for cos 6, cosc corresponding to formula (viii). 

2 If C = 32, a = iz, b = jz, find c and the area of the triangle. 2 

3 A=4n, b=c= jn, and D is the mid-point of side AC. If BDC =a, 
show that cosa = 1/,/3 and that the areas of the triangles ABD. ABC are in 
the ratio (37— 8a) :7. 

4 If B, C are points on the equator whose longitudes differ by 90°, and A is 
a point in latitude A on the meridian through C, prove that in the triangle 
ABC the side AB and the angle A are both right-angles. 

If M. the mid-point of AB, has latitude a, and the difference of the longitudes 
of M and B is f. show that ./2sina = sinA and tan # = cosA. 

5S Prove that if C is a right-angle, then sinb = tana cot A. 

A ship sails from a place A on the equator along a great circle which makes 
an angle of 60° with the equator. Find the difference in the longitudes of A 
and the place B on the path of the ship where it first reaches the latitude 30°. 
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Taking the radius of the Earth to be 3960 miles, find (correct to three signi- 
ficant figures) the area included by the path of the ship, the meridian through 
B, and the equator. 

6 Two points A, B on the Earth’s surface have latitude A, and their differ- 
ence in longitude is 6 radians. If r is the radius of the Earth, show that (i) their 
distance apart along the parallel of latitude joining them is récos A; (ii) their 
distance apart along the great circle joining them is 27 sin-1(cosA sin $6). [For 
(ii) use half the isosceles spherical triangle ABC, where C is the north pole.] 

7 In no. 6(ii) prove that the greatest latitude Z reached on the great circle 
course is given by tan Z = tanA sec 4d. [If D is the point of latitude L, the 
spherical triangle ACD is right-angled at D.] 


8 If Dis any point on BC, prove that 
cos AD sina = cosb sin BD +cosc sin DC. 


[Method of 22.51, ex.] 
9 The internal and external bisectors of angle 4 meet BC at D, D’. Prove 
sin BD _ sine sin BD’ 
snDC  sinb= sinD’C’ 
10 The arc of the great circle through the vertex A which meets the opposite 


side BC at right-angles is called the altitude from A. If a, £, y are the altitudes 
from A, B, C, prove that 


sing sina = sinf sind = siny sinc = 2n, 
where n = $,/(1—Xcos?a+ 2cosa cosb cose). 


in (b 
*11 Prove that amare) = Gos bcos C 

sin @ 1—cos A 
*12 Verify as in 22.54 that the sine rule of plane trigonometry is the limit of 
the spherical case. 


Miscellaneous Exercise 22(d) 


1 A rectangular box has edges of lengths a, b, c, and P moves so that the sum 
of the squares of its distances from the six faces is equal to m?d?, where d is the 
length of a diagonal of the box and m is constant. Prove that the locus of P is 
a sphere if 2m? > 1. 

2 Through a point P three mutually perpendicular lines are drawn: one 
passes through a fixed point C on Oz, while the others meet Ox, Oy respectively. 
Prove that the locus of P is a sphere with centre C. 

3 Find the coordinates of the point of the sphere x? + y?++22—4%+2y—4=0 
which is nearest to the plane x+4y+z = 19, and calculate its distance from 
this plane. 

4 Find the equations of the diameter of the sphere x2?+y?+2z? = 29 such 
that a rotation about it will transfer the point (4, —3, 2) to (5, 0, —2) along a 
great circle. Find also the angle through which the sphere must be rotated. 

5 A line in direction 1:m:n is drawn through (0, 0,a@) to touch the sphere 
xv? +y?+22—2ax = 0. Prove that m?+2nl = 0. 

Find the coordinates of the point P in which this line meets the plane z = 0, 
and prove that as the line varies, P traces the parabola y? = 2az, z = 0. 
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6 If the plane az +by+cz+d = 0 touches the sphere 
(@—1)?+y2+4 (2-1)? = 1, 
prove that a*+b2+4+¢? = (a+c+d)?. 


If this plane also passes through (0, 0, 2), show that it cuts the plane z = 0 in 
a line which touches the parabola y? = 42, z = 0. 
7 Show that there are two spheres through (0, 0, 0), (2a, 0, 0), (0, 2b, 0) which 
touch the line 
z—-a _y—b_z-c¢ 
tL om nn’ 
and that if 1? 4+-m?+n? = 1 the distance between their centres is 
2 
— {c? —n(a? +b? + c?)}4, 
ni 
8 Prove that the centre of a sphere which touches each of the lines 
y—-mx=0=2-c, y+-me=0=2+¢ 


lies on the surface may + (1+m?) cz = 0. 
9 A line A passes through O and touches each of the spheres 


e+yr+22+2ar+p=0, x+y2+22+2by+q = 0. 


Show that the angle ¢ between A and Oz is given by sin? ¢ = p/a* + q/b*. Also 
find the distance between the contacts of A with the two spheres. 


10 Find the condition for x/l = y/m = z/n to touch the sphere 
xv? + y? +274 2ux+ 2vy+2we+d = 0, 


and find the point of contact. Hence show that the tangent cone from O has 
equation d(x? + y?+2?) = (ux+vy+wz). 

11 Two skew lines AP, A’P’ are met by their common perpendicular at 
A, A’, and O is the mid-point of AA’; 2a is the angle between the lines, and 
AA’ = 2c. If AP.A’P’ has either of the values c* sec? a, —c? cosec? ~, prove that 
PP’ touches the sphere with centre O and radius c. 

12 Prove that there are eight spheres of radius 5 which are orthogonal to the 
sphere 2? + y? +z? = 16, touch Oz, and cut off a segment of length 2 from Oy. 


13 Through the circle of intersection of 2? + y?+2z? = 25 and x+ 2y+ 2z = 9, 
two spheres s,, 8, are drawn to touch the plane 42+ 3y = 30. Find the equations 
of these spheres, and the coordinates of the point through which pass all the 
common tangent planes of 3, and 8.. 


14 Prove that in general two spheres can be drawn to pass through a given 
circle and to touch a given plane. If the circle lies in the plane z = 0 and has 
a given radius r, and if the plane is xcos@+zsin@ = 0, show that when the 
distance between the centres of the two spheres is constant and equal to 2c, 
then the locus of the centre of the circle is the line-pair x = + ./(r? +c? cos? @), 
z2=0. 

15 Given a sphere of centre O and radius a, let 7 be a plane through O and N 
be an extremity of the diameter normal to 7. If P is any point of the sphere 
other than N, let NP meet 7 at P’. Choosing axes at O with Oz along ON, let 
P’ have coordinates (u,v,0). Show that NP’ has equations x = ut, y = vt, 
z=a(1—#), and that NP’ meets the sphere at points for which ¢ = 0 or 
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2a?/(u? + v2 + w?). Hence write down the coordinates of P. (This gives a rational 
parametric representation of the sphere 2*+¥y?+z2%=a?, the parameters 
being w, v.) 
16 (i) From the cosine formulae for cosc and cos b, eliminate cos b, and then 
substitute sin b = sin B sin c/sin C, to prove the ‘four-parts formula’ 
cosa cos B = sina cotc—sin B cot C. 


(ii) Similarly prove 
cosa cosC = sina cotb—sinC cot B. 

17 If AD bisects angle A internally, prove cot AD = (cotb+cotc)/2cos 4A. 
[Apply no. 16 to triangles ABD, ADC; angles . ADB, CDA are supplementary.] 

18 If Disa point on BC, BAD = f, and DAC = Y, prove that 

cot AD sin A = cotb sinf+cotc siny. 
{Method of no. 17.] 

19 Ifaspherical triangle has area one-quarter that of the whole sphere, prove 
that cosa+cosb+cosc = —1, and deduce that each median is the supplement 
of half the side which it bisects. [Use 22.52, ex. (ii); and 22.51, ex.] 

20 (i) Prove (ii) of 22.42 by using the cosine formula. [Since A <z, 
cosa > cosbcosc—sinbsinc = cos(b+c), which implies a < 6+c if b+c<7. 
If 6+c> 7, then b+c> a since a <7.] 


(ii) Use the result of 22.44 to infer that A4+B+C-—a>0. By writing 
down the supplemental inequality (cf. 22.53), deduce (iii) of 22.42. 


(25) 


ANSWERS TO VOLUME II 


Exercise 10(a), p. 369 


1 (w@+1)?(2e—1). 2 (w—2) (3x41) (2043). 

3 (w—1)(x4+2) (~?4+2+4+2). 4 —1,2,3. 

§ a=-l1b=-2. 6 a=-2,6=3. 7 7,1. 

8 4(9”7—1). 9 3¢34+2?472+1. 10 x?+27+3r+4. 

11 1, 3, 6.0. 12 1, —6, 0, —2. 

13 —1, 25, +(x?—32—5). 14 a=3,b=-1. 

15 a=4,b6=—2,c=1. 17 Putz = —(b+¢c), ete. 
19 gre e—e)(w=d) | (wa) (e—0) (2-4) 


(a—b)(a—c)(a—d) * (b—a)(b—c) (b—d) 
(w—a)(%—b)(w—d) _ (e—a) (2 —b) (x0) 
(c—a)(e—b)(c—d) _ (d—a)(d—b) (d—c)" 

21 (i) q = 3a4. 


Exercise 10(b), p. 373 
1 (w—2y+4) (2a+y-1). 2 (x+y + 8z) (z—y— 62). 
3 10, —74. 5S 3(y+z)(z+2) (x+y). 
6 —(y—z)(z—2)(w—y)(w@ty+2). 7 (y—z)(2—2) (wy) (w@+y+2). 
8 S(y+z)(z+x) (ety) (w+y? +2? + yz +20 +2Yy). 
9 Lya(y*—2%), Daly—2)%. 
10 (i) w?+4+y?+22; (ii) wy?+ y22?+2%2?; (iii) be(b —c) + ca(c—a) + ab(a—b); 
(iv) a2bc+b2ca+c?%ab; (iv) bc?+ca? +ab2+6%c+c%a+a%b. 
15 (ii) 3abe(b—c) (c—a)(a—b); 
(iii) 5(6 —c) (e—a) (a—b) (a? +b? +c? —bc —ca—ab). 


Exercise 10(c), p. 378 

1 (i) 15; (ii) 8; (iii) —1; (iv) 19; (v) 13; (vi) 42; (vii) 80; (viii) 343. 
2 (i) 4a2—22—-3 =0; (ii) 9x®—28x+16=0; (iii) 12224+22—-1=0. 
3 bla<0,cla>0. 
(4 (i): 10; (it) —¥g; (ii) 29; (iv) 5 (v) 29; (vi) 353; (vii) — 58. 
5 (i) #+4822+177+6=0; (ii) 4094+82?+2—-1 = 0; 

(iii) 2 —2a?-—7r4+12=0; (iv) c?—142?4+17¢-—4=0; 

(v) 408— 172+ 14e—1=0. 
6 12y8—20y7-y=0; «= —f, 3(1+,/7). 


(26) ANSWERS 
9 (i) 2p3+27r = 9pq; (ii) p®r = gq’. 
10 2° + (3q—p?) x? + 9(3q—p*)x+q°—p*r = 05 
(i) @~fy = f-ya=y?-af; (ii) a&—-Phy =—pa, etce.; p*r—g?. 
11 a*+ 3px + 3p°x? + p®a+q = 0. 


Exercise 10(d), p. 382 
1 y= 242. 2 x*/a?+y?/b? = 1. 
3 (a®— 62)? = 2(b4 —c4). 6 btc*+ctat+atb* = a7b*c?d?. 
7 (i) t+m+n=0; (ii) see 16.32. 
8 


(i) y2—4ax = c?(x+a)?; 
(ii) the locus of points from which the tangents to y? = 4ax include an 
angle tan-'c. 


9 y* = ab*x+a*b*(b— 2). 10 2?+y? = 2(a?+6?). 
11 x=abe, y = — Xe, z = Xa. 12 1, 1, 3 im any order. 
13 1, 2, —5 in any order. 14 1. —2, 3 in any order. 
16 4p?+27q? = 0. ! 17 27p* = 256q%. 


18 (br—cq) (aq— bp)? = (cp—ar)3. 
19 If p(x) = (a? + 2b2+c)'-19(x), then 
p(x) = (r—1) (x? + 2ba +.c)"-2 2(a + b) g(x) + (x? + 2ba +0)"-19’(x). 


Hence 2? + 2b2 +c is a factor of (a+) g(x). If b? + c, then x +6 is not a factor of 
x?+ 2bx+c, so x?+2bx2+c is a factor of g(x), and the result follows. However, 
if 6b? = c, then 22+ 2ba+c = (x+6)’, so that «+6 (but not necessarily (x +b)?) 
is a factor of g(a). 


Exercise 10(e), p. 388 


1 #+3. 2 2e+7. 3 x?-—2e+5. 

4 (w—2)*(e+1)(x+3). 5 (w+2)(a®—2+1)?. 

6 (x—1)3(a@+1)2(x—2). 7 —# twice. 

8 2; 4(—1+./5) twice. 9 — (127+ 35), A(240?—-— 14¢ +4 43). 


Miscellaneous Exercise 10(f), p. 388 
2 No, 
6 (i) (b—c)(c—a)(a—b)(a+b+o); 
(ii) (6—c) (c—a) (a—b) (a? +b? +c? +bce+ca+ab). 

8 y? = (x+2)(a—1)2. 9 at—4ac® + 3b4 = 0. 

11 (i) A= 38(1—2y4)/(w—2)?; (ii) roots of Aw? + 24(3—2A) + (4A—3) = 0. 
We find uw = 3 or , and x = 32 or 38, respectively. 

12 2ac’ + 2a’c— bb’ = 0. 


ANSWERS (27) 


14 (i) Coeff. of x? zero; (ii) constant term zero; (iii) coeff. of z* equal to minus 
the constant term; (iv) coeff. of z? equal to constant term. 
17 2p. 18 yt—5y?+6=0; +./2—3, +/3—3. 
19 6%xt+ 2(ab— 2h?) 2? +a? = 0. 20 x2/a+y?/b+z22/c = 2. 
24 (i) k= 3;x%=1 twice; (ii) k = —%; 2 = $3, —} thrice. 
25 (i) m=—20,c=7; m= 108,c = 135; (ii) m= 44,c =—121. 
27 p/q is constant. 
Exercise 11(a), p. 399 
1 2. 2 40. 3 82. 4 0. 
S %y(Y2—Ys) + 2o(Ys— Yi) + %3(Yi — Ya) 
6 a§+6° +43 — 3abe. 11 0. 12 —90. 
13 0. 14 0. 15 18. 16 0. 17 0. 
18 x(2—1)?(x?—-1). 19 a*(a—1)?(a?—-1). 
20 Xa*— 38abe = (Xa) (Xa* — Ube). 22 (i) and (ii) A. 23 9, +,/3. 
24 0. 26 Xcos*A+2cosAcosBcosC=1. 28 (ii) 3%. 
Exercise 11(b), p. 410 
1ev=-2,y=8,z=1. 2 4, 3, -—1. 3 2, -—1, —2. 
b—d)(c—d 
4“= iyi —_ etc. 
8 A=1, e:y:2=1:—-1:0; A=—2, /2:/2:1; A= 3, 1:1:—2,/2. 
9A=3,e=4,y=3;A=14,2=-1,y=2. 
10 (i) «= —3, y= 3/(1—&), 2 = (1—4k)/(1—-&); 
(ii) e =A, y=—A,z=-—2-—A; (iii) inconsistent. 
11 bc+ca+ab = 2abc+1. 
. Exercise 11(c), p. 413 
1 (b—c)(c—a)(a—b). 2 (b—c)(c—a) (a—b)(a+b+¢e). 
3 (b-—c)(c—a)(a—b)(a+b+¢c). 4 (b-—c)(c—a)(a—b) (be+ca+ab). 
5 (b-—c)(c—a)(a—b). 6 —(b—c)(c—a)(a—b). 
7 (b?—c?) (c? —a?) (a? —b?). [Use result of 11.5, ex. (i).] 
8 —(b—c)(c—a) (a—b) (a+b+c) (a? +6?+c?). 
9 (b—c)(c—a) (a—b) X(a* + bc). 10 x = abc, 'y = —Xbe, z = La. 
rh ee esd 12: a ke 


~ a(b—a)(c—a)’ pt+be 


(28) ANSWERS 


Exercise 11(d), p. 415 


1/1 2 838 2/);11 1 
e oF gl. 1 2 2@ |. [Derive by columns. ] 
0 2 62 1 3 32? 
3 | logx «a 2? 
I/e 1 2 
—2/23 0 0 


8 2(y—z)(z—x) (w—y). 
9 56. [First interchange c, and c,, then r, and r,.] 
10 —32. 11 — 5650. 13 «=-8, y= 14,2=-2,¢=4. 
15 —(x—a)(x—b) (x%—c) (b—c) (c—a)(a—b). With notation of Ex. 11(e), 
no. 22, 7. —(b—c)(c—a)(a—b), V_ = (b—c)(c—a)(a—b) (a+b+0), 
V, = (6—c)(c—a) (a—}) (be +ca+ab). 


Miscellaneous Exercise 11(e), p. 416 


1 The equation is linear in x, y, and is satisfied by (x,, y,) and (2, Y). 
4 (b—c)(c—a)(a—6). 5 4(b—c)(c—a) (a—b) (a+b+e). 
6 (b—c)(c—a)(a—b) (abce+1). 
7 (b—c)(c—a)(a—b) (a—d) (b—d) (c—d). 
8 2abe(a+b+c)%. 10 sin?6—2cos?6+2sin@ cos 6. 
11 | ap aq ap ag br bs br bs 

cp cq dr ds cp cq dr ds 


12 x= 1 twice, 2. [c, > cy—C,, remove x— 1; Cy > Cg—Cg.] 

13 x=5), c, a®/be. 

15 Three distinct collinear points cannot be concyclic. 

17 (i) Unique solution z = 3,y=1,2=0; (ii) e=3-2A,y=1-A,z=A; 

(iii) inconsistent. 

18 (i) A+3; (ii) A=3,4+#10: (iti) A= 3,~= 10. ’ 

19 A=—-1,k= 18,2 = 6-40-37, y=a,2=f; A=-19,k =—-18,x=a, 
y = 2a, 2 = 3a4+2. 

20 A=l,a:b:c = 0:—2:1; A=4,4:4:—3; A= 8, 4:4:5. 


22 (ii) 1 1 1 1 1 1 
(a+a)? (x+6)? (x+c)? |, 2; x+a x+b x+e |, 
(x+a)® (x+b)3 (x+c)8 (x+a)®> (x+b)® (a+0c)8 
1 1 1 


6) wxta x+b x+te 
(xe+a)? (a+b)? (x+c)? 


13 
14 


m OS CO W = 
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Exercise 12(a), p. 422 
8la*— 216x° + 2160? — 962+ 16. 2 2+ 503+ 102+ 5/28 + 1/25. 


1+ 32+ 22? — 223 — 324 — 25. 4 14+127+ 542? + 10027? + 15a*+. 
60. 6 969. : 7 —105x 2-18, 8 7920. 

37x 154e. 10 —16x217. 11 (i) 1-2166; (ii) 0-9039. 

7. 13 5th term = 44 x 58 x 238, 


Coefficient of the 6th term = 231 x 41! x 58. 
"C,+2°C,_1 + "C2 = "+2C, (7 > 2). 
tC, = "OC, 4% 1C,_ 1, +" -2C, gt. $2 7H, +1. 19 724. 


Exercise 12(b), p. 425 


n.2"-1, 4 0. 8 0. 
(2n—1)! ‘i (l+2)"*2?—(n+2)a—1 
{(n—1) 9° (n+1) (n+ 2) f 


(i) 48; (di) 2080, 2016. 


(i) (1+x”+3)" = yx?" +a, 02"-14 ...4+dans 
(l—a2+2")" = ay—a,+a,2°—...4+05,,07"; 


(ii) Ay +, x? + aga*+...+agn04"; (iv) 4(38"—1);  (v) (n +1) 3". 


Exercise 12(c), p. 432 


(n+ 1)2(2n+1)3. 2 4n(4n2—1). 

(—1)*-1 4n(n+1). 7 in(n+1)(in+2). 
a=2,b=-3,c=—3,d=0; $n(n+1)(n?+3n—1). 

An(n +1) (n—4). 10 pen(n+1) (n+ 2) (3n+1). 
4(2n +1) (2n+ 8) (2n+5) (Qn+7)—4.3.5.7. 

In(n+1)(n+6) (n+7). 13 gen(n +1) (n +2) (8n+5). 
ee ere 15 (2 - oe ue. 
3 3(3n+1)’ 3 4\3.5 (2n+3)(2n+5)}’ 60 
5 Ant5 5 7 ll lan+U | 
4 2%n+1)(n+2)’ 4 120 8(2n+3)(2n+5)’ 120 
3 1 1 3 re DT sy ees eke 


4° 2(n+1) B(n+2)' 4" 
4nsin 6 + 4sin (n+ 2)6 sin n€ cosec 0. 

4(2n—1)+4sin(2n+1)@ cosec@. 22 cot@—cot (276). 

cot 6 — 2" cot (20). 24 22" cosec? (2"0) — cosec? 0. 
2 cosec 26 sin n@ sec (n + 1)0. 26 tan—{n/(n + 2)}; 47. 


(29) 


eee, 


GPMTIi 


(30) ANSWERS 


Exercise 12(d), p. 435 


8 4(a+ 26). 
Exercise 12(e), p. 442 

4D. 5 0: 6 D. Tao. 8 Cc. 9 ©. 

10 pb. 11 o. 12 pb. 13 D. 14 oc. 15 o. 
Exercise 12(f), p. 446 

1 ©. 2 Dz. 

4 o for all x > 0. § 0<2<l1,¢c; 2>1,D. 

6 O<2<l1,co; x2>1.D. 7 D for all a> 0. 

8 0O<a<l1,c:; z21,D 9 0O<2x<4,0C; x 24, D. 

10 O0O<2<l1,co; x2],D. 11 O<a2a<1,0;2>1,D. 


12 {na"™t!-(n+1)2°+ 1) (e-1)? ifx +1; $n(n4+1) ifz=). 


Exercise 12(g), p. 450 
2p>1,0;p<1,v. 4 m/2a, 7/2a+1/a*. Sie, 


Exercise 12(h), p. 459 


1 o. 2 ©. 3G, 

4D. - § 6. 6 No. 2. 

7 A.c. by comparison with X(1/r?). 9 |x} <1, 0; |2| > 1, D. 
10 c for all x. 11 |x| <1. 0; [2] > 1, dD. 


12 |x| <1, 6; |z| >1, D. 
13 |a| < 2, 0; |z| > 2, Dp; (29 = 2, D; « = ~2, 0). 


Exercise 12(i), p. 465 


1 log2. 2 4n. 3 See 12.72 (2). 
(oe) or bed , aur 
4 > 2isin (4r7) —, all x. 5 > 2 cos (S77) —, all z. 
r= rt r=0 r! 


6 3 2-101 + (—1)% cos (arm) =, all x. 

Vee h2 h? ; 
9 sine +heosx— > sinz—_ cost +..., all x and h. 
10 {4(n—1)2+1} {4(n— 2)241}... (22+ F}/(2n) 


12 1—402+ 4a? Bart deo — 48084... 


ANSWERS 


Exercise 12(j), p. 468 
1 $(r+1)(r+2)(—2)"; 1-32 + 6x?— 102° +...; |x| < 1. 


—2.1.4...(37—5 i 
2 erred CE 1—§e—4a*— gat —...5 [a] <1. 


1.3.5... (2r—1) 


3 a (—82),r>1; 1—80+ 2207-13 S03 4+...; |x| <4. 
1.3.5...(27-3 ar 
4 SED (yt aap BS 2449? -—Jiat+ gigvf—...; | 


5 (r+ 1a; 2+2e24+ 334 4a4+...; |x| < 1. 

6 (3/2°+1)(—a2)’, r>1; $—3a2+32?—Sa%+...; |x| < 2. 

7 (r?+r4+1)a7; 1432+ 72?+1329+...; |x| < 1. 

8 67225. 9 —10(3x)-1}. 10 —+4/3. 
12 5th term. 13 27th and 28th terms. 

14 Ist term. 15 33-6241. 16 9-8995. 

17 1—4$a— $a? +2903 +... 18 |x| <4; 3{5+(—2)*}. 
19 |x| < 2; #{2-"-—(-—3)-*}. 20 |x| <1; 2!*-—r—4. 


21 |z| <1; +1, —1, 0 according as r = 3p, 3p +1, 3p +2 (p = 0,1, 2,.. 


(n+r—1)! 5...(2r—1) 


1 
23 Each is : 


(31) 


a| <2. 


.). 


1; ; a or BS 
a2 el ee 2.4.6... (2r) ; 
24 2,/3. 25 ¥4. 26 10922—11. 

1+ 42-32? 
1; ab sere 
27 28 aaa 
Exercise 12(k), p. 472 
3° = 2_4r4] 
es (iia =... 34 
r! r! r! 
14+(-1) 
PE 
r! 
Dada 22 93 
5 (i) 1- Bas Seyret (ii) tag ot cheats 
98 95 7 
(iii) ats, a rary +.. 
6! 
6 1—e-. 7 4(e4—e-*). 8 2e. 9 Se. 
10 2,/e. 11 (e*—1—2)/x if x +0; Oifa =0. 


12 {(w—l)e*+1—}a}/2? if x +0; Oifx =0 


51-2 


13 
17 


ANSWERS 


Exercise 12(1), p. 475 


co 4° 0 ar 
—-> —#’, -i<a<h. 2 log2-—) —(-4)", -2<27<2. 
rol T ral 7 

= (-1) = 1 
2) a, -l<#<l. 4 > (-1)71- (2° 4+: 3") a", —3 <2 < 34. 
rel 1 r=] r 
—lya’, -I<av<l. 

e+3, as aaa! a, <x 


] 
* ifr = 3p, ifr = 3p+1; -l<a<l. 


1 14+2(—1) 

= Spot gs ee ar. 
a for 2?"-1, ay for #°; |x| <1. 
ve. 
2a+x?-Alei+ got, 9 >» 14 log. 
r=] 

t log 2. 16 Se eae 17 log2. 
log4—1. 19 log2—}4. 20 4Jog2. 


t7 Lhife +0; Oif2=0. 
— 2 


1 
-(1+5) log(1—2z)—}4-— ifa +0; 0ifz#=0 
x 2 


log 225. 24 z>1. 25 Each is —2logcosa. 


Exercise 12(m), p. 481 


1-4142136. 8 l+2?+ 42%. 12 4420. 
1+ 4a + $2. 14 09-0037. 15 0-393. 
1+4p—Pep?. 18 3. 19 loga. 


Miscellaneous Exercise 12(n), p. 482 


(2n) !/(n!)% 
(i) $(r—-1)r; (ii) (7-1) r4+1,r(r+1)—1; (iii) 7°; (iv) m§, 
yee 2. 7 Eel ea : eee 
n+1 12° 2(n4+2) 2(n+3)’ 12° 
in. 9 Hn? +n+2). 10 —7. 


(i) logsin 6 —log sin 2 —nlog 2; (ii) 5, an cots. —cot@; (iii) 6-!—cot 0. 


(i) and (ii) 15, 18. 20 27. 
|z| < the smaller of 1/|a|, 1/|A|. 22 x=do, y = —Pe, 2 = 3. 
2. 24 1+log§. 25 “er". 26 0. 


e+2. 28 &. 29 3—log16. 30 ds. 


31 


32 


3 
5 


ANSWERS 
(1+ 3a + 2) e*. 
3 1 (1-2)? ; an 
one ona log(l—x) if-l<a<1; 4ifv=1. 
(i) 4(cha+cos2); (ii) $(sha—sin2). 34 1-609. 
Exercise 13(a), p. 493 
§6+11. 2 -1+%. 3 7437. 
7+ 32. 5 —9+1%. 6 41+ 02. 
atta. 8 28+ 37. 9 21, —4, —8i. 
— 10. 11 cos(0+¢)+isin(0+¢). 
cos (0—) +%sin (0—¢). 
xe+y?—1 2y 
= —_—__—_, Y = — —____., 
= (7-1)? +y? (7-1)? +y? 
1 L—CR?\? 
+{— A), 2+%. 
oi t(z5 rom) tree 


(a — Bary?) + 1(3a2y —y*); (a — Bay?) —2(3a2y — y?). 
{ad — be, bd}, {ad, bc}. 


Exercise 13(6), p. 498 


2(cos ia +isin 4m). 2 2(cos(— 47) +isin(—4n)). 
(2 (cos a + sin 37). 4 ./2(cos(—47)+isin(—47)). 
2(cos $7 +7 sin 477). 6 cos47+72sin 47. 


7 cos 47 +isin $7. 


8 
9 


10 
16 


13 


15 
18 
20 


2 cos $0 (cos 40 +7s8in $0) or — 2 cos $0 {cos (40 +7) +isin (40 +7)}. 
2 cos $(a — £) {cos $(a + f) +78in (a+ f)} or 


(33) 


— 2cos 4(a — f) {cos (a+ 8 + 27) +isin $(a + 8+ 27)}. 


(ac? + 2)”, 13 (u—1)?+v? = 9. 
(2+y) (w+ wy) (2+?y); (w+ wy) (w+ wy). 


Exercise 13(c), p. 506 
225,+2, => 3Z.. 3 (lz, + kz,)/(L+k). 
The region between the circles of centre (— 1, 2) and ra-lii 2, 3. 


(i) 5, 3; (ii) 9.0. 10 Apply no. 9 after the product construction. 


The point corresponding to the least value of |z| is the foot of the per- 
pendicular from O to the line. 


3. 17 2(cos27+/sin 37), z(cos $7 +7sin $7). 
r{cos (a + 2km) +7sin (2+2k7)}, k = 0, 1, 2, 3, 4. 
Straight line through P, and perpendicular to P,, P,. 


(34) ANSWERS 


Exercise 13(d), p. 514 
2 144,14/3. 3 —2,2+./3. 4 a, w, w?, w?, £. 
5 +/2+.,/3, w, w 6 The root z = —b/a is real, so £ = 0. 


7 (ii) The division process introduces coefficients of the same type as in 
divisor and dividend. 


9 pr—4s. 11 —3. 12 +4, 5. 
13 —4, 2, w, w. 14. —4, —1, 2.5. 
15 y3+3(a—k) y?+ 3(k? —2ak +b) y—k* + 3ak?—3bk+c; a. 
16 k=1lor —3; x=—2,—4,1+,/15. 
17 k= 2; y*+ 2y3— 9y?—16y—6 = 0. 
18 (i) y®—2qy?+(q?+ pr) y+ (r?—par) = 0; 
(ii) ry® —(q + 8r) y2+(p+2q4+ 3r)y—(p+qt1) = 0. 
20 g(y+1)?+py+2) = 0. 


Exercise 13(e), p. 520 


1 2. 2 3, —2. 3 None. 

4 (—2, —1), (0,1). 5 (—1,0), (1,2). 6 (1,2). 

7 Roots in (a,, dg), (3,44), (As, Xe) 11 (1,2), (—6, —5). 
12 (2,3). 14 One root. 15 8<k<11. 
16 —47<k< 98. ° 

Exercise 13(f), p. 524 

1 2-0946. 2 0-2261. 3 —2-0945. 4 4-25. 

5 1-52. 6 0-3399, 2-2618, —2-6018. 

7 1-3569, 1-6920, —3-0489. 8 0-567. 9 0-057, 1-468. 
10 1-3503. 11 4-4934. 12 1-87. 


14 K+1/2K?—1/4K*4. 
15 Newton’s method fails; but put x = 2n7 +h and expand. 


Miscellaneous Exercise 13(g), p 525 

2 stic. 4 72+ p?—2rp cos (8—«a). 

7 (ii) 4111-2), —4(3+ &). 

8 (i) Point dividing P,P, in the ratio k:1—k; 

(ii) (V8 —1) (1-4), 42/3 -1)— HY 3—2)4. 
10 (i) Straight line y = 1; (ii) circle x?+y? = 4k?; (iii) arc of a circle through 

P,, P, and containing angle 47; (iv) branch of a hyperbola which encloses the 
focus P, (P, is the other focus). 


11 (ii) z?-—y? = 2. 


ANSWERS (35) 
x2+y*—(a/u)x = 0, 2?7+y?4+(a/v)y = 0 (if uw + 0, v + 0). 
If P describes |z| = 1 counterclockwise, Q moves from — oto + coalong Oy. 
y= 0 or (c—a) (x? +y?) + 2(d—b) a+ (ad—be) = 0. 


(i) BYagya*?; (ii) SLag 424, BY ayy 42? 
p=1 p=1 p=1 
b°c—abd +d? = 0; or b= 0=d and a? > 4c. 
x’ — 3a4 — 623 + 1402-72 +1 = 0. 24 s> pt. 
b= 1—$+3-...—1L/n. 26 .—%, —4, 4, 2. 
1, $(34./5), $(1+7,/3). 28 —1, $(147,/3), 4(—147,/15). 
(n+4) 7+ 4(—1)"1/(2n4 1)7. 


Exercise 14(a), p. 532 


(2 cos $0)5 cis 76. 5 32,—22. 
: ‘ : . {8r+1 
J2cisim, /2 cist}, ./2 cis 137. 7 cia ( oe r), r= 0,1, 2,3. 


cis (40+4k7), k = 0,1,...,5; cis(f40+km), k = 0,1. 
cos 30 +78in 30 = cos? 0 + 32 cos? 6 sin 6 — 3 cos @ sin? 0 —isin? 6; 
tan 30 = (3tan 0 —tan® 0)/(1—3tan?0@). 


(i) cosO0—tsinO; (ii) 2cosO; (iii) 2ZisinO; (iv) 2cosnO; (Vv) 2sinnd. 


cis (Pn), b= 0,1, 40-1. 12 ~icot (An), f= 0,1, —1 
n 2n 

1 

= (1+ic0t%), k=1,2,....n—1. 

2 n 


kn 
itan—-, where k= 0,1,...,.n—1 if nm is odd, and the value k = 4n is 


excluded if n is even. 


15 


18 


20 


nOuan kk WD — 


. {2kr 
cis = k= 0,1, 2.,,.8—1L 


z2+2+2=0. The + sign is correct since 
sin37+sin $7 = sin§7—sinj7 >0 and sin$7>0. 


(i) |z] = constant; (ii) argz is a rational multiple of 7. 


Exercise 14(5), p. 538 
1(cos 40 + 4.cos 20 + 3). 2 4(cos 40 —4cos 20 +3). 
de(sin 50 — 5sin 30 + 10sin 0). 
z$(sin 90 — sin 70 — 4sin 50 + 4sin 30 + 6sin 0). 
— zha(sin 80 + 2 sin 60 — 2sin 40 + 6sin 26). 
#(4.cos 70 — Zcos 50 + 7 cos 30 — 35 cos 0) +6. 


(36) ANSWERS 
1 
7 — 59 (Fosin 100 — 4 sin 80 — } sin 60 + 2sin 49 +sin 20 — 60) +c. 


8 x$a(7 + 33/3). 
9 (i) 32c®—48c*+18c?—1; (ii) 1—18s?+ 48st — 328°. 
10 7s~— 568° + 11285 — 6487. 11 1—24s?+ 8084 — 648°. 
12 6=2n7r+}r. 13 0=nz7 or (~1)"ia+n7. 
16 (i) (a) (—1)#*8", (—1)#*-1ncs"-1; (b) (— 1) #"—D nest-1, (— 1) HOD 8", 
(ii) (a) (—1}8"-1 nén-1, (— 1)" 4"; (6) (— 1) Hn a, (— 1) Ke-D nen, 
17 See answer to Ex. 14(a), no. 9; tan+47, tan -4,7. 
18 (i) Dé, = Dt te,; 
(ii) (c—a)/(1—6+d); XO, is zero or an integral multiple of 7. 


20 (v) (a) 2%-1c"—n.2%-8en-2 + ~~ ae teas 
_nr(n—4)(n—5) Qn-7on-8 4s 
3! : 
2 2/2 — 92 2/2 — 22) (n2— 42 
aagale 4 n?(n? — 2?) 4_ (nr = 27) (nt — 4s) 
(6) (-—1) ( 1° eee aes c a agg c8§+...}, 
2_]2 2__ 12) (2 32 
(= 1894 ne — OE 4 


Exercise 14(c), p. 544 
1 (a?— 2x cos47 + 1) (a? — 2x7 cos $7 + 1) (x? — 2a cos $7 + 1). 


2 (2?—2,/2a cos pgm + 2) (w+ 2/22 cos pgm + 2) (a? — 2.,/2x cos ym + 2) 


x (a2 + 2 ,/2a cos 57 + 2). 
3 (x*— 2x cos 2m + 1) (x? — 2a cos $7 + 1) (x? — 2a cos $7 + 1). 
42=la=2f+7/n. 5 «=—la= 2p. 
n—-1 
6 «=—-l,a=2f+n/n. 7 ~tannf= % cot (24 I" 
r=0 


8 Derive wo f the result of 14.33, ex. (iv). 


n-1(] 
10 > {7 cosec ne sin (2+ 7) [at 2x cos («+= a i . 
r=0 \% n n 


n—1i 
13° @). 1S O88 ein 2. 
r=0 n 
... cot9—neot nO ” 1 
a sin 0 7 2) cos 8 — cos (r7/n)" 


16 Equate coefficients of 2?"-?, 


ANSWERS (37) 


Exercise 14(d), p. 547 


1 8%°—62—./3 = 0. 2 16a*—20a?+5 = 0. 
3 4x94 22—1=0; 4(/5+1). 5 (i) y®—Ty*+ 14y*-1 = 0. 
9 Zz 


Exercise 14(e), p. 550 
1 —sin nf sec $8 cos{a+(n—4)f}. 3 2"cos"O sinnd. 
4 cosné. 5 {2nx"(x—1)+(x+1)(1—2*)}/(x— 1). 


b\" b\ s+1 b b? 
6 {rin 4— (7) sin(n +14 (7) sina} /(1-2°c08.4 +5). 
C c c c 


7 cosec 0 cos (a—8). 


Exercise 14(f), p. 556 


1 -1. 2 $e(1+7,/3). 3 reis6. 4 2cosl. 
ee 
5 2¢¢089 cos (sin 6). 6 2ie%*sin ba. TS ea. all x. 
r=1 . 

8 e%c089 sin (xsin 6), all x, 0. 9 ¢-©0s"f cos (a—sin f cos f), all a, £. 
10 e*sin(xtan f), all x. 11 cos(sin @) sh (cos 8), all 0. 
12 4¢e— $029 cog (sin 20). 13 Line v = 0; line v = u. 
14 (i) w+v? = e**; (ii) wsiny = vcosy; circle and a diameter. 

Exercise 14(g), p. 560 

4 chzcosy+ishz siny. 

5 2(cosx chy+isinz shy)/(cos 27+ch 2y). 

6 (sh 2x2+7sin 2y)/(ch 2x + cos 2y). 

8 (i) v+nm; (ii) z+ ornm+yi. 9 (n+4)7+log?2. 
10 (2n7 +47) +7, both + or both — signs being taken. 
12 (i) Hyperbola, (ii) ellipse, in the (wu, v)-plane. 

28 2% gil — 
13 CRMC K EE BE Wen all z. 14 sh(cos@) sin (sin 9), all 0. 
15 3{sh(cos 9) cos (sin @) + sin (cos @) ch (sin @)}, all 0. 
Miscellaneous Exercise 14(h), p. 561 
4 (i) cis ton, k = 1,2,...,5; (ii) +1, cis 4a, cis(—47). 
5 — scott", r=0.1,...,2n—1. 
a?—] 1 b?-1 1 1 2 1 a?—] I I 


8 (i See iy eg 
Take ¢t = tan} ¢. 


23 
25 


oS 


ANSWERS 
8c® — 9c? +1 = 0; 0 = 0, fz, Ba, 27. 
—}, —(1+icotirn), r= +1, +2, +3. Put z = —sin?0. 
z—acisirn, r= 0,1,..., 5. 
1 
——— I, 
(ery 


v= ((@—1)sina—y cosa} [ 


u= ((@—1)oosa-+ysinat| 


cos u = cos $0 —sin 40, chv = cos $0 +sin $0. 


Denoting the vertices +a, +a+7a, —a+ia, —a by A, B, C, D respec- 
tively, then as z moves from O to A, w moves along the u-axis from O to (a?, 0); 
as z moves from A to B, w moves along the parabolic arc v? = 4a?(a?—u) from 
(a2, 0) to (0, 2a?); from B to C, w moves along the parabolic arc v? = 4a7(a? +4) 
from (0, 2a?) through (—a?,0) to (0, —2a?); from C to D, w moves along arc 
4a*(a?—u) from (0, — 2a?) to (a?, 0); from D to O. w moves along the u-axis 


from (a?, 0) to O. 


27 


te —1 + $e 008 2% cog (sin 2a), alla. 28 ch(xcos@) sin(xsin 8), all x, 0. 


arn 


(oe) 
2 > ai cosn0, where r = +./(a? +b?) and cos@:sin@:1 = a:b:r. 
n=0 : 


30 


31 
plex 


33 


(ii) (a2) —+—+—H... = de%+ 2e-4* cos (fu/3 +27), 
2! 5! 8! 
So 
(b) oF gta t= det + 2¢-4* cos ($a ./38 — 27), for all real x. 
z= et (C et#¥ 4+. De-*#), where 2 = n?+k? and C, D are arbitrary com- 
constants. 


x’ = xcosO+ysin§, y’ = —xsind+ycos 9. 


Exercise 15(a), p. 575 


6 «x+y = 2ccosecw. 7 x+y =csec* fu. 


8 x?+ 2xycosw+y? = 4c%cosec?w. 9 Straight line. 


11 


uo nA »} 


h/at+k/y = 2. 12 Circle with centre O. 


Exercise 15(b), p. 578 


x—2y = 0. 2 3e—5y+9 =0. 3 10x—9y = 5. 
T(x—y) = 6, T(y~ x) = 16, ll~+ 5y = 0. 5 (ii) (-—1, 1). 
2a—y—1=0. 7 Yes. 8 No. 

Yes. 10 Yes. 11 —Z. 


a+b+c=0. 14 Xsine = 0. 


1 
a ee N 
x—1)?+y? 


ANSWERS (39) 


Exercise 15(c), p. 585 
1 2. 4 bx*— 2hey+ay* = 0. 
5 (i) tan-1(2./21); (ii) 1la®—26ry—11y? = 0. 
7 pale? +y*) = (p? +9") xy. 
8 (1) 47, (—1,4); (ii) tan-144, (—2,, —#4);_ (aii) 47, (— 2, 3); 
(iv) tan-1(2,/6), (1, —2). 
9 (i) 8a?—Tay+2y2=0; (ii) 2a7+ay—15y? = 0; (iil) zy = 0; 
(iv) 27+ 42y—y? = 0. 
10 3x%+ 402y—16y* = 0. 12 2Ag—g')x+2Uf—f’)yt+(e—e’) = 0. 


Exercise 15(d), p. 592 
1 2?+y?— 2px —2qy = 0. 
4 (i) (ty +a) 2+ (YitYa)Y = Met YiYs—@, wa, + yy, = a*. 
5 (a*l/n, a*m/n). 6 c® = a*(1+m?). 
7 (i) a+y2 = 20%; (ii) 2?+y? = 20%. 


8 (i) Transverse common tangents divide the line of centres internally in 
the ratio of the radii. 


(ii) 5a + 12y = 29, llva+4,/3y = 61. 
9 {(r7y +7) ©— (Ayr +4_7,)} = {(@, — Gq)? — (7, +72)"} y*. 


13 2? +y*%-—3e—5y+1=0. 14 a? +y?+20—8y+5 = 0. 
16 Straight line. 17 s—s’ = 0is a diameter of o. 
20 #2? +y?+x2—4y—2=0. 21 22+y+e+y—-2=0. 


Exercise 15(e), p. 600 


1 —2,0. 2 «®—ay—6y? = 1. 3 vy = —}fa*. 
4 New equation is x = p. 5 }tan—4. 
6 w+ 3y? = 1. 


Miscellaneous Exercise 15(f), p. 601 


2-H = 1. 7 3(a+6)? = 4(h?—ab). 
8 (gh—af)x = (hf—bg)y, 2gx+2fyte = 0. 11 (a,3a), 3a. 
12 aw?+y?—5a+ 5y = 0. 13 (a+rcos86, asin 8). 


15 (i) (w—2)(w—a,) = 0; (ii) (Y—Y1) (Y—Ya) = O- 
17 32%—S8ay—3y? = 0; 2? +y?-—2a—4y = 0. 


(40) ANSWERS 


19 (1+ 2gl + cl?) 2? + 2(fl+ gm + clm) xy + (1+ 2fm+cm*) y? = 0; 
( b(b—a) — 2mh m(a—b)— 2th 
2(am? — 2hlm + bl?)’ 2(am? — 2hlm + 61?) 
20 (1—h) (2? +9) = h(x+y); (a+k) (a2 +y*) +kax—y) = 0. 
21 (23+ y*) = 3ary(x4—y). 


): mxz+ly = 0. 


Exercise 16(a), p. 605 
1 2/(t,+4,). 2 a(é+1/#)?. 10 Focus A, directrix 1. 


Exercise 16(5), p. 610 


3S y=x+a, + 2y+ 4a = 0. 10 The directrix. 
11 Each is equivalent to t,4, =—1. 12 y? = 4a(z+<a). 
15221, 17 (i) Equally inclined to the axis. 


19 zat + ybt + (a2b2)t = 0. 
20 fy = 2Ax+h); 24y = 4e4+1, 6y = 9a 4+ 4. 
25 The directrix. 
Exercise 16(c), p. 614 
y? = a(x— 3a). 4 gs=-—t—2/t. 6 (—2a, 0). 
x—y = 3a, 3u—y = 33a, 4a+-y = 72a. ; 
13 «+4a = 0, y* = 16a(x— 6a), y? = 2a(a — 4a). 


“I Ww 


Exercise 16(d), p. 616 
1 y= 3a. a 


Miscellaneous Exercise 16(e), p. 616 


1 Mid-point of OC, where O is the point of contact and C is the centre; line 
perpendicular to OC at distance 40C from O on the side remote from C. 


72 
2 2+y?—(p+q)e— Ply +pq = 0. 
b 4ac—b\ 1 ° 
petesey Weise cnokay peareiae 1, 
4 ( 2a’ 4a ) la] .3 


10 x = 2a if the normals meet on the curve at a point distinct from P and Q; 
the locus stated if the normal at one passes through the other. 


12 y? = a(x—3a). 20 (2a—b)y? = 4a%x. 22 yy, — 2a(a +2) = 0. 


23 {w(y—%Y) — 2a(z—2x,)}* = (y—y,)? (y2—4a2,), which can be reduced to 
the form in 16.26, ex. (v). 


24 (i) k= 1. 25 x+2y—8=0; (4,2). 


ANSWERS (41) 


Exercise 17(a), p. 629 


1 2b7/a. 2 PN”: B‘N’.N’B = OA?:OB?. 

5 Ellipse with semi-axes a, b. 8 4a, $0. 
10 (i) ay=bxtana; (ii) 2?/a?+y?/b2 = cos?a. 15 (i) —3¢. 
17 (x/la)cos$+(y/b)sing = 1. 20 mab. 


Exercise 17(b), p. 634 


2 0-g=4+7. 
4 Tangents at corresponding points meet on the major axis. 
11 ON’.OT’ =b?. 19 (a(a?—b*)/(a? +b), 0). 


22 t4a+2y=1; r+y—3 =0, x—5y+9 = 0. 
24 Tangents at the extremities of a focal chord meet on the corresponding 
directrix. 


2 2 
a7 (ct) (atten) = (Gee ea) stot a 


Exercise 17(c), p. 637 
1 6?.0G’ = —a%e?. PN. 
arg? ye 41 
(2a? 6421 B24" pee: 
7 a’x? +b?y? = atb*/(a? — b?)?. NN’ is the normal at the point 
(Ab cos (7 — ¢), Aasin (7 — $)), where A = ab/(a?—6?). 


Exercise 17(d), p. 641 
1 5¢+3y = 0. 2 —1. 4 J{4(a? + b?)}. 
10 (ii) a2l24-b2m? = 2n2; (ii) w/a? + y?2/b? = f. 


Miscellaneous Exercise 17(e), p. 642 
1 x/a*+y?/b? = 1. 
8 A hyperbola having focus S and the given circle for auxiliary circle; 
p passes through the point on the circle diametrically opposite to S. 

9 4y=4245,/17. 12 (i) v@+y? =a?+b?; (ii) ky? = D(k—-). 

13 If TZ is (f,9), 
(9? — b*) x? —2fgay+(f?—a?)y? =0, {gx—y(f—ae)} {gx —y(f +a6e)} = 0. 

14 2?/a?+y?2/b? =k 
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(42) ANSWERS 

20 b4(h? — a?) x? + 2a*b*hkay + a4(k? — 6?) y? = 0. 
(i) v+w = ate (ii) +t a2. (+a, +). 

23 (—2,1); 2, /3; $3 (-1L.D), (-3,1); # = 2, = —6. 

24 (1,4); 8, 2,/2; 4; (2,4), (0,3); «= 10, x = —8. 

25 (0,1); 2, /3; 45 (4,4), (—4.9)3 e-y—-3 = 0, e—-yt+5 = 0. 


Exercise 18(a), p. 651 


2 A branch of a hyperbola with foci A, B: if AB > nv, the branch enclosing 
B; if AB < nv, the branch enclosing A. If AB = nv, the perpendicular bisector 
of AB. 


3 That branch of a hyperbola with foci A, B which contains the centre of 
the smaller circle. 


4 (i) Referring to fig. 182: —co <t<—1, A’Q’; -1<i<0,PA;0<i<l, 
AQ; 1 <t< +00, P’A’. (ii) (a) (1—#2) (1-8) > 0; (6) 44 = 1. 
13 (1+tt,)a/a+(1-tt)y/b =h +h. 
14 (1+#)2/a+(1—#) y/b = 24. 
15 (1—#)az—(1+42)by = (a?+b?) (1 —#4)/2t. 


Exercise 18(5), p. 656 
12 32?—Taxy+ 2y?+ 5a —5y+3 = 0. 
13 2a+y—-—3 = 0, x—3y+2=0; 22?-Saey—3y?+a+]lly—4=0. 


Exercise 18(c), p. 659 
4 Write the equation as xy+ yx = 2c?. 
31 (—d/e, a/c). 33 w= 4p,y = dg. 


Miscellaneous Exercise 18(d), p. 661 
3 a?/a?—-y?/b? = 1 (a > Bb). 


5 Branch of a hyperbola which contains the centre of the smaller circle, if 
both contacts are external or both internal. Ellipse if one contact is external 
and the other internal. 


6 Foci A, B in either case. 10 (u+w)z/at(u—w)y/b+v = 0. 
12 (2%, —y;). 14 See 18.53, example. 
18 (i) (a) Repeatedliney = 0; (b)repeatedlinex = 0; (ii) (+ /(a*—8), 0). 
20 (i) pa? =qb?; (ii) r=0. 
21 (i) (a?sin? 6 —b? cos? 0) r? + 2(a?y, sin 6 — bx, cos 0) r 
+ (a®y? — bx? + a?b*k) = 0; 


(iii) OK, OK’ are the semi-diameters drawn in the given directions to the 
hyperbola or to its conjugate. 


ANSWERS (43) 
22 The case k = 0 in no. 21 (ii): the same argument applies. 
23 (0,0); 2, 3; 4./13; (0, + 4/13); y= +4/,/13; y = + $e. 
24 (—1, —2); $2; $3 (8, —2), (-4, -2); w= —ge, @ = — 485 
4¢—3y = 2, 44+3y+10 = 0. 
25 (0,1)3 1,485 48s (448s t= toes y = Lt ipe. 


Exercise 19(a), p. 672 


a y Ute Y 
1 ata ’ er st. 2 yi—4ax,, Y1Ys— 2a(X, +24). 


we 


@1Y,—C, 3(,Yg+Ley,) —C*. 

4 (la, +my, +n) (V2, +m’'y, +1), 

£(la, + my, +N) (leg + mya +n’) + 4(la,+ my, +n) (la, +m'y, +n’). 

5 s= 0 passes through the mid-point of P, P,. 

8 pb—2rh+qa=0. 9 (ax®+2hay + by?) (a+b) = 2(ab—h2) (a? +y?). 
11 (ax, +hy, +9) (v—2,) + (ha, + by, +f) (y—y) = 9. : 
13 (i) ax®+2hay+by?+ga+fy+co=0; (ii) ax? + 2hay+by?+c = 0; 

(ili) gzu+fyt+e=0. 

14 (x/a) sin ¢ + (y/b) cos d = 0; at the point at the end of the question. 
15 Hither h + 0, or kh = O and! = 0. 


Exercise 19(b), p. 681 
3x? + 3xy + 2y? -—9x—2y = 0. 
16527 — 2942y + 120y? — 2732 + 69ly +1572 = 0. 
(a—b)h’ = (a’—b’)h. 
lla? — 25ay + 1ly? = 0, (x+y)? = 47, (e—y)? = 3. 


bh WwW NO - 


a*— bp? 2 b2 2 
2 8 x*+y? + 2ae8x = a2(1—e? —e4). 9 [a- - +y¥=(—]}. 


2__p2 2_p2 
11 “cos $—Zsin = cos 24; (- cos? , Ge . sint ); 
(a? sin? ¢ + 6? cos? )§, 
e ab : 


12 @(2? + y?) —c(3t4 + 1) & —ct?(t4 + 3) y+ 3c7%X(t4 + 1) = 0; 


i 
(se(5: +2). 40(#+3)); 4e(#+5) ‘ 
15 (i) aB = kyé. 


17 ky:kg:ks = (tg—ty) (1 +02): (tg —t) (1 +22) : (¢,; —¢,) (1 +22). The circumcircle 
of a triangle circumscribed to a parabola passes through the focus. 


- 
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(44) ANSWERS 


Miscellaneous Exercise 19(c), p. 682 
8 (a2m? +52) (x? — y?) = (1—m?) a’. 
10 252%—(k+1)y?—(k+26) y+(6k+169) = 0; y = w +482. 
12 8458, — 81,8, = 0. 
Exercise 20(a), p. 688 
2 1rg7r,8in (0,—63) +737, sin (93 — 91) +7172 9in (9, —O,) = 0. 
5 (i) (a) r?—2prcos(0—a) +p? cos*a = 0; (b) r = + 2asinG; 
(ii) tangents at O are Oy, Oz. 
6 (4,/(a?+5%), tan-1(b/a)). 
10 rcos(0—6,—6,+a) = 2acos (0, —a) cos (6,—«a); 
r cos (0 — 26, +a) = 2acos? (6, —«a). 

11 Circle through O. 12 6%c?+2ac = 1. 


Exercise 20(b), p: 696 
1 a=I1/(e?—1), 6 =1/(e?—-1). 2 Parabola 2a/r = 1—cos@. 
3 Conic with 1 = k/a, e = (b?+0¢?)4/a. 5 (2—e?)/21. 


8 l/r = ecos(6—y) +sec $(a — £) cos {9 —4(a + f)}, which is therefore obtain- 
able by writing «—y, B—y, 0—y for a, f, 8 in the standard equation. 


9 (1,47). 
15 Concavities of the arcs LL’ may be the same ( — ) or opposite (+ ) in sense. 
18 (ii) 2lsec¢, sec ¢. 
21 The directrix l/r = cos 6 of the parabola 1/r = 1+cos6. 
25 (1/p) cos (9 —«) + (d0/dr), sin (@—a@) = 1/r. 


Miscellaneous Exercise 20(c), p. 698 
3 (asina—bsin f)sin 6 = (bcos f —acosa) cos 6; 
(ab/r) sin (a— £) = asin (a—6)—bsin(f—8). 

4 r?—{acos(0—«)+bcos(6—f£)}r+abcos(a—f) = 0. ° 
6 (2-—e?)/l. 8 (ii) 7 = asec*® 4a cos (6+ 4a). 

9 Ife <1,a = +cos—1(—e); ife > 1, thereisno sucha; r = lcosec? 6. 
12 (1—e?)r?+ 2elr cos 6 = /?; the auxiliary circle if e + 1, the directrix ife = 1. 
14 ey?+lxz = 0. . 

Exercise 21(a), p. 704 
PGS he) ls bes (Hs Sa (a) ats) a ts =) 
(5% =) Gres oa 

2 (i) Plane yOz; (ii) zOz; (iii) vOy; (iv) x-axis; (Vv) y-axis; (vi) z-axis. 
3 PB= (22+), PC = (x? +y?). 4 15./2. 


ANSWERS (45) 
7 2,/46, 2./38. 8 3:4, 5:7, —2:1. 
13 «=pcos¢, y = psing; p = v(x? +y*), cosd:singd:l=ax:y:p. 


14 (i) On a cylinder with axis Oz, radius k; (ii) on a half-plane through Oz; 
(i11) on a line parallel to Oz. 


15 x=rsin0 cos¢, y = rsinO@ sing, z = rcos8; 
r= /(x?*+y?+2"), cosd:sing:1 = x:y:/(2?+y?), 
cos 9: sin 8:1 = 2:,/(a? + y?) ir. 


16 (i) On a sphere with centre O, radius £; (ii) on a cone with vertex O and 
semi-vertical angle a; (iii) on a half-plane through Oz; (iv) generator of cone; 
(v) great semi-circle of sphere; (vi) small circle of sphere. 


Exercise 21(5), p. 708 
5 U:l:1,1:—-1:1,1:1:-1, —1:l:l. 6 cos. 
7 cos—!{(b? + c?—a?)/(a? + b? + c?)}, ete. 


109 _ 
8 A =cos-1412, B = cos~1—_.,, C = cos“! 


0 7 
13/74’ J14- 
(55 py =) 


ee Se ea 1 2 
10 OP?’ OP?’ OP? 15 Each is equal to OP*. 


Exercise 21(c), p. 713 
x—4y+5z = 0. 2 6x+ 2y—10z = 31. 3 37+3y—z2= 6. 
5a + 2y—3z = 17. 5 62+ 3y—2z = 18, 2x — 3y— 62 = 6. 
(i) cos-1(1/,/14); (ii) sin-1(1/,/6). 
cos“ [e/y/{(p—9)' + (p—7)2+0%}], cp/(p—4), ep|(p—"). 
cos—! {(a—? + b-2 — c—?) /(a-? +. b=? + c—*)}. 


(%1—X_) B+ (Yi — Yo) YA (41 — 2) 2 = $(22 — a2 + y? —y3 +23 — 23). 
13. —(Au,+ By, + Cz,+ D)/(Axv,+ By, + Cz,+D). 


oo on A 


Exercise 21(d), p. 721 
1 (11, 22,19); 5./38. 
2 (0,b—am/l, c—an/l), (a—bl/m, 0, c—bn/m), (a—cl/n, b—em/n, 0). 


x-l y-2 2-3 
21. —— = —— = —; (1, 3, —2). 
4 21 5 i =z? (1 8, -2) 
x-l y-3 2+3 
6 «—-4=-9y-—9 = —32+421. 7 —]. Saae  aee 
8 5x—22y—192+27 = 0. 9 (4,2, —1), e-—y—z = 3. 
12 3e+y—42=0. 13 12. 


14 60°. 15 w=hy=-2,%=-y= tk. 


owen nA WN 


12 


15 


ANSWERS 


x—3 y-2 2+3 
J2+1 Jf/2F1 —./2 


(both upper signs, or both lower). 


2. 18 22+ 60y—162z+ 27 = 0, 54a—18y—62+1=0. 
2 
+f — (P+ mi +n%). 20 6x volume of OP, P,P3. 
Exercise 21(e), p. 726 
12%—lly+4z=1. 2 3x+4y—2z2=7. 
927 —3y—z+14=0. 4 2:-1:1. 
+l y-1 <2z-l1 
- =0= 2 >—— FS ES 
3a —8y+72+4 = 0 = 38x+ 2y+z 71 9 T 
7:-—11:10. 
3a + 2(3 +./3) y—3(4 4.4/3) z = 0 (both upper or both lower signs). 
2e—y—24+3=0=x+y+2-6; 1:0:—1 or 1:—1:0. 
x—y+z+1 = 0, 4r-—6y—z-—3 = 0, 7x—9y+ 22 = 0. 


Exercise 21(f), p. 732 
w+ _yt4 246 


10:3:—4. = 3 4, 2, 9\ 74, 4s ° 
S = 2 = (4 2, 6), (-1, -1,0) 
(3, 0, 0), (24, 0, 0). 5 2./3. 6 5. 
x-1l y-2 2-3 w-2 y-8 2-# 
13: —— = — = ——_.. — = = 3 32. 
333 4 12 8 3 5 vi 


See 21.52, ex. (iv). 


Miscellaneous Exercise 21(g), p. 733 


18:5 34 4¢ 156—12¢ ; 144 709 
_ 13°13’ =18 > 137’ 325° 
2x Y 2 
er en oe (2, —i, —#). 7 60°; xa+y—z=0. 
(LAl)at+(mtm’)yt+(ntn’)z = 0 = X(mn’—m’n) x (all+ or all—). 
(0,0, 0), (1, 1, —1). 10 x—4y+ 6z = 106; ,/293. 


7x—8y+3z=0; 137 = 122, 20y+ 23z = 0. 
(2-*=") (ad) +(y-"$] (6-4 (2-F2) (c—f) = 0. 


-11 —-12 
COs™” 4, COS” 3. 


Exercise 22(a), p. 740 
7(x? + y? +27) + 16u—3ly —8z+ 34 = 0, (—4, #, F). 
A sphere if A + 1; the plane bisecting AB at right-angles if A = 1. 


Oo oN AU Be 


10 
12 
13 
14 
16 
18 


ANSWERS (47) 
2(u? + y? +27) — 7x — By — 9z+13 = 0. 
v+y?+224 2e—2Qy+2z2-6=0. 5 3(a?+y?+27)— 2a—2y—2z-1=0. 
6(a? + y? + 27) — 18x — 36y— 12z = 0; 7. 
3(a? + y2 +22) —12e—6y—42 = 0. 9 (w—5)*+(yt4)?+(z+4)? = 41. 


(2,4, 4), (8, 4, $4). 11 (—4, —5, $), 3/14. 

(4,4, 4), 43 (2, 2,2), 2. 

81(a? + y? + 27) — 126(2+y+z)+98 = 0. 15 2x~+2ytz= 3. 
x+2y—2z+15 = 0, 4y+3z-—11 = 0. 17 (lr?/p, mr?/p, nr?/p). 
(lu+mv+nw—p)? = (124+ m2? +n?) (u2+v?4+w?—d). 


(a— 5)?+ (y+2)?+ (2-3)? = 49; 2n4+3y+62=71. 21 (5, Hs, — 34). 


(ii) Tangents from a point on the common circle have equal lengths zero. 


Exercise 22(b), p. 745 
(0, 0, 0). 2 Plane touches circle. 


4. 4 22 +y?+27—82x—6y = 0. 
30+ y— 32 = 3, w2+y?+22-a2—-—3y+z2=0; (fs, i, — i). 
(2, 2, 3). 

e+ y?+22+ 62—16 = 0, 5(a? + y? +2?) — 14a — 28y— 122432 = 0. 
v+y*+22—2z2—8 = 0, w+ y?+2?+ 20r+ 20y + 182+72 = 0. 

xv? + y? +274 2a — 8z = 0. 

v2+y*%+2724 2ay—a? = 0, 2? + y?+27+ 4ax—2az+a? = 0. 

B(x? + y? +27) + 192 —13y+4+10z+27 = 0; 3/,/10. 

v2 +y*+2?— 27+ 2y+6z—5 = 0. 15 (48, 24, 3%). 
evt+y?+2%7+a4+ 9y—42 = 0. 


Cylinder with generators parallel to (i) Ox, (ii) Oy; surface of revolution 


with axis (iii) Oy, (iv) Oz. 


19 


1 


10x? + 12xy + 5y? = 16. 


. Exercise 22(c), p. 755 


cos b = cose cosa+sine sina cos B, cosc = cosa cosb+ sina sinb cosC. 


2 4a, 37°. 5 19° 28’; 1,440,000 sq. miles. 


(48) ANSWERS 


Miscellaneous Exercise 22(d), p. 756 

2 x? +y?+2%—2cz = 0. 

3 (2+$,/2, —142./2, $.,/2), 4(7./2—6). 

4 >= - = - cos} 38, 5 (—al/n, —am/n). 9 |/p—al- 
10 (Dwl)? = ddI; (Al, Am, An) where A = —d/(Zul). 
12 (wt 4)?+ (yt 4)? + (2+ 3)? = 25. 
13 w?+y%+42?-—2x—4y—4z—7 = 0, 

5(a? + y? + 27) + 22a + 44y + 442 — 323 = 0; (3,6, 6). 
( 2a 2a%v eee 
w+yit+a? wt+eye+ta?’ ui+v?+a? 


INDEX TO VOLUME II 


Numbers refer to pages. 


* means ‘Also see this entry in the Index of Vol. I’. 


Absolute convergence (A.C.), 452, 551 
A.C., 452, 551 
Affix, 495 
d’Alembert’s 
ratio test, 443, 456 
theorem, 507 
Alternate suffixes, rule of, 587 
Altitude of spherical triangle, 756 
am, amp, 495 
Amplitude, 495 
Angle 
dihedral, 713, 748 
of lune, 748 
trihedral, 748 
Angle between 
circles, 591 
curves, 747 
line-pair, 580 
planes, 713 
sensed lines, 707 
spheres, 740 
Antiparallel, 707 
Antipodal points, 747 
A.P., sines or cosines of angles in, 431, 
548 
Apollonius 
circle of, 504 
hyperbola of, 658 
Approximations, 476 
formal, 479 
Area 
and orthogonal projection, 627 
of lune, 748 
of spherical triangle, 750 
of triangle, 568, 719 
arg, 495 
Argand, 488 
Argand representation, 488, 499, 504 
difference, 501 
loci, 500, 504 
product, 502 
quotient, 503 
square root, 506 
sum, 500 
Argument, 495, 500 
Asymptote(s), 646 
as coordinate axes, 657 
as limit of a tangent, 653 
of hyperbola, 646, 653 
polar equations of, 692 


Auxiliary circle, 623, 652 
Axes (of coordinates) 
change of, 595 
left-handed, 700 
oblique, 565 
rectangulai, in space, 700 
right-handed, 700 
rotation of, 596, 597, 709 
Axis 
conjugate, 654 
major, 621 
minor, 621 
of circle on sphere, 747 
of parabola, 603 
transverse, 621 


Bifocal property, 624, 647 
Binomial 
coefficients, 424, 466 
series, 463, 466 
Binomial theorem, 419, 434 
general term, 420 
greatest term, 421 
use trigonometrically, 534 


Cc, 437 
C+iéS method for 
integration, 555 
series, 548 
Cardan and complex numbers, 487 
Cardan’s method, 390 
Centre of 
circle, 586 
ellipse, 621 
hyperbola, 621 
line-pair, 584, 597 
sphere, 736 
Centroid 
and coordinate axes. 601 
of tetrahedron, 704 
Ceva’s theorem, 574 
Change of 
axes, 595 
origin, 596, 705 
Chord 
focal, 604 
segments of, 671, 696 
Chord having a given mid-point, 638, 
649 
for s = 0, 669, 670 


XXIV 


Chord of 
circle (polar equation), 686 
conic (polar equation), 693 
ellipse, 630, 631 
hyperbola, 648, 651, 658 
parabola, 605, 606 
s = 0, 665 
Chord of 
649 
to s = 0, 668 
Circle 
and ellipse, 622 
Cotes’s properties, 542 
equations in space, 742 
general equation, 586 
great, 737, 747 
of Apollonius, 504 
of curvature, 611, 679, « 
on given diameter, 586 
polar equation, 686 
small, 737, 747 
Circles, family or system of, 593 
cis, 530 
Cofactor, 402 
alien, 403 
true, 403 
Colatitude, 702 
Collinear points, 570 
Comparison 
of series and product, 543 
series, 440 
tests, 439 
Complete quadrilateral, 577 
Complex algebra 
and real algebra, 492 
completeness of, 492 
Complex numbers, 489 
and laws of algebra, 494 
conjugate, 497 
‘real’, 496 
Compound angles, 537 
Concurrence of lines, 576, 577 
Concyclic points on 
ellipse, 628, 678 
hyperbola, 660 
parabola, 604 
Cone, 745 
Confocal conics, 662 
Conic, 594 
general, 664 
pole at focus, 688 
proper, 690 
Conic sections, 594 
Conics 
degenerate, 595 
family of, 675 
net of, 681 
pencil of, 675 


contact, 587, 610, 633, 


INDEX 


standard equations, 600 
system of, 675 
Conjugate diameters, 640, 649, 655, 670 
extremities of, 640, 656 
Conjugate 
hyperbolas, 654 
of z, 497 
surds, 511 
Conormal points on 
ellipse, 636 
hyperbola, 661 
parabola, 613 
Contact 
double, 611, 675 
of two conics, 679 
mth-order and (m+1)-point, 680, + 
Contact condition for line with 
circle, 587 
ellipse, 633, 634 
hyperbola, 649 
parabola, 609 
s = 0, 667 
sphere, 739 
Contact condition for plane and sphere,738 
Convergence, 436, 551 
absolute, 452, 551 
conditional (c.c.), 454 
interval of, 456 
speed of, 446 
Coordinate planes, 700 
Coordinates 
cylindrical polar (p, ¢, z), 701 
plane cartesian and polar, 565, * 
rectangular cartesian in space, 701 
spherical polar (r, 0, ¢), 702 
Coplanar lines, condition for, 717 
Coprime, 384 
Corresponding points on ellipse and 
auxiliary circle, 623 
Cosine rule, 751 
Cotes’s properties, 542 
Cramer’s rule, 404 
Cube roots of unity, 497 
Curvature, circle of, 611, 679 
Curve, skew, space or twisted, 745 
Cyclic 
expression, 373 
interchange, 373 
order, 373 
Cylinder, 745 
Cylindrical coordinates (p, ¢, z), 702 


D, 437 
deg, 383 
Derived polynomial, 509 
Determinant 
cofactor in, 402 
derivative of, 413 


INDEX 


Determinant (cont.) 
elements of, 394 
expansion of, 394, 395 
factorisation of, 411 
fourth-order, 414 
leading diagonal of, 395 
leading term in, 395 
minor in, 402 
mubstiplication of, 417 
notation c, r, 397 
row and column operations, 393 
rows and columns, 393 
second-order, 393 
symmetric, 403 
third-order, 394 
transpose of, 393 
‘triangular’, 399 
Determinants and linear equations, 404 
Diameters, 615, 639, 649, 669 
conjugate, 640, 649, 655, 670 
equi-conjugate, 641 
extremities of, 640, 656 
ordinates to, 615 
Difference method, 423 
Dihedral angle, 713, 748 
Direction 
cosines, 706 
ratios, 707 
Director circle, 633, 649, 697 
Directrices, polar equations of, 691 
Directrix, 594 
Discriminant of s, 583 
Distance formula 
cartesian, 566, 702 
polar, 684 
Distance of a point from a 
line, 575 
plane, 718 
Distance quadratic, 617, 638, 670 
Divergence, 437 
proper, 437 
Division 
external, 567, 703 
internal, 566, 703 
long, 363 
successive, 384 
Dominated, 518 
Double contact, 611, 675 


e, irrationality of, 470, * 

Eccentric angle, 627 

Eccentricity, 594 

Eliminant, 379, 408 

Elimination, 378 

Ellipse, 594, 620, * 
as orthogonal projection of a circle, 626 
conjugate diameters as coordinate 

axes, 640 


pin construction, 625 
(p, r) equation wo centre, 641 
(p, r) equation wo focus, 634 
Elliptic trammel, 624 
Equating 
coefficients, 367, 509 
real and imaginary parts, 496 
Equations 
approximate solution of, 521, * 
cubic, 375, 390 
homogeneous linear, 407 
linear simultaneous, 391, 404 
quadratic, 374 
quartic, 377 
reciprocal, 527 
transformation of, 513 
with rational coefficients, 511, 516 
with ‘real’ coefficients, 510 
Error in 8,,==8, 476 
Euclid’s algorithm, 384 
Euler’s 
constant y, 450, * 
exponential forms, 555 
Evolute, 613, * e 
exp, 480, 552 
Expansion 
in power series, 461 
formal, 464, 479 
of a determinant, 394, 395 
of circular functions of compound 
angles, 537 
of circular functions of multiple angles, 
535 


Factor 

repeated, 381 

simple, 381 
Factorisation 

in complex algebra, 507 

in real algebra, 515 

of a determinant, 411 

of a polynomial, 366, 507, 515, 538 

of sinn@, 542 
Finite series, 422 

trigonometric, 431, 548 
Focal 

chord, 604 

distances, 624, 647 

radii, 634 
Focus, 594 
Focus-directrix property, 594, 603, 620 
Foucault’s pendulum, 563 
Frégier point, 671 
Function 

alternating, 372 

cyclic, 373 

skew, 372 

symmetric, 371 
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Functions of a complex variable, 550 
circular, 557 
exponential, 552 
hyperbolic, 558 

Fundamental theorem of algebra, 507 


Gauss, 489 
Gauss’s theorem, 507 
General conic s = 0, 664 
General equation of second degree in 2, y, 
581, 664 
and line-pair, 582, 584 ° 
General linear equation(s) 
in 2, y, 571 
in x, y, z, 710 
representing the same plane, 711 
Geometrical progression (G.P.), 437, 551 
G.P., 437, 551 
Gradient of a line, 567 
von Graeffe’s method of root-squaring, 
523 
Great circle, 737, 747 
Gregory’s series, 463, 476 
e 
Hamilton, 493 
Harmonic 
conjugate, 668 
division, 590 
series &(1/r), 438 
H.C.F., 383 
process, 384 
theorem, 385 
Highest common factor (H.c.F.), 383 
Horner’s method, 522 
Hyperbola, 594, 621, 645, 658 
asymptotes, 646 
asymptotes as coordinate axes, 657 
mechanical construction, 648 
of Apollonius, 658 
(p, r) equation wo focus, 662 
rectangular, 647, 659 


4, 487 
4 as an operator, 488 
Identity, 364 
of form, values, 367 
Image, 716 
Imaginary 
expression, 487 
number, 487 
part, 496 
Induction hypothesis, 434 
Infinite series, 423, 436 (also see ‘series’) 
and integrals, 447 
of complex terms, 550 
rearrangement of, 457 
regrouping of, 457 
Integral test, 448 


INDEX 


Integration by CO +48, 555 
Intersect, 736 
Interval of convergence, 456 
Irreducible 

polynomial, 385 

rational function, 386 
Isomorphism, 491 


Joachimsthal’s ratio quadratic, 589% 610, 
635 
for s = 0, 666 
for sphere, 742 


Latus rectum, 603, 621 
Legendre polynomial P,,(%), 519 
Leibniz’s 
series for t7, 476 
theorem on alternating series, 451 
theorem on nth derivative of uv, 434, * 
Limit of 
a complex function, 550 
a" [n!, 455 
Limits, calculation of, 480 
Line (see ‘straight line’) 
Line of intersection of two planes, 717 
Linear system of equations, 391, 404 
homogeneous, 407 
inconsistent, 391, 406 
indeterminate, 391, 407 
non-homogeneous, 408 
solution in ratios, 409 
three equations, three unknowns, 392 
two equations, two unknowns, 391 
two homogeneous equations, three 
unknowns, 409 
Line-pairs, 579 
angle between, 580 
angle-bisectors, 581 
centre of, 584, 597 
coincident, 580, 582 
general, 581 
intersecting, 584 
intersection of, 584, 597 
necessary condition for, 582 
parallel, 582 
through origin, 580, 584 
vertex of, 584, 597 
Loci in the complex plane, 500, 504 
Long division, 363 
Longitude, 702 
Lune, 748 


Machin, 476 
Maclaurin—Cauchy integral test, 448 
Maclaurin’s series, 460 
Mathematical Induction, 433 

and difference method, 435 
Matrices, 493 


Medians of 
spherical triangle, 752 
tetrahedron, 704 
Menelaus’s theorem, 574 
Minor, 402 
Modulus, 495, 499 
Modulus-argument form, 494 
of expz, 554 
de Moivre’s 
property of the circle, 542 
theorem, 528 
Multiple angles and powers, 535 


Net of conics, 681 
Newton’s theorem, 638 
Normal to 

conic (polar equation), 698 

ellipse, 636 

hyperbola, 649, 651 

parabola, 612, 614 

plane, 710 

rectangular hyperbola, 659 
Notation 

c, r, 397 

P,, 565, 701 

8, 815 8415 84, 664. 

Ups Sn» 8, LUy, 422 
Number, * 

complex, 489 

imaginary, 487 

of a point, 495 

purely imaginary, 496 

rea], 488 

‘real’, 496 
Number-pairs, 489 


Oblique axes, 565 
Octants, 701 
Operator 7, 488 
Order of a root, 381 
Ordered 
pairs, 489 
triplets, 493 
Ordinates to a diameter, 615 
Orthocentre, 609 
Orthocentric points, 659 
Orthogonal 
circles, 591 
projection, 625, 626 
spheres, 740 
Osborn’s rule, 559, * 
Outside of 
conic s = 0, 667 
ellipse, 643 
parabola, 610 


Pair of tangents, 589, 596, 610, 649 
to s = 0, 667 
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Pappus’s theorem, 679 
Parabola, 594, 603 
general equation, 618 
Parametric representation(s) of 
ellipse, 627, 628 
hyperbola, 649, 650, 658 
parabola, 603 
Partial fractions, + 
theory, 386 
use of, 430, + 
Pascal’s 
theorem, 679 
triangle, 421, 470 
Pencil of conics, 675 
Period of 
expz, 554 
generalised circular functions, 557 
generalised hyperbolic functions, 558 
Perpendicular from a point to a 
line, 575 
plane, 718 
Perpendicularity condition for 
directions in space, 707, 708 
lines in a plane, 571, 581 
planes, 713 
nm, calculation of, 476 
TI-notation, 539 
Plane 
as a surface, 710, 744 
distance of a point from, 718 
of contact, 739, 742 
Plane, forms of equation, 709 
general equation, 710 
intercept form, 713 
P, P,P, 712. 
perpendicular form, 710 
through P, perpendicular to l:m:n, 
711 
Planes 
bisecting angles between two planes, 
719 
incidence of three, 724 
through a common line, 723 
Polar coordinates (see ‘coordinates’), + 
Polar equation of 
circle, 686 
conic, focus as pole, 688, 690 
line, 684, 685 
Polar of a point, 591, 612, 635 
reciprocal property, 591, 669 
wo line-pair, 668 


wos = 0, 668 
Polar triangle (on sphere), 749 
Pole of 


circle on a sphere, 747 

line wo a conic, 591 

plane polar coordinates, + 
Polynomial equations, 374 


XxViii 


Polynomial(s) 
change of sign, 517 
coprime, 384 
derived, 509 
in more than one variable, 370 
irreducible, 385 
Power series, 423 
Powers 
and multiple angles, 534 
of integers, series of, 426 
Product for sinn@, 543 
Proper conic, 690 
Proportional parts, method of, 521, * 


Quaternions, 493 


Ratio equation or quadratic (see 
‘Joachimsthal's ratio quadratic’) 
Ratio test 
d’Alembert’s, 443 
modified, 456 
Rational function 
irreducible, 386 
proper, 386 
Ray, unit, 706 
‘Real’, 496 
Real part, 496 
Rectangular hyperbola, 647, 659 
Remainder theorem, 364 
Repeated 
factor, 381, 509 
line, 580 
root, 381, 509 
Riemann’s rearrangement theorem, 458 
Rolle’s theorem for polynomials, 518, * 
Root-squaring, 523 
Root(s) 
and coefficients, 374, 512, 546 
changing sign of, 513 
common, 380 
conjugate complex, 510 
diminishing of, 513 
equal, 381 
given trigonometrically, 545 
location of, 516 
multiple, 381 
multiplying of, 513 
of general polynomial equation, 515 
of unity, 497, 531 
r-fold, 381 
repeated, 381 
simple, 381 
squaring of, 513 
Rotation of axes, 596, 597, 709 


s = ks’, 674, 742 
degenerate cases, 675 
Secondary, 747 


INDEX 


Section formulae, 566, 703 
Segments of a chord, 671, 696 
Semi-convergent, 454 
Sequence and series, 422 
Series (properties) 
absolutely convergent, 452, 551 
convergent, 436, 551 
divergent, 437 
oscillating, 437 
properly divergent, 437 
Series (special) 
a®, 471 
binomial, 463, 466 
cha, 471 
comparison, 440 
cosine, 461 
exponential, 461, 470, 552 
‘tactor’, 428 
‘fraction’, 429 
geometric, 437, 551 
Gregory’s, 463, 476 
logarithmic, 462, 472 
powers of integers, 426 
sha, 471 
X(1/r?), 543 
sine, 461 
trigonometric, 431, 548 
Series (types) 
alternating, 451 
finite, 422 
harmonic, 438 
infinite, 423, 436, 550 (also see ‘infinite 
series ’) 
Maclaurin, 460 
power, 423 
Series 
and approximations, 476 
and product, comparison of, 543 
notation 8, 8,, Up, 422 
terms of, 422 
Sides of a 
conic, 666 
line, 573 
plane, 714 
x-notation, 373, 422 
Sine rule, 752 
‘completed’ form, 753 
Simson line, 687 
Skew lines, 727 
common perpendicular, 728 
common transversal through a given 
pomt, 728 
standard equations, 731 
Small circle, 737, 747 
Speed of convergence, 446 
Sphere 
general equation, 736 
‘normalised equation’, 736 


INDEX 


Sphere (cont.) 
on diameter P, P,, 737 
Spheres through a given circle, 742 
Spherical 
coordinates (r, 6, 6), 702 
distance, 747 
excess, 750 
Spherical triangle, 748, 755 
altitude, 756 
angles, 748, 755 
area, 750 
cosine rule, 751 
four-parts formula, 758 
median, 752 
sides, 748, 755 
sine rule, 752 
Straight line, distance of a point: from, 
575 
Straight line, forms of equation, 570, 684 
general equation, 571, 685 
gradient form, 570 
intercept form, 571 
joining (r,, 91), (7a, 92), 684 
P,P,, 572, 715 
parametric form, 572, 573, 715 
perpendicular form, 573, 685 
symmetrical equations, 715 
through P, in direction I:m:n, 714 
through P, with gradient m, 570 
Successive division process, 384 
Supplemental 
chords, 642 
formulae, 754 
relations, 750 
Sum 
of finite series, 422 
to infinity, 428, 436, 551 
to n terms, 422 
Summation by diagonals, 553 
Surds, conjugate, 511 
Surface of revolution, 745 
Surfaces, 744 


Taking 
arguments, 496 
conjugates, 497 
moduli, 496 
Tangency and repeated roots, 608 
Tangent 
and normal as coordinate axes, 671 
at the vertex (of parabola), 603 
cone (to sphere), 739, 742 
general definition, 607, * 
plane (to sphere}, 737, 742 
Tangent to 
circle, 587, 687 
conic (polar equation), 694. 
ellipse, 632 


general curve, 618 

hyperbola, 649, 651, 658 

parabola, 607 

8 = 0, 666, 667 
Tartaglia, 390 
Theory of Numbers, 386 
Touch, 608, 736, * 
Transformation of equations, 513 
Translation of axes, 596, 705 
Transpose, 393 
Trial exponehtials, 555, « 
Triangle 

formulae, 751 

inequalities, 501, * 

inequality for infinite series, 454. 


Unit ray, 706 


Vectors, 493, 496 
Vertex of 
line-pair, 584, 597 
parabola, 603 
Vertices of ellipse, hyperbola. 621 
Volume of tetrahedron, 720 


wo, xxi 


[a, 6], 489 

c, 397 

C,, 424 

"C,, 419 

e, 470. * 

{l, m, n}, 706 

l:m:n, 707 and footnote 


(”). 424 
‘ 


P(0), p(— 0), 518 
P, (x), 519 

P,, etc., 565, 701 
r, 397 

8, 81, 831, 94, 664 
8, 8,, 422 

Up, 422 

|z], 495 

Z, 2*, 497 

~, 496 

||, is parallel to 

1, is perpendicular to 


y, 450, * 

nm, 476 

II, 539 

x, 373, 422 

xu,, 422 

Lu, C, Lu, D, 437 
@, 497 

{w}, 565 


